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Preface 


The purpose of this book is to provide a detailed account of the basic theory 
required for an understanding of the properties of light and its interaction with 
atoms. The material is intended to bridge the gap between the more formal 
development of quantum electrodynamics and the application of the theory to 
the explanation of experimental results. The choice of theoretical topics is 
accordingly governed by the needs of experimental interpretation, but only a 
few representative experiments are discussed in any detail and the reader must 
look elsewhere for more complete accounts of the observational aspects, 

The aim throughout is to give the simplest and most direct treatment of the 
theory, and many of the changes from the first edition result from attempts to 
provide more lucid derivations. The main changes are made however in 
response to the development of the subject during the past ten years. There has 
for example been increasing progress in the study of optical processes that are 
not interpretable in terms of any classical theory, where only the quantum 
theory of light gives adequate descriptions of the observed effects. Some of this 
work involves the investigation of the resonant fluorescence scattering of 
narrow-band incident light, where it is necessary to use the optical Bloch 
equations for the motion of the coupled atom-radiation system. An account 
of these equations is now included in addition to the rate equations for broad¬ 
band illumination covered in the first edition. The main applications of the 
theory are grouped as before in the last four chapters, which discuss photon 
optics, the generation and amplification of light, resonance fluorescence and 
light scattering, and nonlinear optics. 

The reader is assumed to have the usual undergraduate background 
knowledge of quantum mechanics, electromagnetic theory, and statistical 
mechanics, The material of the first half of the book is derived from notes for 
lecture courses given to final-year undergraduates and to first-year post¬ 
graduates. The level of the second half is appropriate to more advanced 
graduate students and to research workers with a more specialized interest in 
the topics covered 
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This is intended to serve as a textbook rather than a monograph and, while 
it is hoped that the student will find adequate references for more detailed 
study of particular topics, there has been no serious attempt to cite all the 
original sources of the theoretical derivations, Over 90 problems are 
distributed through the text to provide the student with some practice in using 
the theory. The calculations use SI units throughout, 

The scope of the material is restricted in various ways, but most importantly 
in the frequency range of the electromagnetic radiation for which the results 
are generally valid. We concentrate particularly on the theoretical require¬ 
ments of experiments that use visible light. However, the approximations 
appropriate to the visible region embrace a more extended range of the 
frequency spectrum. The lower end of the range is determined by the 
requirement that the photons should be sufficiently energetic that no 
significant thermal excitation occurs at room temperature. This sets a lower 
limit on the frequency of about 10 13 Hz, in the far infrared. 

The highest frequencies contemplated are such that the photons cannot give 
sufficient energy to electrons with which they interact to cause the electron 
velocity to approach the velocity of light. If the electron velocity is to be less 
than one-tenth that of light, then the photon frequency must be smaller than 
about 10 18 Hz. We shall loosely use the terms 'visible light’ and ‘optical 
frequencies’ to cover the range 10 13 to 10 18 Hz, although only a narrow band 
of frequencies in the region of 5 x 10 14 Hz is strictly visible. 

The scope is further restricted by the nature of the matter with which the 
light is considered to interact, It is assumed throughout that the atoms or 
molecules are randomly oriented in a gaseous or fluid state, In particular, there 
is no treatment of the important changes that occur in some of the optical 
effects when the atoms are arranged in a regular crystal structure. The choice 
of topics, particularly for the final chapters, is also arbitrary to some extent, It 
would, for example, have been possible to include treatments of pulse effects, 
such as photon echoes, self-induced transparency, and superradiant emission. 
However, space limitations require some selection to be made, and many of the 
omitted topics are well covered by other books (for pulse effects, see Allen, L 
and Eberly, J. H, (1975). Optical resonance and two-level atoms, Wiley, New 
York). 

Finally, a comment on the use made of classical and quantum theory. The 
book contains calculations in the so-called semiclassical theory, where the 
light is treated classically but the atoms are treated quantum-mechanically, 
and in the full quantum theory, where quantum mechanics is used for both 
light and atoms, The semiclassical theory is used particularly in the earlier 
chapters of the book, Such calculations have the advantage that they 
sometimes enable radiative processes to be treated in terms of easily visualized 
classical models, and they often give the same results as completely quantum- 
mechanical calculations. However, we take the view that the properties of light 



can only be reliably investigated in terms of a theory where the electromag¬ 
netic field is formally quantized, Most of the book accordingly uses the quan¬ 
tized field theory, and there is some emphasis in the later chapters on those 
phenomena for which the classical field theory has proved to be inadequate, 
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1. Planck's radiation law and the 
Einstein coefficients 


The quantum theory of light began in 1900 when Planck 1 found that he could 
account for measurements of the spectral distribution of the electromagnetic 
energy radiated by a thermal source by postulating that the energy of a 
harmonic oscillator is quantized. That is, a harmonic oscillator of angular 
frequency w can only have energies that are integral multiples of the 
fundamental quantum flto, where h = hl2n and h is Planck’s original con¬ 
stant. In 1905, Einstein 2 showed how the photoelectric effect could be 
explained on the hypothesis of a corpuscularity of electromagnetic ra¬ 
diation, The quantum of radiation was named 3 a photon much later, in 1926. 
The work of Planck and Einstein initiated much of the development of 
quantum mechanics. 

Another main stream in the early formulation of the quantum theory was 
concerned with the explanation of atomic spectral lines. The interaction of 
electromagnetic radiation with atoms was discussed by Einstein 4 in 1917, His 
theory of the absorption and emission of light by an atom depends upon 
simple phenomenological considerations but leads to correct predictions and 
is still frequently used. We begin our account of the quantum theory of light 
where the subject began historically, with the theories of Planck and Einstein. 

The main topic of much of the later part of the book is the application of 
quantum mechanics to the theory of light. Thus in Chapter 4, where the 
electromagnetic field is quantized, it is shown that the electric and magnetic 
fields E and B must be represented by quantum-mechanical operators. 
However, it is possible to derive correct results for many features of light and 
its interaction with atoms from a classical theory of electromagnetic waves. 
The quantum hypothesis of Planck is then grafted onto the classical theory as 
an additional assumption in the calculation of the energy content of an 
electromagnetic field. We employ the classical description of the electric and 
magnetic fields based on Maxwell’s equations for the first three chapters. The 
limitations of the classical theory of light are discussed in Chapter 6. 

The main concerns of the present chapter are the thermal excitation of 
electromagnetic radiation and the basic kinds of interaction that can occur 
between radiation, or light, and atomic transitions, The theories of these 
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phenomena are related since the absorption and emission of light by atoms 
provide the mechanisms by which the degree of excitation of the electromag¬ 
netic radiation can adjust to the conditions of thermal equilibrium. However, 
the Einstein theory of absorption and emission also applies to systems not in 
thermal equilibrium, where for example an atomic gas is illuminated by light 
from some external source, It is possible in this way to calculate t he magnitude 
of a variety of effects that result from the interaction of light with atoms. 


1.1. Density of field modes in a cavity 

It is usually convenient to envisage the electromagnetic radiation as 
confined inside a cavity. Although some experiments with light do take place 
within a clearly defined optical cavity, it is often impossible to distinguish any 
real experimental cavity. Nevertheless, it is helpful to insert a cavity in 
theoretical treatments so as to limit the space considered to a finite region. 
This is just a theoretical artifice, and the end results of calculations are 
generally independent of the size, shape, and nature of the cavity assumed. To 
make calculations as simple as possible, we choose a cubic cavity of side L, and 
define axes as in Fig. 1.1, The walls of the cavity are assumed perfectly 
conducting, and the tangential component of the field E must accordingly 
vanish at the cavity boundaries. 

Planck’s law expresses the spectral distribution of the electromagnetic 
radiation in the interior of a cavity in thermal equilibrium at temperature T. 
The radiation is called black-body radiation; its frequency distribution is the 
same as that radiated by a perfectly black body at temperature T. The 
calculation of the frequency distribution breaks up into two distinct parts. We 
first consider the spatial dependence of the field in the cavity and derive an 



Fig. 1.1. Geometry of the optical cavity. 
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expression for the number of different modes of excitation of the field. In the 
second part, we consider the time dependence of the field and calculate the 
energy carried by each excitation mode at temperature T, 

The first part of the calculation is entirely classical. The electric field in 
empty space must satisfy the wave equation 


V 2 E = 


l<n 

c 2 dt 2 ’ 


(U) 


where c is the velocity of light, together with the Maxwell equation 

V.E * 0. (1.2) 

The solution that satisfies the boundary conditions has components 

E x (rt) = E x {t)m(k x x)sm{k y y)sm[k x z\ 

E y (rt) = E y (t)sin(k x x)cos(k y y)sm(k g z), (1.3) 

and 

£*(«) = F-(f)sin(k v x)sin(/c y y)cos(/c,z), 

where E(f) is independent of position, and the wavevector k has components 
K = mJL, k y = vtJU K = 7 ivJL (1,4) 


with 


v*,v,, v z o o, 1,2,3,... 


(1.5) 


The integers v are further restricted, in that only one of them can be zero at a 
time since, if two or three are zero, E(«) is also zero and there is no 
electromagnetic field in the cavity. 

It is easily verified that E(r/) given by eqn (1.3) satisfies the boundary 
conditions at the cavity walls, for example, E x (rt) « 0 at y = 0 or L and at 
2 * 0 or L The boundary conditions could be equally well satisfied with 
the cosines replaced by sines, but it would not then be possible to satisfy 
the Maxwell equation (1.2) everywhere in the cavity. For the solution (1.3), 
this equation leads to the constraint 


k.E(t) * 0, (1,6) 

This is just the condition for E(t) to be at right-angles to k and there are two 
independent directions of E(t) for each k, 

The boundary conditions force the wavevector components to take discrete 
values specified by the integers v*, v r and v z . Each set of integers (v rV v, v z ) 
defines a mode of the radiation field in the cavity and corresponds to two 
degrees of freedom of the field when the two polarization directions are taken 
into account. Any excitation of the electromagnetic field can be expressed as a 
linear sum of these field modes. The allowed values of k can be plotted as a 
lattice of points in three dimensions, the lattice constant being nfL Fig. 1.2 
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Fig. 1.2. The allowed wavevectors k for a cubic cavity of edge L. Note the absence of points for 
which two or three of the components would be zero. 

shows the lattice with the values of v x , v y , and v z restricted to be less than or 
equal to 4. 

We Shall need an expression for the number of field modes having the 
magnitude of their wavevector. between the values kandk-j-d It. This is just the 
number of lattice points in the octant of a spherical shell bounded by radii k 
and k+dfc, Each lattice point is surrounded by an empty volume [n/Lf, so 
assuming that the shell has a sufficiently large volume compared to [n/Lf, the 
required number is 

|(4^ 2 dic)(7r/L)- 3 x2, (1.7) 

where the final factor takes account of the two possible polarizations, 

The density p k dfc of field modes is defined to be the number of modes per 
unit volume of cavity having their wavevector in the specified range. Thus 
from eqn (1,7) 

p k dk - k 2 dk/n 1 . (1.8) 

This result holds generally and is independent of the nature of the cavity used 
in its derivation. The angular frequency co of a mode is related to its 
wavevector in the usual way by 

o) = ck. (1.9) 
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Thus eqn (1.8) can be converted into an expression for the density p a dm of 
modes having their frequency between © and ©+dco, 

p m dco = co 2 dm/jrV. (1,10) 

In later chapters we shall encounter expressions that must be summed over 
the field modes. Using the mode densities of eqns (1.8) and (1.10) such 
summations can be converted to integrations over k or ©, 

£ -> j[Vk 2 /n 2 ) dk -> |(E© 2 /7t 2 c 3 ) dm, (1.11) 

where V is the cavity volume and the summation on the left is understood to 
cover the two independent polarizations for each wavevector k. 

1 .2. Quantization of the field energy 

So much for the spatial dependence of the electromagnetic field! The sec¬ 
ond stage of the calculation determines the amount of energy stored in each 
field mode at temperature T. An equation for the time dependence of the elec¬ 
tric field is obtained by substituting the solution (1.3) into the wave equation 
(1.1), and using (1.9), 

a 2 E(t)/df 2 = —m 2 E(t). (1.12) 

This is a simple-harmonic-motion equation whose solution can be taken as 

E(t) = E 0 exp(-i©f), (1,13) 

where E„ is a constant vector which, in classical electromagnetic theory, can 
have any arbitrary magnitude. 

According to classical theory, the energy contained in an electromagnetic 
field is given by the integral 

\ (1.14) 

cavity 

where e 0 and p 0 are the electric permittivity and magnetic permeability of free 
space, related to the velocity of light by 

c = [toPa )"*, (1.15) 

and E and B are the real electric and magnetic fields. For the field mode 
considered, the complex electric field is given by eqns (1.3) and (1.13). It is 
convenient to average the field energy over a cycle of oscillation, since the 
energy variation that occurs during a cycle is not usually susceptible to 
measurement. The cycle average is easily carried out by means of a theorem, 
which we here state in the form of a problem. 
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Problem 1.1. The cycle-average theorem. Show that if d and § are two 
complex quantities which both vary with time as exp(-icot) 
then the average over a cycle of the oscillation of the product of 
the real parts of d and § is given by 

(Re d) x (Re $) = |R c(d@*), (1.16) 

where the star denotes complex conjugation. 

The cycle-average theorem can be applied to the energy expression (1.14) 
where the electric vector for the field mode considered is given by eqns (1.3) and 
(1.13). The corresponding magnetic vector is obtained from the Maxwell 
equation 

VxE = -dB/dt. (1.17) 

The detailed spatial dependence of the magnetic field is slightly different from 
that of the electric field, but the amplitudes B 0 and E 0 of the two fields are 
related by 

B 0 = (fc/4E 0 = (t 0 n 0 )%. (1.18) 

It follows that the electric and magnetic contributions in eqn (1.14) are equal, 
and the total average field energy is accordingly 

1 | (1.19) 

cavity 

It is at this point that Planck’s quantization hypothesis is introduced. In 
classical theory, the field energy given by eqn (1.19) can have any positive 
value, since E 0 in eqn (1,13) can have any magnitude. However, the field E(t) 
satisfies the harmonic-oscillator equation (1.12), and if this equation is treated 
quantum-mechanically (the details are given in Chapter 4) rather than 
classically, then the energy of the oscillator can take only the discrete values 

E„ = (n+jjhco, n = 0, 1,2,3,.... (1.20) 

We accordingly assign these allowed values to the electromagnetic energy of 
the mode as represented by eqn (1.19), 

| | £o |E(rt)| ! dF = («t + J)te (1.21) 

cavity 

Obviously this quantization condition puts restrictions on the possible 
magnitudes of the amplitude E 0 in eqn (1,13). However, it is not necessary to 
consider these consequences for the present; we treat the fields as classical 
quantities and impose the quantization condition only on the field energy. At a 
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deeper level one must treat the electromagnetic field as a quantum-mechanical 
system as in Chapter 4, but for many problems the semiclassical approach 
outlined above is adequate. 

The essence of the quantum theory for the radiation field is thus the 
association of a quantum harmonic oscillator with each mode of the field. The 
energy levels of such an oscillator are shown in Fig, 1,3, When the mode 
energy is given by eqn (1.20), the corresponding oscillator is in its nth excited 
state. For n — 0 the oscillator is in its ground state, but a finite amount of 
energy jh(o is still present in the field, This is the zero-point energy of the 
oscillator and its significance is discussed in §4.7, For most experiments 

» E„ 

5 --—-_ u Tm 


4 -j--- Uoi 

Photon creation 

3 - 1 -- pm 

Photon destruction 

2 -1- Jfoy 


\\1iO) 


0 -- 

- 0 

Fig. 1.3. The six lowest energy levels of a quantum harmonic oscillator, 

the factor that governs the observations is the degree of excitation above the 
ground-state energy. In the state with energy E n there are n quanta of energy 
hco in addition to the zero-point energy. These quanta are called photons, and 
one speaks of n photons being excited in the mode of the radiation field. A 
photon is said to have been created (destroyed) when the electromagnetic 
energy in the mode is increased (decreased) by a single quantum. Fig. 1.4 shows 
the lowest levels of the harmonic oscillators associated with the first ten field 
modes in order of increasing frequency, Note that there are two independently 
polarized modes for each of these oscillators. 
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011 101 110 III 2111 201 120 021 102 012 

mLjnc \2 \2 \2 \3 \5 v5 v5 \5 \5 \5 

Fig. 1.4. Harmonic oscillator levels for the modes that correspond to the ten points closest to the 
origin in Fig. 1.2. 


1.3. Planck's law 

In thermal equilibrium at temperature T, the probability P n that the mode 
oscillator is thermally excited to the nth excited state is given by the usual 
Boltzmann factor 


op ("WO 

lati-EJk n Tf 

n 


(1-22) 


The zero-point energy cancels when the quantized energy expression (1.20) is 
substituted and, with the shorthand notation 


U - exp(-/iM/lt B T), 

(1.23) 

the thermal probability becomes 


p„ = ujiu 

(1.24) 

The denominator is an easily-summed geometric series, 


tv-. 1/(1.-U); 

n=0 

Hence 

(1.25) 

P„ = (\-U)V n . 

(1.26) 
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The mean number h of photons excited in the field mode at temperature T 
is therefore 

n = lnP„ = (\-U)lnU” 

N H 

= (l-U)U d/dUlV n (1,27) 

fl 

= W~V), 

where eqns (1.25) and (1.26) have been used. Thus, with the help of eqn (1.23), 
the mean photon number is 

” exp(ftco//c B T)-l ’ 

This important result is the Planck thermal excitation function. It is plotted in 
Fig. 1.5 as a function of the oscillator or photon frequency co. 

The results (1.10) and (1.28) give, respectively, the number of radiation field 
modes per unit volume whose frequency is in the range oj to co+dco, and the 
mean energy hhoj in addition to the zero-point energy in each such mode at 



0 1 2 3 

fiu/kftt 


Fig. 1.5. Mean number n of photons of frequency w that are thermally excited at temperature T. 
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temperature T. They can be combined to obtain the mean energy density 
WV(co) dco of the radiation in these modes at temperature T, 

. . hco 3 dco 

do = Shop, do = Wo 3 do/* c = ^ es|)(toAB fpr 

(1.29) 

This is Planck’s law for the radiative energy density A plot of W T (<y) 
versus ho/k B T is given in Fig, 1.6, 

. Planck’s law takes on slightly simpler forms at high and low temperatures. 
For kj » hco, the exponential can be expanded, to give 

%{(o] « (n 2 k B T/n 2 c i ( k B T» hco). (1.30) 

This form of radiation law was derived by Rayleigh 5 in 1900, shortly before 
Planck’s formulation of the correct law, Rayleigh’s law is the classical limit 
obtained by letting Planck’s quantum constant h tend to zero. 

At low temperatures where fc B T « hco, the exponential is very large and eqn 
(1.29) reduces to Wien’s formula 6 

W T (co) a (hco 3 /n 2 c 3 )exp(-hco/k 3 T) ( k B T«hco ). (1.31) 

Both approximate forms of Planck’s law break down when hco is comparable 
to k B T. 



Fig. 1.6. Planck’s law for the energy density of electromagnetic radiation at frequency co and 
temperature T. 
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The maximum in the thermal distribution of the radiative energy occurs at a 
frequency cu max that can be found by differentiating eqn (1.29). The result 
obtained, 


tom* = 2.8 kj, (1,32) 

is Wien’s displacement law 7 . 

The total energy density of the photons in the cavity is obtained by 
integrating eqn (1.29), 


00 


I 

o 




n 2 c 3 h 3 J e*-l 15c 3 ft 3 ’ 


(1.33) 


where the value ?t 4 /15 has been inserted for the definite integral. The 
proportionality of the total energy density to T 4 is the Stefan-Boltzmann 
radiation law, formulated in 1879. If E T (rf) is the total electric field that results 
from all the modes of the radiation field in a cavity at temperature T, then the 
total electromagnetic energy density can be alternatively expressed with the 
help of eqn (1.19) as 


00 



dm = (1/2 K) e 0 |E T (rf)| 2 dK. 


(1.34) 


1.4. Fluctuations in photon number 

The occurrence of photon absorption and emission processes causes the 
number of photons in each mode of the radiation field in the cavity to 
fluctuate. The fluctuation takes place with a characteristic time scale that is 
discussed in detail in Chapter 3. However, some average properties of the 
fluctuations can be deduced without any knowledge of the time scales 
involved. We make use of the ergodic theorem 8 of statistical mechanics, 
according to which time averages are equivalent to averages taken over a large 
number of exactly similar systems, each maintained in a fixed state. The 
fictitious collection of similar systems is called an ensemble; the systems in the 
ensemble are distributed among their various possible states in accordance 
with the appropriate probability distribution for the system considered.. 

For the case of photons in a particular field mode of a cavity, we must 
imagine an ensemble that consists of the same field mode in a large number of 
similar cavities. Each cavity mode in the ensemble has some fixed number of 
photons. The fraction of cavity modes that contain n photons is determined by 
the function P n given in eqn (1.26). We have already evaluated the mean 
photon number h using eqn (1.27); the result of this calculation (eqn (1.28)) can 
equally well be regarded as an ensemble average, or as an average over time of 
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the number of photons in the given mode of a real single cavity. The period 
over which the time average is taken must clearly be long compared to the 
characteristic time scale of the fluctuations. The two averages are equal 
according to the ergodic theorem, which is further discussed in Chapter 3. 

The probability distribution P n can also be used to determine the size of the 
fluctuations of n about the mean value n. Let us first examine the form of P„ in 


greater detail. According to eqn (1,27) 


V = «/(1+n). 

(1.35) 

Substitution in eqn (1.26) gives 


p„ = («)7(i+«) 1+fl . 

(1.36) 


This is a convenient form for plotting P„ as a function of n for a given value of 
n, and some examples are shown in Fig. 1.7. The probability P„ is the 
distribution of readings one would obtain from a large number of successive 
measurements of the number of photons in the selected field mode. It is seen 
that n = 0 always has the largest probability of occurrence, and P„ falls off 
monotonically with increasing n, a result of the decreasing Boltzmann 



n 


Fig. 1.7, Planck photon-number distributions for three values of the average number n. 
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probability of occupation for the higher levels of the mode harmonic 
oscillator. Note that the probability P n shows no particular feature at n = n. 

The Planck photon probability distribution P n is sometimes called the 
thermal distribution or the geometric distribution. It is often useful to 
characterize the distribution by its factorial moments, The rth factorial 
moment is defined to be 


n(n-l)(n-2)...(n-r+l) = ^n(n-l)(n-2)...(n-r+l)P n , (1.37) 

n 

where r is any positive integer, The first factorial moment is the same as the 
mean number of excited photons evaluated in eqn (1.27). The same dif¬ 
ferentiation method can be used to obtain the higher factorial moments. 

Problem 1.2. Prove that the rth factorial moment of the Planck probability 
distribution, eqns (1.26) or (1.36), is 

n(n-l)(n-2)...(n-r+Tj = r\{nf. (1.38) 

The size of the fluctuation in photon number is characterized by the root- 
mean-square deviation An of the distribution. By definition 

= (1.39) 

The second factorial moment obtained from eqn (1.38) gives 

»?-b = 2(n) 2 , (1.40) 

and hence 

An = {(n) 2 +n}±. (1.41) 

It is seen that the magnitude of the fluctuation in n is always larger than the 
mean value n, in accordance with the large spread of the probability 
distribution shown in Fig. 1.7. For large n, eqn (1.41) tends to 

An = n +\ (n » 1). (1.42) 

The theory of photon-counting experiments is described in detail in 
Chapter 6. It should be mentioned that the results obtained above using the 
ergodic theorem are strictly valid only for an idealized experiment where each 
individual measurement of the number of photons is made effectively 
instantaneously, that is in a time short compared to the characteristic time 
scale of the fluctuations. Any real measurement has a finite resolving time and 
the results obtained depend upon its size relative to the fluctuation time scale, 

1.5. Einstein's A and B coefficients 

The mechanism by which the number of photons in a cavity can change is 
the absorption or emission of photons by the atoms or molecules in the cavity 
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walls. We now consider the basic interaction processes between the 
electromagnetic radiation and atoms. They can be treated by means of a 
simple phenomenological theory due to Einstein, The Einstein theory allows a 
qualitative understanding of a large variety of radiative processes, for 
example, the absorption and scattering of light by atoms and the amplification 
of light beams by lasers. 

The Einstein theory is based on some physically reasonable postulates 
concerning the absorption and emission of photons by atoms. The postulates 
can all be. rigorously justified by quantum-mechanical treatments of the 
interaction processes (see §5.5). However, no explicit quantum mechanics is 
used in the Einstein theory, except that the atomic energy levels are assumed 
discrete, and it is convenient (though not essential) to regard the elec¬ 
tromagnetic field energy as quantized into photons. 

It is simpler to consider the interaction of radiation, not with the atoms in 
the cavity walls, but with some atoms or molecules placed in the interior of the 
cavity. Suppose that a gas of N identical atoms is placed in the cavity, each 
atom having a pair of bound-state energy levels E t and E 2 , and let 

ho = E 2 -E V (1.43) 

Energy-conserving processes are possible in which photons of frequency o are 
emitted or absorbed by atoms that make transitions between the two states. 
We allow the two atomic levels to be multiplets, with degeneracies g 2 and g 2 , 
but for simplicity we neglect all the other atomic energy levels. Let the numbers 
of atoms that have energies E 2 and E 2 be denoted by the level populations 
N} and N 2 respectively. The levels are shown in Fig. 1,8. 

A closed cavity that contains atoms and thermally-excited radiation is not a 
very interesting system from an experimental point of view. To measure the 
interaction between atoms and radiation, we need to do something more 
sophisticated. For example, we might pass a beam of radiation at frequency o 
through the cavity and measure the fraction of the beam intensity lost in the 
cavity, In a typical experiment, the cycle-averaged energy density of radiation 
at frequency co exceeds the thermal part IT t (co) by an amount tF B (co) that 
represents the contribution from some external source of electromagnetic 



emission emission 

Fig. 1.8. The three basic kinds of radiative prot 
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radiation. The total energy density is thus 

W(<o) = W T (o)+W n (o). (1,44) 

In general W B {o) is a function of position in the cavity, and the external 
radiation does not have the spatially isotropic distribution of the thermal 
radiation, but let us ignore these features for the moment. It is however an 
essential requirement for the validity of the Einstein theory that the total 
energy density is a slowly-varying function of o in the vicinity of the atomic 
transition frequency. 

The probabilities of photon absorption and emission are defined as follows. 
Consider a single atom in state 2. There is a finite probability A 2 x per unit time 
that the atom will spontaneously fall into the lower state 1 and emit a photon 
of energy ho. 

Now consider an atom in state 1. In the absence of any radiation of 
frequency o there is no way in which the atom can pass into state 2, since it is 
impossible to conserve energy in such a transition, However, in the presence of 
energy density W{o) of radiation, the upward transition 1 -> 2 can proceed by 
absorption of a photon ho. The transition rate is assumed proportional to 
fF(m), with a coefficient of proportionality B n . 

These two processes are intuitively reasonable, but it is not so obvious that 
the presence of the radiation described by W{o) also enhances the rate of 
transition from the upper state to the lower state, However, we shall later 
prove that such an enhancement must take place, and we write the increase in 
transition rate B n W[o). This third radiative process is called induced or 
stimulated emission of radiation. The transition rates for all three processes 
are shown in Fig, 1.8, 

It should be emphasized that the three Einstein coefficients A 2U B l2 , and 
B 2 1 are defined to be independent of JT(co), They depend only on the properties 
of the two atomic states involved, in a way determined by quantum mechanics 
(see §2.4), For the present, they are treated as phenomenological constants. 

Consider the influence of the three transition rates on the level populations 
N 2 and N 2 . It is assumed that N is a sufficiently large number for the individual 
absorptions and emissions to produce a smooth time dependence in N x and 
N 2 . The rates of change of N L and N 2 are then 

dJVi/dt = -diV 2 /dt = N 2 A 2l -N l B l2 W{o)+N 2 B 2 iW{o). (1.45) 

We solve this equation after we have considered the relations that exist 
between the Einstein coefficients. 

1.6, The case of thermal equilibrium 

The rate equation (1,45) holds generally, but some useful results can be 
obtained by consideration of the special case of thermal equilibrium, In any 
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equilibrium condition the level populations are constant and eqn (1.45) gives 
N 2 A 2i -N 2 B n W{o))+N 2 B 2l W((o) = 0. (1.46) 

For thermal equilibrium, with no external radiation introduced into the cavity, 
the energy density in eqn (1.46) is just the thermal contribution JF T (co), and 
solution for this quantity gives 


Wjico) = 


^21 

(NMBu-Bn 


(1.47) 


The level populations N y and N 2 are related in thermal equilibrium by 
Boltzmann’s law 


NJN 2 = g x exp(-* A T)l9z exp(-£A T) = T). 

(1.48) 

Thus from eqn (1.47) 

= 4 11 /{(gi/g 2 )exp(ha)/kJ)B n -B 21 }. (1.49) 

This expression for 'fP x (co) follows from the definitions of the Einstein 
coefficients and an application of the Boltzmann distribution to the atomic 
level populations. However, the result must be consistent with Planck’s law 
(eqn (1.29)) for the radiative energy density in thermal equilibrium. The two 
expressions are identical at all temperatures T only if 


{Qil(h)Bi2 - Bju (1-50) 

(/iftj 3 / 7 r 2 c 3 )B 21 = A n . (1.51) 
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function of the photon frequency to. From eqns (1.28) and (1.52) 

421/821 AW®) = 1 In = exp(fa»/fc B T) - 1 . (1.54) 

For a cavity maintained at room temperature [T= 300 K), the exponent 
fuo/kj is equal to unity for radiation that has a wavelength 

* « 50 qm, (1.55) 

corresponding to a frequency of about 6 x 10 12 Hz in the far-infrared region 
of the spectrum. Hence for radiation having longer wavelength than this, 
corresponding to the microwave and radiofrequency regions, 

ho)«kJ and A 21 «B 2 i W T (co), (1.56) 

while, for radiation in the near-infrared, visible, ultraviolet, or X-ray regions, 
ho » kj and A n » B 2l WM (1.57) 

It is seen that for frequencies small compared to 6 x 10 12 Hz the thermally- 
stimulated emission rate is much larger than the spontaneous emission rate, 
but for frequencies large compared to 6 x 10 12 Hz the spontaneous emission 
rate far exceeds the thermally-stimulated emission rate. 

Finally, we note another way of expressing the thermal photon probability 
distribution P„. From eqns (1.23), (1.35), and (1.48) 

»/(!+«) = 9iN 2 /g 2 N h (1.58) 

or 

«= 9iM9iNi-gM (1.59) 

Thus eqn (1.36) can be written 


The three Einstein coefficients are therefore interrelated, and the transition 
rates between a pair of levels can all be expressed in terms of a single coefficient. 
It is seen from eqn (1.49) that consistency between the Einstein theory and 
Planck’s law could not have been achieved without the introduction of the 
stimulated emission process. It will be shown in §5.5 that this process arises 
naturally in the rigorous theory of photon emission. 

Comparison of Planck’s law (eqn (1.29)) with eqn (1.51) shows that in 
thermal equilibrium 

821 WtM = A u n, (1.52) 

That is, the thermally-stimulated emission rate is equal to the spontaneous 
emission rate multiplied by the mean number of photons in each radiation 
field mode at the transition frequency co. The sum of the two emission rates is 

8 2 x 14x((i))+y42i = 42i(«+l). (1.53) 

It is of interest to compare the magnitudes of the two emission rates as a 



(1.60) 


and the thermal-equilibrium photon distribution is expressed entirely in terms 
of quantities related to the atomic energy levels, 


1.7. Theory of simple optical processes 

A wide Variety of radiative processes can be treated by solution of the rate 
equation (1.45), and using the relations (1.50) and (1.51) between the Einstein 
coefficients. The main concern of the book is with optical experiments that use 
electromagnetic radiation in the near-infrared, visible, and ultraviolet regions 
of the spectrum. The thermally excited energy density %(a>) is of course very 
small for experiments at room temperature, The inequality (1.57) applies and 
the spontaneous emission rate is much higher than the rates of thermally- 
stimulated emission or of absorption of thermal radiation. 
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For frequencies of order 10 u Hz or higher, it is accordingly a very good 
approximation to ignore the thermal energy density. The total energy density 
W(o) in eqn (1.44) then represents just the contribution W^to) from external, 
sources of light and the E subscript can be dropped. The radiative processes of 
interest involve the absorption and stimulated emission associated with the 
external sources, 

Atomic excited states in the optical frequency region have negligible thermal 
populations at room temperature. We consider atoms that have a single low- 
lying state, the atomic ground state, and large numbers of optical excited 
states. With the lower level in Fig. 1.8 taken to be the ground state, we have 
N l = N in thermal equilibrium, Selective excitation of a particular excited 
level E 2 can often be achieved by irradiation of the atoms with light from 
an external source whose frequencies to satisfy the resonance condition (1.43) 
for only a single atomic transition, The system may then behave essentially 
as a two-level atom, and the level populations satisfy 

tf,+JVj = Af. (1.61) 

Less simple optical processes may involve three or four atomic energy levels, as 
in the laser system treated later in the present chapter. 

The two-level case is particularly simple, and it becomes simpler still when 
both levels are nondegenerate fi/ } * t) 2 » 1) so that the B coefficients are 
equal according to eqn (1,50). The subscripts on the A and B coefficients can 
then be omitted, and the rate equation (1,45) simplifies to 

dNt/d t = ~dJV 2 /d/ = N 2 A+(N 2 -Afj)B^, (1.62) 

where W is tacitly understood to be the energy density at frequency co. In most 
experiments $ varies with position in the cavity, and we show later in the 
chapter how to treat this situation. If the position dependence is ignored, 
eqn (1.62) depends only on time, and can be solved by standard methods. 

Problem 1,3, Prove that the general solution of eqn (1.62) subject to the 
condition (161) is 

'•K3K«*S. 

(1-63) 

where N\ is the initial value of N 2 at time t - 0. The solution 
for N 2 easily follows from eqn (1.61). 

We conclude the section with a comment on the validity of the relations 
(1.50) and (1.51) between the Einstein coefficients. The relations are derived by 
consideration of the thermal-equilibrium case where the radiative energy 
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density lT x (ft)) is distributed isotropically in space. They hold generally for any 
spatially-isotropic distribution of radiative energy density. However, the 
external light beams used in experiments do not usually have this property; for 
example, the light is often in the form of a plane parallel beam, Nevertheless, 
the relations (1.50) and (1.51) continue to apply for the interaction of light with 
a gas or fluid of atoms or molecules whose orientations are randomly 
distributed. The interaction of the radiation with the gas as a whole is then 
isotropic, even though the interaction with a single atom or molecule may be 
anisotropic. The orientation-averaged B coefficients are independent of the 
geometry of the light beam used in an experiment. These remarks do not 
necessarily apply to the interaction of light with matter in the solid state, 
where the constituent atoms or molecules may be locked in a common 
orientation to give anisotropic optical properties. We treat here only atoms or 
molecules in a gas or fluid where optical isotropy prevails. 


1.8. Properties of the microscopic processes 

The remainder of the chapter is concerned with various optical processes 
that can occur when a beam of light is transmitted through a cavity filled with 
an atomic or molecular gas. It is first necessary to discuss in greater detail the 
properties of the three basic processes envisaged in the Einstein theory, and 
particularly the distinction between the two kinds of emission. 

Consider an incident beam of light excited in a single well-defined mode of 
the cavity. We suppose that the frequency of the light is resonant with an 
atomic transition described by Einstein coefficients A and B. Fig. 1,9 
illustrates the directional properties of the three processes that can occur. The 
most important feature is the fact that light produced by stimulated emission 
from excited atoms appears in the same cavity mode as that of the incident 
light that causes the emission to take place, The emitted light also has the same 
phase properties as the incident beam. Thus stimulated emission tends to 
amplify the intensity of the incident beam while maintaining its other 
properties unchanged, These features of the stimulated emission are proved in 
§§5.5 and 7.4. 

On the other hand, light produced by spontaneous emission is completely 
independent of the incident beam and it can be in any mode of the cavity 
that satisfies energy conservation. The propagation direction of the 
spontaneously-emitted light thus has a random orientation with respect to the 
incident light beam. The phase of the emitted light is arbitrary, 

When the light and the atoms have settled down in a steady equilibrium 
state, the mean numbers of atoms (jV 2 and JV 2 ) in the lower and upper states 
remain constant. As the light beam traverses the atomic gas, photons are 
removed steadily by absorption processes. The atoms thus excited eventually 
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Fig. 1.9. Directional properties of the three radiative processes, 

return to their ground states and can replace photons in the beam by 
stimulated emission. If only these two processes occurred, the beam would 
pass through the atoms with no change in intensity once a steady state had 
been achieved. However, since some of the atoms return to the ground state by 
spontaneous emission, a fraction 

AfiA+BW) = l/fl+OtV'ftyftm 3 )} (1.64) 

of the absorbed energy is re-emitted in random directions, only a small part 
being accidentally in the direction of the incident beam, 

Spontaneous emission thus causes a scattering of light and a consequent 
attenuation of the incident beam. Such scattering is the microscopic source of 
the apparent absorption of a light beam during its passage through an atomic 
gas. It should be emphasized that despite the impression given by the word 
‘absorption 1 , the energy lost by the incident beam in steady-state conditions is 
not absorbed by the atoms, but is scattered. The same basic phenomenon can 
be studied experimentally either by measurements of the absorption coeffi¬ 
cient or by observations of the intensity of scattered light. The theory of the 
absorption coefficient is given later in the present chapter; the scattering of 
light is treated in detail in Chapter 8. 

As shown in Fig, 1,9, the relative importance of the stimulated and 
spontaneous emission is governed by the size of the ratio BW/A, For 
BW/A = 1 the two emission rates are equal, Let us calculate some approxi¬ 
mate numericalmagnitudes for the intensity of the light beam, For visible light 
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with a frequency in the region of 5 x 10 14 Hz, we have 

to « 3 x 10 15 s" 1 , (1,65) 

and each photon carries an amount of energy 

h(D x 3x 10" 19 J. (1,66) 

The density of field modes given by eqn (1.10) is 

dm = (m 2 /ji 2 c 3 ) dm % 3-4x 10 4 dm m~ 3 . (1.67) 

Thus for BW/A = 1 the energy density of the light is 

IFdm = (A/B) dm = ( h(o 3 /n 2 c 3 ) dm ss 10 -14 dm Jm" 3 , (1.68) 

where eqn (1.51) has been used. The intensity of light beam required to 
equalize the rates of stimulated and spontaneous emission is obtained by 
multiplying eqn (1.68) by the velocity of light, as in eqn (1.97) below (we assume 
that the beam is in free space with unit refractive index), which gives 

/dm « 3xl0~ 6 dm Wm' 2 , (1,69) 

A typical value for the frequency spread of a narrow emission line of an 
ordinary spectroscopic light source is about 10 10 Hz, corresponding to a dm 
of 2n 10 10 s -1 . The intensity required to achieve BW - A with a light beam 
of this spread is shown by eqn (1.69) to be about 2 x 10 5 W m" 2 . This value- 
can be put into perspective by reference to Table 1.1. It is seen that even the 
most powerful of conventional light sources, the mercury lamp, produces 
insufficient light intensity to equalize the rates of stimulated and spontaneous 
emission. For such light beams, almost all photons that are absorbed by the 
atoms are re-radiated by spontaneous emission, and are therefore scattered 
out of the incident beam. It is also seen from Table 1.1 that values of BW 
comparable to or greater than A can be achieved with laser light sources, 
particularly pulsed lasers. The stimulated emission is then important, and 

Table 1.1 

Rough orders of magnitude for the cycle-averaged intensity, electric-field 
amplitude, photon-number density, and number of photons in a single cavity 
mode for main types of light source, f 



/(Wm -2 ) 

E(V m" 1 ) 

n/K(m -3 ) 

photons/mode 

Mercury lamp 

to 4 

10 3 

10 14 

1(T J 

Continuous laser 

10 5 

10* 

10 1S 

to 10 

Pulsed laser 

to 13 

10 8 

1Q23 

10‘ 8 


f The mercury lamp figures refer to the 253.7-nm emission line and represent upper limits on the 
outputs of conventional spectroscopic sources. The laser figures are typical values rather than 
upper limits. 
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the character of light propagation changes. The conditions BW « A and 
BW » A lead to different types of beam absorption or amplification, as dis¬ 
cussed later in the chapter. 

1.9. Optical excitation of atoms 

As a preliminary to the derivation of a microscopic expression for the 
absorption coefficient, we consider the atomic level populations achieved by 
irradiation with a light beam. Suppose that N atoms are contained in a thin 
cavity so that the beam intensity changes by a negligible amount during 
passage through the atoms. Let a beam of constant energy density JTbe 
switched on at time t = 0 when all the atoms are in their ground state. Then, 
by eqns (1,61) and (1.63) the number of atoms in their excited states at a later 
timer is 

NBW 

+ (U0) 

The dependence of JV 2 on time is shown in Fig. 1.10. For short times, 

(A+2BW)t « 1, (1.71) 

the number of excited atoms grows linearly with t, 

N 2 = NBWt, (1.72) 

while for long times, 

{A+2BW)t » 1, (1.73) 

the number of excited atoms approaches its steady-state value 

M 2 = NBWj(Ar2BW). (1.74) 



(A+2BW)t 


Fig, U0. Number of atoms in the excited state at time t. 


Planck s radiation law and the Einstein coefficients 23 

When the light beam is first turned on, atoms are lifted into their excited 
states and energy is transferred from the light to the atoms. After the steady 
state is achieved, the atoms contain a constant amount of stored energy 


NBWhco _ NWho 
A+2BW = (ho) 3 /% 2 c\+2W 


and the transfer of energy from the radiation ceases, The effect of the 
interaction between light and atoms is a redistribution of the spatial directions 
of the photons. 

Fig. 1.11 shows the value of JV 2 in the steady state. For ordinary light 
sources, where BW « A, N 2 is much smaller than N and most of the atoms 
remain in their ground states. In this case, the second term in the denominator 
of eqn (1.74) can be neglected, and iV 2 is proportional to the energy density of 
the incident light beam. 


°- 5 r 



BiV/A 

Fig, 1 .11. Steady-state fraction of excited atoms as a function of light intensity, 


For powerful laser sources, where BW approaches or exceeds A, the 
dependence of N 2 on the beam intensity becomes nonlinear, and the graph 
of N 2 /N bends over to approach the value { for BW » A. The nonlinear 
behaviour is called saturation of the atomic transition, Saturation effects can 
usually be neglected for experiments using ordinary light beams, but they 
become important in the theories of experiments using laser light sources and 
in the theory of the operation of the laser itself. It is impossible to achieve the 
condition N 2 > in the type of experiment considered above. 

If the incident beam is now turned off again, the excited atoms return to 
their ground states and the stored energy shown in eqn (1.75) is re-emitted 
as photons, Let JVj be the steady-state excited-level population given by 
eqn (1,74) and let t = 0 be redefined as the instant at which the incident 
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beam is removed, If the beam energy density 1? is set equal to zero in eqn 
(1.62), the rate equation becomes 

dJV 2 /dt = -N 2 A, (1.76) 

with solution 

N 2 = N° 2 exp (-At), (1.77) 

Each decaying atom emits a quantum hco, and the emitted light intensity also 
falls off as expMt). Observation of this fluorescent emission is an 
experimental means of measuring the Einstein A coefficient. 

The reciprocal of A is denoted t R) 

A = 1/t r , (1.78) 

and is known as the fluorescent or radiative lifetime of the considered 
transition. 

The results (1.70), (1.72), and (1.74) for N 2 refer to the mean population of the 
atomic excited state. Alternatively, N 2 /N can be regarded as the probability of 
finding a selected atom in its excited state. Of course, a particular atom makes 
repeated upward and downward transitions as it absorbs and re-emits 
photons, these transitions occurring at random time intervals in accordance 
with the given absorption and emission probabilities. When the system 
achieves a steady state, N 2 /N given by eqn (.1.74) is the fraction of the time for 
which a particular atom is excited, 


1.10. Macroscopic theory of absorption 

Before we consider the microscopic nature of the optical attenuation 
process, it is convenient to summarize the relevant results of classical 
electromagnetic theory, A gas of atoms in a cavity can be regarded as a dielec¬ 
tric medium. We need the standard macroscopic theory of electromagnetic 
wave propagation through a dielectric. 9 

The presence of the dielectric leads to the generation of a polarization P by 
an applied electric field E. For electric fields that are not too strong, the 
polarization is proportional to the field, 

P = e 0 xE, (1.79) ] 

where i is the linear electric susceptibility. The susceptibility is a function of 
the frequency ffi of the applied field, whose form depends on the energy levels 
and wavefunctions of the atoms that make up the dielectric. Maxwell’s 
equations still have wavelike solutions, but the relation between frequency and 
wavevector is generalized from eqn (1,9) to 

{kc/w) 2 = Hi, 
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which reduces to eqn (1,9) in the free-space limit x = 0. The quantity l+;ns 
known as the dielectric constant; of course, it is constant only in the sense of 
being independent of E, and its magnitude is a function of the frequency, 
The susceptibility is generally a complex quantity and we write 

X = x'+n"- (1.81) 

It is conventional to write the square root of eqn (1.80) as 

kc/o) = rj+k, (1,82) 

where r\ and k defined in this way are, respectively, the refractive index and 
extinction coefficient. Comparison of the real and imaginary parts of eqn 
(1.80) after substitution of eqn (1.82) yields 

>j 2 -k 2 = 1+x', (1.83) 

2 (1.84) 

These equations can be used to determine the frequency dependence of r\ and k 
once the frequency-dependent susceptibility is known. 

It is now convenient to consider travelling-wave solutions of Maxwell’s 
equations rather than the standing waves of eqn (1.3), The space and time 
dependences of both E and B for a wave propagated in the z-direction are then 
given by 

expi(fcz-mr) = expjiw^-tj-^J, (1,85) 

where eqn (1.82) has been used. The relation between the field amplitudes 

becomes 

B 0 = I 1 - 86 ) 

generalizing eqn (1.18), The cycle-averaged field energy density that is 

integrated in eqn (1.19) to obtain the total energy in the cavity is generalized to 

k>/ 2 |E« (1-87) 

by the presence of the dielectric. 

The intensity I of the electromagnetic wave, defined as the energy crossing 
unit area in unit time, is given by the usual Poynting vector 

I = ExB//v (1.88) 

Thus according to eqn (1,16), the magnitude of the cycle-averaged Poynting 
vector is 

J=ie 0 q|E«, (1.89) 

where eqn (1.86) has been used with the additional fact that B is at right angles 
to E. Since E varies with space and time in accordance with eqn (1.85), eqn 


(1.80) 
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(1.89) shows that f depends only on position. If J 0 is the cycle-averaged 
intensity at z = 0, we can write 

J(z) = J 0 exp {-Kz), (1.90) 

where 

K = 2 mlc. (1.91) 

The quantity K defined in this way is called the absorption coefficient; the 
intensity of an electromagnetic wave falls to 1/e of its initial value in a distance 
1 IK. 


1.11. Microscopic theory of absorption 

We now consider from a microscopic viewpoint the same process of 
attenuation of a light beam during its passage through a gas of atoms 
contained in a thick cavity. The aim is to relate the attenuation rate, and hence 
the absorption coefficient, to the coefficients of the Einstein theory. 

We suppose a steady state to have been reached, so that the rates of change 
(1,62) can be set equal to zero. There is however a small change in the rate 
equation necessitated by the presence of the dielectric. The Einstein B 
coefficients are defined in terms of an electromagnetic wave incident on a 
single atom in free space, where the energy density is related to the electric field 
as in eqns (1,19) or (1.34). If W is now taken to be the energy density in the 
dielectric, with the additional tj 2 factor as in eqn (1.87), it is necessary to remove 
this factor from the rates of absorption and stimulated emission. The steady- 
state condition obtained from eqn (1.62) therefore reads 

N 2 A = (N l -N 2 )BWh 2 . (1.92) 

The rate at which energy is scattered out of the beam by spontaneous emission 
is N 2 Ahco. The net rate of loss of energy from the beam is equal to the rate 
J V L BWfico/ti 2 at which energy is taken out of the beam by absorption, minus 
the rate N 2 BWhco/tj 2 at which energy is put back in the beam by stimulated 
emission. In the steady state the two ways of computing the change in beam 
energy must be identical as in eqn. (1,92). 

We use the right-hand side of eqn (1.92) to compute the rate of attenuation 
of the beam, but we must first refine the description of the atomic transitions. 
It has been assumed so far that all atoms have an identical sharply-defined 
transition frequency, m. However, as discussed in Chapter 2, there is always 
some statistical spread in the frequencies of photons that atoms can absorb or 
emit, even when the same pair of states is considered for each atom. Let 
■F(m) dm be the fraction of the transitions in which the photon frequency lies in 
a small range do about frequency c o. Fig. 1.12 shows the typical variation of 
F((d) with frequency, the area under the curve being normalized to unity. 
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Fig. 1.12, Distribution of atomic transition frequencies. 


Consider for the time being only those transitions for which the frequency co 
lies in the specified range. In the steady state, where atoms are in the lower 
atomic level and N 2 are in the upper level, the rate of change of the beam 
energy in the frequency range dm is equal to -{N t ~N 2 )F{oj) dm BWha/ffi, 
Let the light beam be propagated parallel to the z-axis. The energy density 
W is a function of z owing to beam attenuation. Consider a thin slice of the 
cavity perpendicular to z, having thickness dz and cross-sectional area a, as 
illustrated in Fig. 1.13, The beam energy in the slice in the frequency range dm 
is W dma dz, where Wis assumed independent of position within the slice, 

If V is the total cavity volume, then a d z/V is the fractional number of atoms 
that are located in the slice considered. The condition for energy balance is 

{d/dt){W&m&z)= -(IVi-WHdmB^fldz/F)/ 2 ), (1.93) 
or, rearranging, 

dW/dt = ~(N 2 -N 2 )F{(o)BWh(o/Vri 2 . (1.94) 

The absorption coefficient K introduced in eqn (1.90) governs the spatial 
change of the beam intensity T, whereas the Einstein theory leads to an 
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Area a 





Fig. 1.13, Thin slice of cavity perpendicular to the beam direction. 

equation for the time dependence of the beam energy density W. Eqn (1,94) 
must be recast in terms of the intensity. 

The left-hand side of eqn (1.94) can be converted by equating the rate of loss 
of energy within the slice, given by minus the left-hand side of eqn (1.93), to the 
net rate at which energy flows into the slice across its boundaries. If 1 dm is the 
beam intensity between co and m+dm then, by reference to Fig. 1.13, 

~(d/dt)(i¥dmdz) =-a(dl/dz)dzda) (1.95) 

or 

dW/dt = dTjdz. (1.96) 

For conversion of the right-hand side of eqn (1.94), comparison of eqns (1.87) 
and (1.89) shows that 

cW^rjl ( 1 . 97 ) 

Substitution of eqns (1.96) and (1,97) into eqn (1.94) yields the required 

equation for the spatial dependence of l 

dJ/5z=-(A h-NffFicoHBtuoJVcri)!. (1.98) 

For degenerate energy levels, this equation is generalized by insertion of a 
factor g 2 jg t which multiplies N v However, the subsequent discussion is 
restricted to the case = g 2 where the additional factor is equal to unity. 

' The solution of this equation is more complicated than at first appears 
because N t and N 2 themselves depend on W and hence on 7. According to eqns 
(1.74) and (1.97) 

N l ~N 1 ^NA/{A^2BW/ri 1 )} = NA/{A^2BTjct}^ (1.99) 

with the appropriate refractive index factors inserted. Thus eqn (1,98) can be 
written ' 

1/ u 2B7\5J_ NBk>F((o) 

H W h vcrj ' 

We consider the solution in two extreme cases. 


( 1 . 100 ) 
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For all ordinary light_beams, the second term in the bracket on the left of 
eqn (1.100) (equal to 2BW/ij 2 A) is much smaller than unity, as discussed earlier 
in the chapter. If this term is neglected, which corresponds to neglect of the 
number JV 2 of excited atoms, eqn (1.100) can be integrated to give 


where 


7(z) = 7 0 exp (~Kz), 

(1.101) 

K = NBh(oF((o)/Vcrj. 

(1,102) 


Eqn (1.101) is the same as eqn (1.90), and the absorption coefficient K defined 
by eqn (1.102) is the same absorption coefficient as defined in eqn (1.91). It is 
seen that K varies with frequency in a similar way to the distribution of atomic 
transition frequencies illustrated in Fig. 1.12, but multiplied by additional 
frequency-dependent factors. 

With the factor haj/crj taken over to the left in eqn (1,102), integration of 
both sides over m gives 


^{Kai/htn) dm = NB/V, (1.103) 


where the normalization of the lineshape function F(m) has been used. It is 
therefore possible to determine experimentally the value of B if K and r\ can be 
measured. For a dilute atomic gas, rj is close to the free-space value of unity, 
Most absorption lines have widths that are small compared to the frequencies 
m for which K is significantly large, and m is nearly constant across the 
absorption line. In this case, B is directly proportional to the area under a 
graph of K as a function of m. The functional form of K is discussed in 
Chapter 2. 

The result (1.103) can be rewritten as an integral of the imaginary part f of 
the susceptibility over the frequency spread of the absorption line considered, 

|fd«) = SJVB/K (1,104) 


where eqns (1.84) and (1.91) have been used. 

We now consider the solution of eqn (1,100) in the other extreme case of a 
very intense light beam where 2BW/A is much larger than unity and the 
dependence of the atomic populations on W becomes nonlinear, as discussed 
earlier. The first term in the bracket of eqn (1.100) can now be neglected, and 
the solution is 

7(z)-7 0 = ~{NAh(aF{o))l2V)z. (1.105) 

The beam intensity thus falls off linearly with distance through the cavity at a 
rate determined by the A coefficient, instead of the more rapid exponential fall- 
off determined by the B coefficient for low intensities. 
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The decrease in absorption as the atomic transition approaches saturation 
is due to the approach of the rate N 2 Ahco of scattering of energy out of the 
beam to its maximum value \NAhca . Any further increase in the beam 
intensity J cannot lead to a proportionate increase in the scattering rate, and 
the fractional change in J in traversing the gas decreases. The macroscopic 
theory of absorption based on Maxwell’s equations does not apply in 
saturation conditions. Saturation must obviously be avoided in measurements 
of the absorption coefficient K if the results are to be interpreted in terms of the 
theory leading to eqn (1,103).. 

1,12. Population inversion: the laser 

If the number N 2 of excited atoms can be made larger than the number JV t of 
atoms in their ground states, eqn (1.98) shows that the beam intensity grows 
with distance through the atomic gas. The dependence is similar to eqn (1.101) 
except that the absorption coefficient is now negative. The condition N 2 > 
is known as population inversion, or sometimes as a negative-temperature 
condition since application of Boltzmann’s law (eqn 1.48) implies T negative. 
More generally, for degenerate energy levels, the condition for a growing beam 
intensity is JV 2 > [gMN lt 

Of course, population inversion can never occur in thermal equilibrium, and 
we have shown earlier that it cannot be achieved by resonant absorption of 
light at the transition frequency of the two states. However, population 
inversion can be achieved for levels 1 and 2 by experiments that make use of 
other energy levels of the atom. The simplest process makes use of three levels. 
Consider the case where all three levels are non-degenerate, to make the 
treatment as simple as possible. The refractive index tj is also set equal to unity. 

The arrangement of transitions is shown in Fig. 1,14. We now label the 
ground state as level 3, and levels 1 and 2 are the first and second excited states 
of the atom, A light beam of energy density % is used to excite the transition 
3 -> 2, so that a number N 2 of the atoms are in state 2. A light beam used in 



Fig. 1.14. Atomic energy levels and transition rates for a three-level laser. 
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this way is called a pump. The fraction N 2 /N of the total number of atoms 
pumped up in this way is usually fairly small, a figure of one in a million being 
typical, so that the transition 3 -+ 2 is far from the saturation condition. 

An atom in level 2 can emit light by making downwards transitions 2 -+ 1 
or 2 -► 3; an atom in level 1 can decay back into the ground state 3. We show 
that for appropriate values of the Einstein coefficients, it is possible to achieve 
the condition N 2 > N t and thus amplify light of frequency co = {E 2 -E 1 )/k 
The equations that govern the transition rates for a three-level system are 
simple generalizations of the rate equations for a two-level system. The 
transition processes are all shown in Fig, 1.14, The Einstein coefficients must 
now be subscripted to show which levels they refer to. In addition to the 
radiativeenergy in the pump beam, we also assume that some light of energy 
density W is present at the frequency co. 

We assume that only the three atomic levels considered are populated, so 
that 

JVi+JV 2 +jV 3 = N, (1.106) 

The three rate equations are 

dN 2 /dt = ~N 2 A 2l -N 2 A 23 +W v B 23 (N 3 -N 2 )-WB n [N 2 -Ni\ 

(1.107) 

dNJdt = N^-NyAu+WB^-NJ, (1.108) 

and 

dJV 3 /dt = N^+N^-WrBM-NJ. (1.109) 

The sum of the three rates is zero in accordance with eqn (1.106) 

All the time derivatives can be set equal to zero in the steady state, The 
resulting equations enable solutions to be found for the level populations N u 
JV 2 , and N 2 in terms of N, W, and W v . The expressions are somewhat lengthy, 
and the main features of the steady-state solutions can be appreciated more 
easily by the following procedure, Let the pumping rate r be defined as 

r = W f B 23 (N 2 ~N 2 )/N, (1.110) 

so that Nr is the net rate at which atoms are promoted into state 2 by the pump. 
The steady-state conditions from eqns (1.108) and (1.109) are then 

mn+B 2i W) = N i (A 12 +B 2l W) ( 1 . 111 ) 

and 

N 2 A n +N l A li = Nr. (1.112) 

It is immediately evident from eqn (1.111) that in order for jV 2 to be larger 
than iVi»the condition 


A 2i < A- 


(1.113) 
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must be satisfied. In words, the atoms excited into state 2 must decay relatively 
slowly into state 1, from where they drop rapidly back into the ground state. 
The solutions of eqns (1.111) and (1.112) are 


N(A n +B 2 l W)r 

^13^23 + ^2l)+ ^21 ^13 + ^23) 

and 

N(An+B 2l W)r 

2 A 13 (A 13 +A 2 l )+B 2 l W(A i 3 +A 23 ) ‘ 


(1.114) 

(1.115) 


A gas of atoms for which the condition (1.113) is satisfied is capable of 
amplifying the radiation of energy density W. The theory is similar to that 
given above for the absorption of light, with some appropriate changes of sign. 
The structure of the expression for N 2 ~N { obtained from eqns (1.114) and 
(1.115) is similar to that for JVi -N 2 in the absorption case given by eqn (1.99), 
For low intensities of the beam to be amplified, eqns (1.114) and (1.115) show 
that N 1 -N l is virtually independent of W. For this case the beam intensity 
grows exponentially with distance through the gas. On the other hand, for high 
beam intensities N z -N ] is inversely proportional to the beam intensity, and 
the transition between levels 1 and 2 approaches saturation. In this case the 
amplification decreases and the beam intensity grows only linearly with 
distance. Detailed results for the two limits are given in the following problem. 

Problem 1.4. Show that the analogue of eqn (1.100) for the case of amplifica¬ 
tion is 

where 


and 


The general solution is 

WAl+W-W = Oz (1.119) 

and leads in the limits of low and high intensities to 

I{z) = J‘ exp(Gz) {I « / c ) (1.120) 

and 

I(z) = To+I c Gz (/ » l c ). (1.121) 
The general solution is plotted in Fig. 1.15 for two values of J 0 . 


1 / „ 

i [ 1 + r ) b mG ’ 

(1.116) 

j _ A l3 (A 23 +A 21 ) c 

^ 13+^23 B 2 1 

(1.117) 

G _ r{A l3 ~A 2l ) NB 21 ho)F(o)) 
^13(^23 + ^21) 

(1.118) 
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eqn (1,120), 

A light amplifier of the type described above is called a three-level laser. The 
laser can also act as a self-sustaining oscillator since even if no energy density 
W is present initially, some radiation at frequency co can appear owing to the 
spontaneous emission rate A 2 1 . Such an oscillator can produce light beams of 
very high intensity (see Table U), and the nonlinear effects associated with the 
saturation of the active transition play an important role in determining the 
characteristics of the output beam. Other types of laser are possible in which 
more complicated atomic energy-level schemes are utilized. The three-level 
laser theory outlined above is considerably expanded in Chapter 7. 

1.13. Radiation pressure 

The photons that make up a travelling electromagnetic wave of wavevector 
k each carry a momentum ftk. Their behaviour in this respect is similar to that 
of other particles in quantum mechanics, being governed by the de Broglie 
relation between particle wavelength and momentum. The total momentum is 
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conserved in any interaction of photons with other particles. The reality of 
photon momentum was strikingly demonstrated by Compton, who, in 1922, 
observed the conservation of momentum in the scattering of photons by 
electrons. He used X-ray photons- and free electrons, where the effects of 
photon momentum are particularly important. However, the photon mo¬ 
mentum can lead to interesting consequences even in the interactions of lower- 
energy visible photons with relatively heavy atoms. The most accurate 
measurements of the momentum are currently made by determining the 
torsional force on a suspended mirror illuminated asymmetrically by a light 
beam 10 , The expression hk for the momentum of a photon of wavevector k in 
vacuum has been verified to high accuracy, as has the modification of the 
momentum to qhk in a medium of refractive index r/ (see also ref. 11). 

Consider the effects of photon momentum on the three basic interactions of 
a beam of light with a gas of atoms, illustrated in Fig. 1.9. In an absorption 
process an amount of momentum ftk is transferred from the light beam to the 
absorbing atom, which acquires a velocity hk/M parallel to the beam, where M 
is the atomic mass, If the excited atom subsequently decays by stimulated 
emission, the emitted photon carries away a momentum fik parallel to the 
incident beam, and the atom loses the velocity it had previously gained. 

If, however, the excited atom subsequently decays by spontaneous emission, 
the direction of the momentum carried away by the emitted photon may lie 
anywhere in the complete 4k solid angle centered on the atom. The atom thus 
acquires a recoil velocity in some random direction, and there is, on the 
average, no cancellation of the velocity component previously acquired by the 
atom in photon absorption, 

It follows that each photon absorption that is followed by spontaneous 
emission transfers on average a momentum hk from the photons to the atoms, 
in the direction of the light beam. This is true whether or not the atom- 
radiation system has reached a steady state, and contrasts with the transfer of 
excitation energies hto to the atoms, which ceases when a steady state is 
achieved, as emphasized in' connection with eqn (1.75), The transfer of 
momentum to the atoms is equivalent to a pressure exerted on the gas by the 
radiation, 

Suppose again that the number JV of atoms is sufficiently large to produce 
smooth time dependences in the atomic populations, The rate of change of the 
total atomic momentum IT, in the presence of radiative energy density I? at a 
frequency co that resonates with the transition between the atomic ground 
state and a single excited state, is proportional to the difference between the 
absorption and stimulated emission rates, 

dn/dt = hk(N l ~N 2 )BW. (1.122) 

This quantity is always positive for a two-level experiment, where N y > jV 2 , 
but it is possible to obtain negative momentum transfers 12 for transition 
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schemes that use three or more levels, where iV 2 can be greater than N { . We 
treat here only the two-level case. 

Problem 1.5. Evaluate the momentum transfer rate for the experiment 
envisaged in §1.9, where a light beam impinges on a gas of 
atoms in their ground states at the start of the experiment. Show 
that the atomic momentum at time t is 


NBWhk 

A+2BW 


2 BW 
A+2BW 


(exp[-(A+2£f)f]-l) 


(1.123) 

and discuss the limiting forms of the result at both short and 
long times. 

In the steady state, where the number of excited atoms is given by eqn (1.74), 
the momentum transfer rate becomes 


dn/dt = hkN 2 A = hkNBWA/{A+2BW), (1.124) 
The transfer rate tends towards a saturation value 


dn/dt = hk[N/2)A {BW » A) (1.125) 

for very strong light beams. The dependence of the momentum transfer effect 
on the presence of the spontaneous emission process thus produces an upper 
limit to the transfer rate at beam strengths such that almost half the atoms are 
excited. Any increase of beam strength produces little change in the 
momentum transfer rate once the saturation region has been reached, 

The steady-state momentum transfer rate (1,124) is equivalent to an average 
force acting on each atom of magnitude 

F = hkBWA/(A+2BW), (1,126) 

An applied light beam drives the atoms in a cavity parallel to the beam 
direction to give a higher atomic density at the light exit window than at the 
entrance window. If the z-axis is parallel to the beam and iV(z) is the atomic 
density at coordinate z, the distribution of atoms at temperature T has the 
form 

N(z) = jV(0)exp(IW), (1.127) 

This spatial dependence has been verified 13 for a gas of sodium atoms placed 
in a tube with a beam of laser light directed along the length of the tube. The 
laser frequency resonated with the 3S* 3P$ transition of sodium. Increases 

in the density of sodium atoms by as much as 50 per cent were observed 
between points in the laser beam separated by 200 mm, 
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Light beam 



Fig, 1.16. Schematic arrangement for observation of the deflection of an atomic beam by 
interaction with a light beam. 


Momentum transfer between photons and atoms leads to practical 
applications when the atoms are also in the form of a beam sent at right angles 
through a strong light beam 14 . The experimental arrangement is represented 
in Fig, 1.16, Those atoms that absorb photons are deflected from their original 
paths, Absorption followed by stimulated emission produces a small lateral 
shift in the atomic trajectory but no change in its direction. The main effect 
occurs as before for absorption followed by spontaneous emission, where the 
atom gains on average a momentum hk perpendicular to its original path. The 
resulting deflection angle is typically of order 10~ 5 rad. Fig. 1.17 shows the 
distributions of the numbers of caesium atoms detected 15 as functions of 
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distance perpendicular to the direction of the atomic beam. The average 
deflection corresponds to the absorption and spontaneous emission of about 6 
photons by each atom during its passage through the light beam. 

It is possible, with the use of very strong light beams, to achieve a much 
larger number of photon absorptions and emissions per atom. Thus in the 
saturation region, where the rate of absorption/spontaneous emission events 
is of the order of one half the Einstein A coefficient, the number of such events 
is roughly \ A times the transit period of the atom through the light beam. This 
produces an average of 50 absorption/spontaneous emission events per atom 
for a light beam diameter of 5 mm, an atomic velocity of 5 x 10 3 m s" \ and 
an A coefficient of 10 8 s” 1 (see §2.4), Note that the saturation prevents the 
possibility of any significant increase in the number of spontaneous emissions 
for yet stronger light beams. 

The electronic excitation energies of different isotopes of the same atom are 
in general slightly different, typically by about 1 part in 10 5 . The frequency of 
the light beam in the arrangement of Fig, 1.16 can be tuned to resonate with a 
transition frequency of only one variety in a mixture of isotopes. The radiation 
pressure force then acts on only the one kind of isotope, which is deflected 
away from the remainder of the atomic beam, This method has been used for 
example to separate the various isotopes of barium 16 . It is of course 
advantageous to obtain the maximum spatial separation of the isotope of 
interest by the use of a light beam sufficiently strong to saturate the atomic 
transition. The radiation-pressure method is one of a range of optical 
techniques that can be used to separate isotopes 17 , 
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2 . Quantum mechanics of the 
atom-radiation interaction 


The calculations of the preceding chapter display some of the inadequacies 
of the Einstein theory of interaction of light with atoms. The theory itself gives 
no prescription for computing the values of the A and B coefficients appropri¬ 
ate to a given atomic transition. For this one must look to the quantum- 
mechanical theory of transition probabilities. More seriously, the Einstein 
theory is applicable only for broad-band illumination of the atom, where the 
frequencies in the incident light are distributed smoothly across the linewidth 
of the atomic transition. By contrast, many experiments with laser sources use 
light beams whose frequency distributions are narrower than atomic transi¬ 
tion linewidths. 

The present chapter begins with a quantum-mechanical calculation of 
the Einstein B coefficient. A semiclassical theory is used, with a classi¬ 
cal representation of the electromagnetic field but a quantum-mechanical 
description of the atomic states. Identical results are obtained when both the 
light and the atom are treated quantum-mechanically (see Chapter 5). We 
assume that there is no thermal excitation of the atomic excited states, and that 
the only atomic states that need be considered are the ground state and a single 
excited state selected by the frequency of the light, The atoms can then be 
treated as effectively having just two levels, with consequent simplifications in 
the theory. 

The interpretation of experiments with light beams of narrow frequency 
spread requires a more general theory of the effects of the atom-radiation 
interaction. Such a theory is provided by the optical Bloch equations, derived 
later in the chapter. It is shown that the behaviours of the atomic populations 
predicted by the optical Bloch equations agree with those of the Einstein 
theory in the limit of broad-band incident light. However, quite different 
behaviours occur for narrow-band incident light. It is also shown how various 
line-broadening mechanisms affect the theory of the atom-radiation inter¬ 
action. These produce changes in the time dependences of the atomic-level 
populations and they generate characteristic shapes for the spectral lines seen 
in absorption or emission by atomic transitions. 
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2.1. Time-dependent quantum mechanics 

The Einstein B coefficient describes the rate in time at which absorption 
and stimulated emission processes occur. The corresponding quantum- 
mechanical treatment must accordingly take as its starting point the time- 
dependent wave equation 1 

#¥ = ift dT/df. (2.1) 

Here, $ is the quantum-mechanical Hamiltonian, in general time-dependent, 
and ¥ is the time-dependent wavefunction. A circumflex will be used 
throughout the book to signify quantities that are quantum-mechanical 
operators. 

Consider first the problem of an isolated atom with no radiation present. 
The atomic Hamiltonian contains the kinetic and potential energies of the 
constituent particles of the atom and has no explicit time dependence. It is 
shown in textbooks on quantum mechanics 2 that for a time-independent 
Hamiltonian like the wave equation (2.1) has solutions of the form 

W = exp(-i£„t/h)^(r). (2.2) 

The time-dependent wavefunction V splits into a product of a time-dependent 
phase factor and a wavefunction ^(r) which is independent of time and 
satisfies the energy eigenvalue equation 

A Mr) = £>„(r). (2.3) 

In these equations n labels the different solutions and r symbolizes the 
coordinates of all the particles that form the atom. Obviously, eqn (2.3) is just 
the condition that the wavefunction of eqn (2.2) should satisfy the time- 
dependent wave equation (2,1) with $ E substituted for Jt. 

The atomic states described by eqns (2.2) and (2.3) are known as stationary 
states, They have the property that, when the atom is in one of its stationary 
states, the average value of any observable is independent of time, provided 
that the operator representing the observable does not involve the time 
explicitly. A system put into one of the stationary states of its total 
Hamiltonian remains in the state for all subsequent times. For many purposes 
the time-dependent phase factor in eqn (2.2) can be ignored and the 
wavefunction taken as the spatial part i^(r) alone. The phase factors must, 
however, be retained for consideration of time-dependent processes like the 
absorption and emission of light by an atom. 

For the calculation of the B coefficient we shall be concerned with only two 
energy eigenstates \Jift) and i/^(r) of an atom, having energy eigenvalues E t 
and E 2 , 


and 


fnM = 

tfMr) = E 2 ij/ 2 ( r). 


(2.4) 
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The corresponding time-dependent wavefunctions are 
W = exp(-i£#)i^(r) 

and (2.5) 

W = exp(-i£#)i// 2 (r). 

The explicit functional dependence of ¥ and if/ will often be suppressed, 
with the understanding that the upper- or lower-case symbols imply that the 
time-dependent phase factor is or is not included in the wavefunction. The 
energy levels are as shown in Fig. 1.8, except that we now call the transition 
frequency o) 0 , 

hco 0 = E 2 -E v (2.6) 

It will be assumed in the calculation that follows that and i j/ 2 are known 
functions. 

Now consider the effect on the atom of some electromagnetic radiation. An 
electromagnetic wave has associated electric and magnetic fields that vary 
with position and time. Their interaction with the atom causes it to have an 
additional electromagnetic energy which can be represented by an addition 
to the Hamiltonian. The functional form of Jf, will be discussed shortly; for the 
moment we treat it as a general operator that depends on r and t. The total 
Hamiltonian is 

# = A+A (2.7) 

Since $ depends explicitly on time, the wave equation (2.1) no longer has 
stationary-state solutions of the type given by eqns (2.2) and (2.3), 

An expression for the Einstein coefficient B n associated with the ab¬ 
sorption of radiation can be derived as follows. We assume that at some 
instant of time the atom is in its state if/ x . Owing to the presence of the term 
in the Hamiltonian, \fr l is not a stationary state, and there is a finite probability 
that the atom will be found in state if/ 2 at a later time, This probability can be 
expressed as a rate of transition from state 1 to state 2, and hence related to the 
B coefficient. The required information is contained in the time-dependent 
wavefunction ¥ for the atom, obtained by solution of eqn (2.1), 

If the frequency of the light is close to cw 0 , only the two selected atomic states 
are involved in the radiative processes, and at any instant of time the 
wavefunction must be a linear superposition 

m = ( 2 . 8 ) 

The mixture of states varies with time but we may require 'F(rt) to be 
normalized at all times 


WOP iV= |Ci(l)P+|C 2 (t)| 2 = 1, 


(2.9) 
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where eqn (2,5) has been used and iK(r) and ^ 2 (r) have been assumed 
normalized and orthogonal. The coefficients C x and C 2 are independent of 
position. 

Substitution of eqn (2.8) into eqn (2,1) leads to an equation for the i 
coefficients C x and C 2 that can be simplified, with the help of eqns (2.4), (2.5), 
and (2.7), to 

+ ( 2 . 10 ) ; 

Multiplication from the left by the complex conjugate followed by 
integration over all space leads to 

CiJtfjtyi dF+C 2 exp(-b 0 f)|iM , ^ 2 dF = ih dCj/dr, (2.11) 

where eqns (2.5) and (2.6) have been used. It is convenient to introduce a 
shorthand notation for the matrix elements of jfj, 

y n = dK hJ i 2 = jtfA' 1'2 dK, etc, (2.12) i 

whereupon eqn (2.11) simplifies to 

c /n + c 2 exp(-ico 0 t)/i 2 = idCj/df. (2.13) 

Similarly, multiplication of eqn (2.10) from the left by leads to 

C\ exp(iw 0 t)/ 21 +C 2 / 22 = i dC 2 /dt. (2.14) 

Eqns (2.13) and (2.14) contain no position dependence and the matrix 
elements J are known functions of time once the functional form of is 
specified. The equations can, in principle, be solved for C 2 and C 2 as functions 
of time, and the wavefunction ¥(r t) is then determined by eqn (2.8). 

2.2. Form of the interaction Hamiltonian 

The complete form of the Hamiltonian for the interaction between the 
electromagnetic field and an atom is somewhat complicated, and a full 
discussion is deferred until Chapter 5. However, a knowledge of the main 
features of the interaction is sufficient for calculation of the B coefficient. 

Consider the atom shown in Fig. 2.1, which consists of a nucleus of charge 
Ze surrounded by Z electrons each of charge -e. The atom interacts with a 
polarized electromagnetic wave having the electromagnetic field components 
shown in the figure, where the atomic nucleus is taken as the origin of 
coordinates. We use fields with real time-dependent parts in the present 
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Fig. 2.1. Coordinate system for the atom and the electromagnetic wave. 


chapter. The magnitudes of the atomic electron radii are typified by the Bohr 
radius 

a 0 = 47te 0 ftV 2 « 5xl0“ u m, (2.15) 

where m is the electron mass. The radius is much smaller than the wavelength 
of the electromagnetic wave, provided that the frequency is restricted to be 
smaller than about 10 18 Hz. For such frequencies 

ka 0 « 1, (2.16) 

and the spatial variation of the electric and magnetic fields across the 
dimensions of the atom is very small. It is then a good approximation to ignore 
the kz term in the cosine. 

The total electric dipole moment of the atom can be written -eD, where 

D =1 r> (2.17) 

The main contribution to the interaction Hamiltonian arises from the po¬ 
tential energy of this electric dipole in the electric field E 0 cos at and we can 
write 

= eD.E 0 cos cot, (2,18) 

The other contributions to J) are explicitly considered in §5.3 and shown to be 
much smaller than eqn (2.18), 

The interaction Hamiltonian (eqn (2.18)) is real and has odd parity; that is 
changes sign under inversion in the nucleus, when Xj is replaced by -Tj. It 
follows that the integrands of the matrix elements J { { and / 22 defined in eqn 
(2.12) are odd functions of position and the integrals must vanish, 

Ai = *^22 = 0 . 


(2.19) 
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Provided the atomic states fa and fa have opposite parity, the off-diagonal 
matrix elements J l2 and / 21 are not required to vanish, but according to eqn 
(2.12) they are related by 

K = ( 2 - 20 ) 

Since E 0 points in the x-direction in Fig. 2.1, the explicit form of the matrix 
element/ 12 is 

/ 12 = {eE 0 X n /h)c os cot, (2.21) 

where 

X i2 = l/ 2 dV, (2.22) 

X is the x-component of D, and the integration runs over all the electron 
coordinates. The matrix element / 12 consists of the time-dependent term 
cos cot multiplied by a numerical factor for which it is convenient to have a 
simple notation. We define 

r = eE 0 XJh, (2.23) 

and eqn (2.21) becomes 

/ 12 ='f cos cot. (2.24) 

Consider, for example, the IS to 2P transition of atomic hydrogen. If 
account is taken of the electron-spin quantum-number, the ground IS state is 
doubly degenerate and there are six degenerate 2P states. However, the spin 
quantum-number cannot change since the interaction Hamiltonian is inde¬ 
pendent of the electron spin. There are thus three accessible 2P states for a 
ground-state electron of given spin quantum-number. Also, for the x- 
polarized electromagnetic wave, the integral in f vanishes except for the 2P X 
state. The magnitude of f is calculated in the following problem. 

Problem 2.1. For the hydrogen atom states 


fa - 7r"Wexp(-r/a 0 ) 

(2.25) 

fa = 2" V*a 0 "*x exp(-r/2a 0 ), 

(2.26) 

prove that 


r = 2*eE 0 a 0 in. 

(2.27) 

The transition frequency is 


■®o “K* 

(2.28) 

where 

hco R = me 4 /32ji 2 ej)fc 2 . 

(2.29) 

Show that a field strength E 0 of order 3 x 10 11 
required to make f equal to co Q . 

[ Vm" 1 is 
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For the fields E 0 encountered in almost all light beams (see Tablel.l, p. 21), 
f « % (2.30) 

Very powerful light beams required special treatment and are considered in 
Chapter 9. 


2,3. The transition rate 

The basic eqns (2.13) and (2.14) can now be simplified in the light of 
eqns (2.19), (2.20), and (2.24) to 

f cos (Ot exp(-ift) 0 t)C 2 = i dCfdt (2.31) 

and 

f* cos cot exp(im 0 t)C 1 = i dC 2 /df, (2.32) 

These equations are exact within the restriction to a pair of atomic states. 

Problem 2.2. Prove that ICJ 2 +|C 2 | 2 does not change with time, thus ensuring 
that the normalization condition of eqn (2.9) remains valid 
throughout the time-dependent processes. 

Problem 2.3. Consider the solution of eqns (2.31) and (2.32) for the special case 
co = 0 where the electric field applied to the atom is constant in 
time. Show that C 2 satisfies 

d 2 C, dC, 

W-^T^C'-o, P3) 

and hence prove that, if the atom is in its lower state at time 
t = 0 , 

4lf| 2 

|CjP = ^^4jff !i " !{( ” S+4|/|W2); <2 ' 34) 

ICtl 2 can be found from the normalization condition (2.9). 

The calculation of the Einstein B coefficient is similar in principle to the 
above problem, but eqns (2.31) and (2.32) must now be solved for a value of co 
that is close to the transition frequency co 0 . The atom is again assumed to be in 
its lower state fa at time t ~ 0, and the boundary conditions are 

Ci(0) = l 

and 

C 2 (0) = 0. (2.35) 

Again, |C 2 (t)| 2 is the probability of finding the atom in its upper state fa at time 
t. The rate \C 2 (t)\ 2 /t at which the probability of finding the atom in its excited 
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state grows is the quantum-mechanical transition rate. By comparison with 
the definition of B n in Fig, 1.8, we must have 

B u typ) = |C 2 (f)| 2 /f, (2.36) 


where f (©) is the cycle-averaged radiative energy density associated with the 
electromagnetic wave in Fig. 2.1. Thus a calculation of C 2 (t ) leads to the 
required quantum-mechanical expression for B n . 

Despite their simple forms eqns (2,31) and (2,32) are quite difficult to solve in 
general and it is necessary to look for approximate solutions. The inequality 
(2,30) suggests that it would be useful to obtain and C 2 as power series 
in f. If the initial values (eqn (2.35)) of C 2 and C 2 are substituted on the 
left-hand sides of eqns (2.31) and (2.32), integration with respect to time gives 
a first approximation to the time dependence of C 2 and C 2 . The results are 


and 


Ci(t) - 1 


C(t) = ~ p-rcpflM®)*) i l-«p(i(fl>o-fl))f) | (237 

2 2 { ©0 + ® Q) 0 -(O J 


A second approximation can be obtained by substituting these solutions on 
the left-hand sides of eqns (2.31) and (2.32) and integrating again; C 2 {t) is 
unchanged, but the improved solution for C t (t) is of the form 


becomes 


C 2 (t) = - (il^*/2© 0 )(exp(i© 0 £)sin co 0 t +© 0 f), (2.40) 

It will be found that the characteristic time spans t over which atomic 
transitions take place are typically of order 10” 7 s or longer, whereas co 0 from 
eqn (1.65) is typically of order 10 15 s' 1 , Thus the inequality 

ao 0 t » 1 (2.41) 

is very well satisfied for the times t of interest in the present calculation. In 
other words, many cycles of oscillation of the electromagnetic wave occur 
before there is a significant probability of atomic excitation. The second term 
in the bracket of eqn (2.40) is, therefore, much larger than the first, and this is 
still true when co is close, but not exactly equal to co 0 . 

It is, therefore, a good approximation to neglect the first term in the basic 
solution (eqn (2.37)), which then leads to 


\c 2 (t )\ 2 = \r \ 2 


sin 2 {(© 0 -©)£/2} 

K -©) 2 


(2.42) 


When co is exactly equal to co 0 , the excitation probability increases quad- 
ratically with time, 


\C 2 {tf = \\r\h\ (© = © o), (2.43) 


Cj(f) = l+\f \ 2 x (function oft). (2.38) 

A third approximation can now be obtained, and so on. In this way an iterative 
solution to the coupled equations is obtained. A series in even powers of \f\ 
is obtained for Cj(£), while C 2 (f) is expressed in a series of odd powers of f 

or 'f*. . 

According to eqn (2.23), the series can equally well be regarded as 
expansions in powers of the electric field strength £ 0 . The energy density in the 
wave is related to 

] -e 0 E 2 0 = jV(©) dm (2.39) 

similar to eqn (1,34), but with the volume integration carried out. Comparison 
of powers of £ 0 on the two sides of eqn (2.36) shows that the required 
expression for B l2 can be obtained if C 2 (t) is evaluated to first order in £ 0 , or 
equivalently f . The first approximation (eqn (2.37)) is already adequate for 
this purpose. The Einstein theory of absorption and emission does not apply in 
situations where the terms of higher order in £ 0 have an important effect, 
The second term in the linear solution (eqn (2.37)) is much larger than the 
first. Consider light whose frequency © is exactly equal to © 0 , where eqn (2.37) 


but an oscillatory behaviour in time occurs when co is different from © 0 ,This 
neglect of the first term in eqn (2,37) is known as the rotating-wave 
approximation. The term retained corresponds to phase angles cot and co 0 t for 
the light and the atomic transition that increase with time in the same sense, 
whereas the neglected term has phase angles that increase in magnitude but 
with opposite signs. 

Fig. 2.2 shows the dependence of |C 2 (t)| 2 on © at a given time t. As t 
increases, the maximum in the curve moves upwards proportional to f 2 , and 
the zeros of the function move in along the horizontal axis towards the origin, 

Eqn (2.42) is the required solution for the probability that the atom has 
made a transition into its excited state by the time t. It is, however, necessary to 
carry out a further development of this result before it can be related to the 
measurable transition rate. We have assumed so far that the transition 
frequency ©o is a well-defined quantity that can be assigned a mathematically 
exact value. This does not correspond to the situation in any practicable 
experiment, where there is always some uncertainty in the value of © 0 . All 
spectroscopic equipment has finite resolution, such that the measured 
frequencies of spectral lines are undefined by some amount A©. Even if one 
envisages an idealized experiment with perfect frequency-resolution, there is a 
more basic limitation in the intrinsic widths of spectral lines. 




Fig. 2.2. The probability [C 2 | J for the atom to be in its upper level at time t as a function of the 
frequency w of the exciting light. 


The uncertainty in the value of w 0 can be taken account of by an integration 
of the expression for |C 2 (f)| 2 over a range Act). If w 0 is now interpreted as the 
centre of the distribution of transition frequencies, eqn (2.42) can be written, 
with the use of eqns (2.23) and (2.39), as 



The assumption of broad-band illumination of the atom, basic to the Einstein 
theory, is now made in that the radiative energy density is taken to have a 
constant value #(w 0 ) over the range Aw. Then eqn (2.44) can be written 




(8 0 +£Aa) 

j sm 2 {(w 0 -w)f/2} ^ 

J K -®) 2 

aio-JAw 


(2.45) 

(2.46) 


The way in which the value of this integral varies with Aw and ( is shown in 
Fig, 2.3, The two limiting values of the integral can be expressed analyti¬ 
cally. For small (Aw, it is seen by reference to Fig. 2.2 that the intc- 
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3 

'I 


Fig. 2.3. The solid curve shows the value of the integral in eqn (2.46) as a function of f, The dashed 
line shows the approximation of eqn (2.48). 

grand is almost constant, leading to 

Int = |( 2 Aw ((Aw « 1). (2.47) 

For large (Aw, the integration covers almost all the area under the curve in 
Fig. 2.2, and the limiting value is 3 

Int = irrt ((Aw » 1), (2.48) 

This limiting behaviour, linear in (, is illustrated by the dashed line in Fig. 2.3, 
It can be seen that the exact value of Int is represented by a curve with slight 
undulations owing to the zeros of the function illustrated in Fig. 2.2, but the 
linear behaviour becomes a progressively better approximation for larger 
values of (Aw. 

In accordance with eqn (2,36) the Einstein B coefficient is associated with a 
theory of absorption in which the probability of atomic excitation is 
proportional to the elapsed time (. This corresponds to the linear time 
behaviour shown in eqn (2.48) in the quantum theory of absorption. 
Combination of eqns (2.45) and (2.48) gives 

|C 2 (t)| 2 - ne 2 \X 12 \ 2 W(o) 0 )t/e 0 h 2 , 



(2.49) 
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and this expression will be used below to obtain a quantum-mechanical 
expression for the B coefficient. 

The linear approximation embodied in eqn (2.49) must clearly break down 
for times sufficiently long to make |C 2 (t)| 2 greater than unity, contrary to the 
normalization condition (eqn (2.9)), However, the long-time behaviour of the 
degree of atomic excitation can be determined in the manner of eqns (1.70) - 
(1.74), once the magnitude of the B coefficient has been calculated. 


2.4. Expression for the B coefficient 

The calculation of the Einstein B coefficient is now in principle complete, but 
before writing down the result we must consider the generalization from the 
single atom considered to a gas of similar atoms. 

Suppose that the interaction is applied simultaneously to a large number 
N of identical atoms. At the time t each atom will have probability IQ 2 of 
being found in its lower state \j/ u and probability |C 2 | 2 of being found in its 
upper state ifi 2 . The mean numbers of atoms in the two states are therefore 

A\ = N\C X \ 2 ; 

and 

= N |CJ*. (2.50) I 

The normalization condition (eqn (2.9)) then ensures that the level popula¬ 
tions satisfy the conservation requirements of eqn (1.61). Eqn (2.50) can be used 
to relate the quantum-mechanical state amplitudes C x and C 2 calculated for a 
single atom to level populations for large numbers of identical atoms. 

However, even in a gas of identical atoms or molecules, the spatial ori¬ 
entations of corresponding electronic states vary in a random way from one 
atom or molecule to the next. It is useful to quote a result for the B coefficient in 
which the random spatial orientations have been explicitly taken into account. 

Let e be a unit vector in the direction of the electric field of the electromagnetic 
wave, taken as the x-axis in Fig, 2.1. The matrix element X l2 can be written 

*12 = e-D 12 , (2,51) ! 

where i 

Di, = (2.52) i 

and D is defined in eqn (2.17). 

For. a given pair of states, and i j/ 2> D 12 points in a certain spatial 
direction, which varies randomly in the gas owing to the random atomic or : 

molecular orientations. To obtain the B coefficient for a gas, using eqn (2.49), 

we need to average |X 12 | 2 over the random orientations ofD 12 . If 6 is the angle 
between D 12 and e, the required average involves the mean value of cos 2 0, 


given by 

cos¥ = i (2.53) 

and hence in eqn (2.49) we must make the replacement 

HiaP-Sy-iW, (2.54) 

where D 12 is the magnitude of the vector D 12 , Then comparison of eqns (2.36) 
and (2.49) gives the quantum-mechanical result for the Einstein coefficient as 

*12 = rce 2 |Di 2 | 2 /3e 0 fr 2 . (2.55) 

In the absence of any incident electromagnetic wave vanishes, and the 
states if/ 1 and \(i 2 again become stationary states of the total Hamiltonian 
which now reduces to alone. No transitions can occur from state 1 to state 
2, even if state 2 lies lower in energy than state 1. The semiclassical method of 
the present chapter does not embrace the spontaneous emission process, and a 
satisfactory treatment must use the quantum-mechanical radiation field, Such 
a treatment is given in §5.5. However, the correct expression for the A 
coefficient can be found by combination of the general relations shown in 
eqns (1.50) and (1,51) between the Einstein coefficients with the quantum- 
mechanical result for B n , to give 


= 


ho for 


gi^olflnl 2 

3n€ 0 g 2 k 3 


(2.56) 


The magnitudes of the A coefficients can be readily calculated for the case of 
atomic hydrogen. Consider the transitions between the IS and 2P states. There 
are three 2P states having equal rates of transition from the IS state, and the 
composite B i2 coefficient has three times the value given by eqn (2.55), where 
D l2 is the matrix element between IS and any one of the three 2P states. We 
takegq = l,g 2 = 3, and use eqns (2,15), (2.27), and (2.28) to obtain 


_ e 2 (ol\D n \ 2 _ me 10 
3ne 0 hc 2 3Hn 5 e s 0 h 6 c 3 


6xl0 8 s _1 , 


(2.57) 


The radiative lifetime of the 2P state, defined as in eqn (1.78), is therefore 
1.6 x 10~ 9 s. The IS <->■ 2P emission or absorption line lies in the ultra¬ 
violet region. Rates for several hydrogen-atom transitions are shown in 
Fig. 2.4; note the trend to smaller transition rates with diminishing transi¬ 
tion frequency, in accordance with the ft)o-dependence of the A coefficient, 
For comparison with the rate of spontaneous emission given in eqn (2.57), 
the rate of stimulated emission by the same transition in a beam of intensity 
10 4 Wm“ 2 and width 2n 10 lo s _1 (see Table 1.1) is 

ooMWaWtiW m 

'iV.kOAO CO A 

S r 
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Fig, 2.4, Spontaneous transition rates between the lowest few levels of hydrogen in units of I0 h 
s' 1 . The values are taken from ref, 4, 


2,5. The Dirac delta-function 

The method used above to calculate the Einstein B coefficient has wide 
applicability, and it is useful to cast the result in a form that facilitates its 
application to other problems. 

Consider the Dirac delta-function, which can be defined by 


S((o Q -(o) = - Lt - in2 {( Q) o- 6? ) f/2 } [ 
ft ((Dq —(oft 


According to eqn (2,48), 


(5(o) 0 —co) dco = 1. 


The delta function is illustrated by the limit of the curve plotted in Fig 2 2 at 
infinite t, where the zeros all crowd in to the origin and the value at to = 
tends to infinity in such a way as to maintain a constant area under the curve 


Quantum mechanics of the atom-radiation interaction 53 

All the area is concentrated at co = w 0 in the limit, and the delta function is 
zero everywhere else. Thus eqn (2.60) can be written more generally as 


c o 2 

J* <5(<d 0 -co) dm = 1, provided co 1 < w 0 < m 2 , 

CO* 

= 0, otherwise, (2,61) 

The definition given in eqn (2.59) can be used to prove the basic property 
of the delta function. Let /(co) be any function of co that is non-singular at 
co = co 0 , and consider the integral 

f/M S(co 0 ~co) to = - Lt ”f/H to, (2.62) 

J ft l-*co J (C0 0 -W) 2 t 

0)* 

Changing the variable of integration to x = (co-co 0 )t gives 

Wl (Wj-Wjf 

f/Md» = - Lt f /( W t)+c» 0 )^to 

J ft f* CO J V 

<Oi ((Oi-aio)! 



Inclusion of the delta function in an integral therefore picks out the value of the 
integrand at the point specified by the constant in the delta function. 

There are alternative representations for the delta function, in addition to 
the particular limit given in eqn (2,59). The criterion for an acceptable 
representation of the delta function is that eqn (2.63) should be satisfied, and 
each representation must be justified by considering the integral on the left- 
hand side of eqn (2.62). Some examples are given in the following problem. 


Problem 2,4. Prove that the following are acceptable representations of the 
Dirac delta-function 





Lt ex Fp(Q>o—co)7^)—exp(—i(co 0 —o>)Ti) 
jyr^co 2ni{co 0 -o)) 


(2,64) 
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with the special case 

%-«,) = Lt ElWl, 
r-oo n(o) 0 -o)) 


d{o 0 -co) = - Lt --(2.66) 

n j-»o (ft) 0 -<y) +e 

Some useful manipulative properties of the delta function can be established 
by examining the basic integral on the left of eqn (2.62). The most commonly 
used properties are given in the following problem. 

Problem 2,5, Prove the following delta-function properties, 

S(co— coq) = <5(&) 0 -o)), (2.67) 

S(co 0 - boo) = (l/l&l) &({o)Jb)-o)), (2.68) 

and 

(2.69) 

|©l-ft) 2 | 


where b is a constant, and in each case the equality means that 
the two sides of the equation produce the same result when 
multiplied by some function and integrated. 

In deriving an expression for the B coefficient, we took the solution given by 
eqn (2.48) for times t that are large compared with l/co 0 and l/Aco, the char¬ 
acteristic time spans that control the experimental observation of the ab¬ 
sorption of light. In this large-time limit, it is appropriate to introduce the 
delta-function notation by eqn (2.59) and write eqn (2.42) in the form 

IQWI 2 = (^m 2 t/2)^o-4 (2.70) 

The expression is more compact in this form and the integration over the 
frequency range Aco is trivial to accomplish if eqn (2.63) is used. This result can 
be applied to any transition process where the time-dependent part of the 
Hamiltonian is proportional to cos cot, and there is a continuous distribution 
of frequencies to around the transition frequency co 0 ; only the matrix element 
r is different for different processes. It should be emphasized that the highly- 
singular delta function can be physically meaningful only when its variable is 
to be integrated over. Thus in equations like (2.70) it is always anderstood that 

are'dareed' 0 ” Wl11 ** Perf0rmed before any P h ? sican . ¥ measurable quantities 


2.6. The optical Bloch equations 

Eqns (2.31) and (2.32), together with the definition of the coefficients in eqn 
(18), provide an exact description of the state of a two-level atom in interaction 
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with an oscillatory electric field. The discussion of §2.3 is concerned with the 
solution of eqns (2.31) and (2,32) for the case of a smooth distribution of 
oscillation frequencies in the vicinity of the atomic transition frequency. The 
solution is approximate in that only the terms of low order in 'f' or E 0 were 
retained, and in addition the rotating-wave approximation was made in 
eqn (2.42). * 

We now look for more general solutions of eqns (2.31) and (2.32). The 
rotating-wave approximation will again be made, but we retain terms of all 
orders in f or E 0 . Furthermore, the incident light is assumed to be 
monochromatic with an oscillatory electric field at the single frequency oo. The 
effect of a distribution of frequencies to can then be found by an average of the 
results for monochromatic light. 

In calculating the optical excitation of the atom, the quantity of interest is 
|C 2 | 2 rather than the bare coefficient C 2 . More generally the expectation values 
of any observables for the atom in state (2.8) depend upon products of the 
coefficients with complex conjugate coefficients. It is accordingly convenient 
to work directly with the bilinear products of the coefficients, and we define the 
four elements of the atomic density matrix p l} to be 

Pn - \Q 2 - NJN 

Pn = |C 2 | 2 = NJN (2.71) 

Pn ~ QC* 

Pn = C 2 Cf. (2.72) 

The diagonal elements are clearly real and from eqn (2,9) they satisfy 

Pii+P 2 2“l (173) 

at all times. For a collection of atoms they are connected with the average 
numbers in the two levels via eqn (2.50). The off-diagonal elements are 
generally complex and they satisfy 

P 21 ~ PiV (2.74) 

Equations of motion for the density matrix elements are readily found from 
the equations of motion for the coefficients C t and C 2 . Thus 

dpij/dt « c,(dc;/df)+cjr(dc,/df), (2.75) 

and with the substitution from eqns (2.31) and (2.32), it is easily shown that 
dp 22 /dr * ~dp u /df 

= -icosmf{y' 1,, exp(im 0 t)p 12 ”f’exp(-~im 0 t)p 21 } (2.76) 

dp 12 /dt - dpft/dt = iTcos(u£exp(-imot)(p 11 ~p 22 ), (2,77) 

These are exact equations for the density matrix elements. 
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The solution of the equations is greatly facilitated if the rotating-wave 
approximation is made, With the same justification as for the similar 
approximation in eqn (2.42), the effect of the terms that oscillate at frequency 
oj 0 +ffl is negligible compared to the effect of the terms that oscillate at 
frequency o) 0 -(o, when w is close to co 0 . Removal of the rapidly oscillating 
terms from eqns (2.76) and (2.77) produces the equations of motion 

dp 22 /dt = -dpjdt (2.78) 

= -$r*exv{i[(D 0 -(Q)t}p l2 +$ir exp{-i(co 0 -<y)r}p 21 
dpi 2 /dt = dpfj/df = ir exp{-i(© 0 -m)t}(p u -p 22 ). (2.79) 

These are known as the optical Bloch equations. They are similar to 
equations derived by Bloch to describe the motion of a spin in an oscillatory 
magnetic field. The quantum mechanics of the two-level atom considered here 
is formally identical to that of a spin \ system, It is possible to draw many 
analogies between the influences of oscillatory fields on the two systems 5 . 


2.7, Rabi oscillations 


Eqns (2.78) and (2.79) can be solved without any further approximations. 
They represent a set of four simultaneous equations for the four elements of 
the atomic density matrix. We take trial solutions of the forms 

Pn = Pn exp(2f) 

Pn = Pn exp(^£) 

P 12 = Pn ) exp{-i(co 0 -m)t}exp(At) 

Pn = P 2 °i exp{i(oo 0 - co)r} (2.80) 

where the 1 and A ate independent of the time. The four equations obtained 
by substitution of the trial solutions into eqns (2.78) and (2.79)can be written in 
matrix form as 


-T 0 ji r* ~%f TpW 

0 -a -ii r* ii r p f 2 

{\f -|i f i(aj 0 -co)-A o P<°) 

~±ir* iyr* o -iK-co)-Aj [p^ 


= 0. 


(2.81) 


The possible values of 2 are the roots of the 4 x 4 matrix in eon (281) The 
determinant of the coefficients yields the quartic equation 


A 2 {a 2 +(m 0 -<y) 2 +|-f p) _ o. 


(2.82) 
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The distinct roots are 

k = 0, X 2 = to, and X 3 = -to, (2.83) 

where 

= {(m 0 -(u) 2 +|irp}i (2.84) 

The most general solutions for the density matrix elements have the forms 
Ptj = py’+pSf exp (tot)+p|f exp(-tot) (2.85) 

with the additional oscillatory exponential factors for the off-diagonal 
elements from eqn (2.80), The constant coefficients are determined by 
substitution of eqn (2.85) into the optical Bloch equations. Together with the 
initial conditions at t = 0, these provide sufficient equations to determine all 
the coefficients in eqn (2.85). 

The presence of \f'\ 2 in the roots X 2 and X 2 produces changes in the 
frequencies of the coupled system of atom and light beam from their 
uncoupled values of a 0 and w respectively. Since \f'\ is proportional to the 
electric field amplitude of the oscillatory light beam, the shifts and splittings of 
the coupled frequencies are known as the dynamic Stark effect, by analogy 
with the shifts and splittings of atomic energy levels produced by application of 
a static electric field. The dynamic Stark splitting produces important 
observable effects in resonance fluorescent spectra, as described in §8.4. 

The solutions of the optical Bloch equations are quite lengthy for arbitrary 
initial conditions and we therefore limit the discussion to a simple special case. 

Problem 2.6. Show that solution of the optical Bloch equations (2.78) and 


(2.79) for the initial conditions 


Pn - Pn - 0 

(2.86) 

gives 


Pn = (|t'] 2 /fl 2 )sin 2 (|Ql) 

(2.87) 

Pn = exp {i(« 0 - o))t) (f/Q, 2 )m(\Qt ) 


x {-(</; 0 -w)sin(iQf)+to cos(jto£)}. 

(2.88) 


The time dependence of the degree of excitation p 22 of the atom given by eqn 
(2.87) is illustrated in Fig. 2.5 for various values of the ratio of the detuning 
co 0 -co between the frequencies of incident light and atomic transition to 
the magnitude \f\ of the transition matrix element. The degree of excitation 
oscillates between 0 and \t'\ 2 /0, 2 . In the special case of zero detuning, (o 0 = w, 
the results simplify to 

p 22 » sin 2 (i|f|t) 

Pn = i(r/|fl)sin(i|rK)cos(i|r|f). 


(2.89) 

(2.90) 
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Fig, 2,5. Time dependences of the degree of atomic excitation p i2 for the ratios of detuning 
0 J 0 -01 to Rabi frequency \f\ indicated against the curves. 


The atom oscillates symmetrically between its ground and excited states in this ' 
case. These are known as Rabi oscillations and \t | is called the Rabi 
frequency, solutions similar to the above having been first obtained by Rabi 6 > 
for the analogous problem of a spin subjected to an oscillatory magnetic 
field. I 

It must be emphasized that because the rotating-wave approximation is f. 
made in the optical Bloch equations, the solutions (2,87) and (2.88) are valid 
only when co 0 - to is very much smaller than co 0 + to. It is therefore not possible I 

to obtain the exact zero-frequency result (2.34) by setting to = 0 in eqn (2.87). i 
The solutions (2,87) and (2,88) refer to a strictly monochromatic incident 
beam of light with a single frequency to of oscillation. In practice, the 
sinusoidal behaviours of p 21 and p l2 can only be observed experimentally with I 

incident light whose frequency spread is small in comparison with the breadth ; 
°f the distribution of atomic transition frequencies around g> 0 - However, the f 
processes that produce the broadening of the atomic transition frequencies 
also modify the optical Bloch equations and hence change the time de¬ 
pendences of the pij. These matters are discussed later in the chapter, and 
further consideration of the generation of Rabi oscillations is deferred until \ 

f; 

I 


The opposite extreme case of a broad-band incident beam is the regime 
the Einstein theory treated in Chapter 1 and the earlier part of the prese 
chapter. The result (2,42) used in deriving the Einstein B coefficient is a sped 
case of eqn (2,87), obtained by removing \f \from the frequency Q defined 
eqn (2.84). The derivation that extends from eqn (2.42) to the end result (2 5 
remains valid if \Y\ is sufficiently small. Thus, the form of p n illustrated 
Fig. 2.2 is now strictly correct only if the abscissa represents 0 instead 
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co-Wo, but the required limiting value (2.48) for the area under the curve 
remains a good approximation if the additional condition 

1^11« 1 (2.91) 

is satisfied. The condition essentially ensures that the incident light is not so 
strong as to produce any saturation of the atomic transition, and a consequent 
departure of the atomic excitation from the proportionality to the incident 
energy density assumed in the Einstein theory, The saturation effects included 
in the solutions to the optical Bloch equations are more fully discussed in §2,9, 


2.8. Radiative broadening 

The basic theory of absorption and emission already includes a line¬ 
broadening mechanism. The broadening arises from the spontaneous emis¬ 
sion process and is known as radiative broadening. We include the effects of 
spontaneous emission in a quantum-mechanical derivation of the sus¬ 
ceptibility of a gas of two-level atoms. The relation between susceptibility and 
absorption coefficient then provides an expression for the radiatively- 
broadened absorption lineshape. 

Consider a gas of Z-electron atoms subjected to the perturbing effect of an 
electromagnetic wave whose frequency co lies in the vicinity of an atomic 
transition frequency co 0 . As before we treat a single atom whose interaction 
with the electromagnetic wave is described by the Hamiltonian of eqn 
(2.18). The single-atom result is then suitably averaged to produce the 
analogous result for ajgas of randomly oriented atoms or molecules. 

The Hamiltonian represents the atomic perturbation produced by an 
applied electric field E 0 cos o)t, which contains frequency components at + w 
and -co. We write the applied field as 

E(t ) = i£ 0 {exp( - icof)+exp(icot)}, (2.92) 

Application of this field to the atomic gas produces a polarization P(t) 
proportional to the field as in eqn (1.79) with the linear susceptibility as the 
constant of proportionality. However, with a two-component field as in eqn 
(2.92) it is necessary to take account of the frequency dependence of the 
susceptibility x(m), and eqn (1.79) is generalized to 

P(t) - ie 0 Eo{xMexp(-icot)-l-):(~co)exp(icot)}. (2,93) 

The method of calculation is to compute P(t) quantum-mechanically and then 
to determine y(<y) by comparison of the resulting expression with eqn (2.93). 

Consider first the contribution to the polarization of the gas from a single 
representative atom. Suppose that the applied electric field points in the 
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The atom oscillates symmetrically between its ground and excited states in this | 

case, These are known as Rabi oscillations and \f \ is called the Rabi ; 

frequency, solutions similar to the above having been first obtained by Rabi 6 
for the analogous problem of a spin subjected to an oscillatory magnetic 
field, 

It must be emphasized that because the rotating-wave approximation is 
made in the optical Bloch equations, the solutions (2.87) and (2,88) are valid j 

only when coq - co is very much smaller than oj 0 +co. It is therefore not possible j 

to obtain the exact zero-frequency result (2.34) by setting co = 0 in eqn (2,87). | 

The solutions (2,87) and (2.88) refer to a strictly monochromatic incident 
beam of light with a single frequency co of oscillation. In practice, the 
sinusoidal behaviours ofp 2 2 andp 12 can only be observed experimentally with 
incident light whose frequency spread is small in comparison with the breadth 
of the distribution of atomic transition frequencies around <u 0 . However, the 
processes that produce the broadening of the atomic transition frequencies 
also modify the optical Bloch equations and hence change the time de¬ 
pendences of the These matters are discussed later in the chapter, and 
further consideration of the generation of Rabi oscillations is deferred until 

§2.10. ... . f 

The opposite extreme case of a broad-band incident beam is the regime ot 
the Einstein theory treated in Chapter 1 and the earlier part of the present 
chapter. The result (2,42) used in deriving the Einstein B coefficient is a special 
case of eqn (2.87), obtained by removing \t\ from the frequency fl defined in 
eqn (2.84), The derivation that extends from eqn (2,42) to the end result (2.55) 
remains valid if \f\ is sufficiently small. Thus, the form of p 22 illustrated in 
Fig. 2.2 is now strictly correct only if the abscissa represents f1 instead of 
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c 0 - 0 ) 0 , but the required limiting value (2,48) for the area under the curve 
remains a good approximation if the additional condition 

\f\t « 1 (2.91) 

is satisfied. The condition essentially ensures that the incident light is not so 
strong as to produce any saturation of the atomic transition, and a consequent 
departure of the atomic excitation from the proportionality to the incident 
energy density assumed in the Einstein theory, The saturation effects included 
in the solutions to the optical Bloch equations are more fully discussed in §2.9. 


2.8. Radiative broadening 


The basic theory of absorption and emission already includes a line¬ 
broadening mechanism. The broadening arises from the spontaneous emis¬ 
sion process and is known as radiative broadening. We include the effects of 
spontaneous emission in a quantum-mechanical derivation of the sus¬ 
ceptibility of a gas of two-level atoms, The relation between susceptibility and 
absorption coefficient then provides an expression for the radiatively- 
broadened absorption lineshape. 

Consider a gas of Z-electron atoms subjected to the perturbing effect of an 
electromagnetic wave whose frequency co lies in the vicinity of an atomic 
transition frequency co 0 . As before we treat a single atom whose interaction 
with the electromagnetic wave is described by the Hamiltonian Jfj of eqn 
(2.18). The single-atom result is then suitably averaged to produce the 
analogous result for a gas of randomly oriented atoms or molecules. 

The Hamiltonian Jj represents the atomic perturbation produced by an 
applied electric field E 0 cos cot, which contains frequency components at +w 
and -co. We write the applied field as 

E(t) = |£ 0 {exp(-icor)+exp(icof)}. (2.92) 


Application of this field to the atomic gas produces a polarization P(t ) 
proportional to the field as in eqn (1.79) with the linear susceptibility as the 
constant of proportionality. However, with a two-component field as m eqn 
(2.92) it is necessary to take account of the frequency dependence of the 
susceptibility x(co), and eqn (1.79) is generalized to 

P(t) = WolzMexpf-M+Xt-^expN)}. (2.93) 


to ddeimi^ resulting expression with eqn (2.93). 

CoSerfim Jh/contributionto thepo.ari^tion^ 
representative atom. Suppose that the applied electric Held points 
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taken into account by making the same replacement (2.54) as in the calculation 
of the B coefficient. Then d[t) given by the modified eqn (2.106) represents the 
averaged dipole moment per atom at time t, and the macroscopic polarization 
of the gas is simply 

m = mm. (2.io7) 

The susceptibility obtained by comparison with eqn (2.93) is 


1 1 ' 

- — | -— 

Q) 0 -(o-iy m 0 +a)+iy ( 


and the susceptibility at frequency -to is given by a similar expression that 
satisfies 


x(~4 = X*(4 (2.109) 


The atomic absorption coefficient is related to the imaginary part of the 
susceptibility by 

K * {(n/cq)f{(D), (2.110) 


according to eqns (1,84) and (1.91). We consider a sufficiently dilute gas for the 
refractive index i} to be close to unity at all frequencies. It is clear that the first 
term in the bracket of eqn (2.108) greatly exceeds the second term when co is 
close to co 0 and when y is very much smaller than % We therefore neglect the 
second term, thereby making again the rotating-wave approximation first 
introduced in eqn (2.42). Then substitution of eqn (2.108) into (2.110) gives 


nNe 2 \D n \ 2 (o 0 y/n 
3e 0 hcV (w 0 -o)} 2 +y v 


( 2 . 111 ) 


where the narrowness of the absorption line allows co to be replaced by co 0 in 
the numerator. 


The frequency dependence of the absorption coefficient is determined by the 
function 


(co 0 -©) 2 +y 2 


known as the Lorentzian lineshape and illustrated in Fig. 2.6. The constant in 
the numerator is chosen to produce the normalization 


Jf l (4 dco = 1. (2.113) 

Asmdicated in the figure, the full width of the line at half its maximum height 

to the spontaneous emission A coefficient for the transition. 

For the decay of the hydrogen 2P state to the IS state by spontaneous 
emission, eqn (2.57) shows that ly and A u have a magnitude of 6 x10V 1 . 
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(ft>~-M 0 )/2y 


Fio. 2.6, The normalized Lorentzian lineshape function. 

The corresponding absorption line thus has a width of about 10 8 Hz in 
frequency units ( not angular frequency) owing to the existence of the 
spontaneous emission process. This is extremely narrow, and in most 
experiments the observed breadths of the atomic absorption lines are caused 
by other mechanisms, for example, the Doppler effect or atomic collisions 
discussed below. However, in principle, these additional broadening processes 
can always be reduced by some means, for example by cooling the gas or 
reducing its pressure. On the other hand, it is impossible to reduce the 
spontaneous emission rate, and the width A n is the minimum possible 
breadth that can be achieved for a given transition, This spontaneous emission 
linewidth is accordingly called the natural linewidth of the spectral line. Note 
that this radiative width sets the minimum value for the spread Act) of incident 
frequencies assumed in eqn (2.44) to derive the quantum expression for the 
Einstein B coefficient. The linear time dependence of the transition probability 
found in eqns (2.48) and (2.49) is valid only for t substantially longer than the 
radiative lifetime r R . 

2.9, Power broadening 

The susceptibility (2.108) is a correct result to the second order in the dipole 
matrix element X l2 or D n for the linear response of the atomic gas to the 




64 Quantum mechanics of the atom-radiation interaction 

electric field of the incident light beam. A result that includes higher-order 
terms can he obtained by solution of the optical Bloch equations. The higher- 
order solution is made possible by the adoption of the rotating-wave 
approximation at the beginning of the calculation, as in the form of the optical 
Bloch equations (2.78) and (2.79). It is first necessary to generalize the 
equations by including the effects of spontaneous emission. 

The Bloch equations with spontaneous emission included are calculated as 
in eqns (2.75)-(2.79) from the equations of motion for the coefficients C x and 
C 2 . However, eqn (2.99) rather than eqn (2.32) is now used for the rate of 
change of C 2 , while eqn (2.31) is retained for C v The resulting equations are 

dp n /dt= -jif* exp{i(eo 0 -(u)t}p 12 +ii'f exp{-i(m 0 ~<u)f}p 21 -2yp 22 

(2.114) 

dpn/dt = jif exp{-i(m fl -ft))0(Pn-p22)-yPi2» (2.115) 

and the equations of motion for the other two density matrix elements are 
easily written down with the help of eqns (2.73) and (2.74). It is evident that this 
procedure for introducing y is not entirely rigorous because eqn (2.31) ought 
also to be modified by spontaneous emission. However the optical Bloch 
equations (2,114) and (2.115) are the same as obtained by more rigorous 
calculations. 

The spontaneous emission introduces damping terms into the optical Bloch 
equations. The solutions are no longer purely oscillatory as in eqns (2.87) and 
(2.88), but the system now settles down into a steady state after a sufficiently 
long period of time has elapsed. The steady-state solutions are found by first 
removing the oscillatory factors from eqns (2.114) and (2.115) by means of the 
substitutions 

hi = exp{i((u 0 -a o)t}p i2 , p 2i = exp{-i \(a 0 -a)t}p 2l . (2.116) 

The equations then become 

dp 22 /df = -%r%i+lirp 2l -2ypu (2.117) 

dpii/dt - jif (pii - p 22 )- yp l2 +i((u 0 - m)p x 2 , (2.118) 

and the time derivative of p 2l is given by the complex conjugate of eqn (2.118). 
If these three rates of change are all set equal to zero, it is possible with the use 
of eqn (2.73) to solve for the steady-state density-matrix elements, and the 
results are 



i\n 2 

K-co) 2 +y 2 +^r| 2 


(2.119) 


hi 


-exp{-i(m 0 -a))r} 


jf(fl) 0 -Q)-iy) 

(<y 0 -co) 2 +y 2 +-i \r\ 2 ‘ 


( 2 . 120 ) 
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Consider first the effect of these more general expressions for the steady- 
state behaviour of the atoms on the expression for the susceptibility. The 
atomic dipole moment of eqn (2.96) is expressed in terms of density matrix 
elements with the help of eqn (2.72) as 

d(t) = ~e{p 2l X n exp(-iffl 0 t)+p 12 I 21 exp(iw 0 t)}. (2.121) 
Thus with substitution of eqn (2.120) and its complex conjugate, the same 
procedure as in eqns (2.106)-(2.108) produces a susceptibility 


Ne 2 \D l2 \ 2 co 0 -cy+iy 
3 e 0 hV (co 0 -o)) 2 +y 2 mr\ 2 


( 2 . 122 ) 


This is no longer a linear susceptibility because the field strength E g is 
contained in the quantity \f\. The imaginary part of the susceptibility is the 
same as that given by the rotating-wave term in eqn (2.108) except for the 
additional contribution ^If'] 2 in the denominator. 

The presence of the term \\f \ 2 in eqn (2,122) leads to saturation effects 
similar to those considered in Chapter 1. It clearly reduces the rate of 
absorption or attenuation of the incident light, and it corresponds to the same 
effect for monochromatic incident light as that for broad-band incident light 
discussed in the treatment of the microscopic theory of absorption. The 
linewidth of the atomic transition is increased from 2y to 


2(y 2 +Mf ] 


(2.123) 


the additional contribution to the linewidth is known as power broadening 
or saturation broadening. 


2.10, Rabi oscillations with radiative damping 

The susceptibility derived in the previous section is controlled by the steady- 
state olf-diagonal density-matrix elements. The diagonal density-matrix 
elements provide the atomic populations in the two energy levels. The steady- 
state result (2.119) for the excited-state population produced by illumination 
with monochromatic light can be compared with the corresponding result 
(1.74) for illumination with broad-band light. The expressions differ in detail 
but have their more important features in common. Thus in the limit of very 
intense light, where \f\ is much larger than the damping y or the detuning 
a Q -a, eqn (2.119) tends to the limiting value \ in agreement with the satura¬ 
tion behaviour of eqn (1.74) illustrated in Fig. 1.11. 

Again, in the limit of a weak beam of incident light, both expressions predict 
an atomic excitation proportional to the energy density of the light. 
Integration of eqn (2.119) gives 


p 22 da = n\r\ 2 /dy for \t\ « y. 


(2.124) 
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Now it can be shown from eqns (2.23), (2.39), and (2.55) that 

jWd© = n\r\ 2 /2. (2.125) 

Thus with the help of eqn (2.102), it is easily verified that in the weak-beam 
limi t (1.74) agrees exactly with the broad-band result obtained by integrating 
eqn (2.119) over the absorption line. 

The steady-state result (2.119) is independent of the initial atomic popula¬ 
tions. For the variation of the atomic populations at shorter times, it is 
necessary to solve the Bloch equations (2.114) and (2.115) more generally with 
insertion of the initial conditions. It is unfortunately not possible to write 
down the general solutions of these equations in any very explicit form. We 
therefore consider two special cases that illustrate the form of the solutions, 
firstly assuming zero detuning (co 0 = to), and later assuming a weak beam of 
light with \f\ much smaller than y. 

Problem 2.7, Show that solution of the optical Bloch equations (2.114) and 
(2.115) for co Q = to and the initial conditions 

/>22 = 0 , pi2 = 0 


gives 



where 


2 = (2.127) 

Fig, 2.7 shows some examples of the time-dependent level of excitation 
obtained from eqn (2.126) for atoms initially in their ground states. The curve 
for zero radiative damping, y = 0, reproduces the pure Rabi oscillations 
shown for zero detuning in Fig, 2.5, since in this case eqn (2.126) reduces to eqn 
(2,89), The curves for y $ 0 all tend to a steady-state limit given by the zero¬ 
detuning value of eqn (2,119). With increasing y, the oscillations are damped 
out more and more rapidly and only a single maximum remains for y = |/|/3, 
Thus the incident light beam must be sufficiently strong for \f\ to be much 
greater than 3y in order for significant oscillations in the level populations 
to be generated, 

The oscillatory behaviour of atomic excitation shown in Figs. 2,5 and 2.7 is 
known as optical nutation. The nutational frequency depends in general on the 
Rabi frequency \f |, the detuning co 0 -o), and the radiative damping y. The 
frequencies given in eqns (2,84) and (2,127) apply respectively when y and 
o)q~(o are set equal to zero, there being no simple analytical expression 
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Fig. 2,7. Time dependences of the degree of atomic excitation p n for zero detuning and the ratios 
of radiative damping y to Rabi frequency | f | indicated against the curves, 

for the nutational frequency in the general case. It is however always 
the case that significant oscillations occur only when the Rabi frequency is 
much greater than the radiative damping. The observation of optical nu¬ 
tation effects thus requires the use of intense exciting light, and laser sources 
are used in practice. 

Consider the effect on the exciting beam of light of the changing level of 
atomic excitation. With the atoms initially in their ground states, the beam 
first suffers attenuation as energy is transferred to the atoms. However, as 
indicated in Figs. 2.5 and 2.7, for beams sufficiently intense that \f\ is larger 
than the detuning and much larger than the damping, the excited-state 
component of the atomic wave-function eventually exceeds the ground-state 
component, and some of the atomic energy is radiated back into the light 
beam, producing an increase over its initial intensity. The optical nutation of 
the atoms is thus accompanied by corresponding oscillations in the intensity 
of the transmitted light. A detailed theory 7 of the time dependence of the 
transmitted light in a practical experiment must take account of other 
contributions to the optical linewidth, but the phenomenon is essentially a 
consequence of the oscillatory behaviour of the atomic excitation. Fig. 2,8 
shows some experimental observations 8 of optical nutation effects in the D 2 
transition of sodium; the Rabi frequency increases from 1*27 x IQ 8 s" 1 in trace 
(a) to 1*80x 10 8 s _1 in trace (d), while the radiative damping parameter y is 
approximately 3x 10 7 s -1 . The reradiation of light by the atoms can in 
principle alter the cosine time dependence assumed for the incident light (see 
Chapter 7) but such effects can be ignored for an optically thin atomic vapour. 

The second special case in which the Bloch equations can be easily solved is 
that of a weak beam of incident light where \ f\ is much smaller than the 
dampingy. 
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Time (ns) 


Fig, 2,8, Intensity of light transmitted through sodium vapour as a function of laser power. (After 
W, R. MacGillivray et d, ref. 8.) 

Problem 2.8. Show that solution of eqns (2.114) and (2.115) to lowest order in 
\f\ in the limit \f j « y for the same initial conditions as before 
gives 

'.Par . . 

i\r \ 2 

^^;{l+exp(-2yt)-2cos[(ft) 0 -a))t]exp(-^)}. 

(2.128) 

Fig. 2,9 shows the time dependence of the degree of atomic excitation in the 
weak-beam limit for several values of the detuning, This result generalizes eqn 
(2.42), to which it reduces in the limit of zero y. 

All of the curves in Figs. 2.5,2,7, and 2.9 show the same initial quadratic 



dependence on time for |f| t « 1. This property can be proved by a short-time 
expansion of the solutions of the optical Bloch equations, 


Problem 2.9. Show that the lowest-order terms in the solution of the optical 
Bloch equations (2.114) and (2.115) for \t\t«\ and the initial 
conditions 


give 


Pn = Pu - 0 


Pn = \\f'\ 2 t 2 (2,129) 


irrespective of the values of <w 0 -© and y. 


This initial quadratic behaviour contrasts with the linear degree of atomic 
excitation for broad-band incident light, The broad-band result can be 
retrieved by integration of (2,128) over the radiatively broadened absorption 
line. Some simple contour integration gives 


Pn da = (7r|ri74y){l-exp(-2j>t)). 


(2.130) 


This expression has the steady-state limit already found in eqn (2.124). With 
the help of eqn (2.125) it is seen that eqn (2.130) agrees exactly with the weak- 
beam limit of the broad-band result (1.70) derived in the Einstein theory of 
absorption and emission. 

The explicit results derived in the present section give the time dependence 
of the degree of atomic excitation for the zero-detuning and weak-beam limits, 
More general solutions are most conveniently obtained by numerical in¬ 
tegration of the optical Bloch equations 9 . 
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2.11. Collision broadening 

The radiative and power broadening discussed in §§2.8 and 2.9 are 
inescapable features of any atomic transition excited by an incident light 
beam. The importance of further line-broadening mechanisms depends upon 
the physical conditions of the atomic gas. The dominant effects, which result 
from the atomic motion, are the collision and Doppler broadening mechan¬ 
isms discussed in this and the following section. 

The theory of collision broadening is an extended field of study 10-13 and a 
thorough treatment would require a lengthy discussion. We here consider just 
enough detail of the process to illustrate the nature of the mechanism. The 
occurrence of collisions between the atoms in a gas is a random process, 
According to the kinetic theory of gases 14 , the probability p(r)dr that an 
atom has a period of free flight between collisions lasting a length of time 
between z and t+dris 

p(r)dt = (l/x 0 )exp(— t/tq) dx, (2.131) 

where the mean period r 0 of free flight can be expressed as 


1 _ 4 d z N fnk B T\i 

v\m)' 


(2.132) 


Here d is the distance between the centres of the atoms during a collision and 
M is the atomic mass, 

The effect of a collision on the atomic energy levels and wavefunctions is 
quite complicated. The energy levels are shifted during a collision by the forces 
of interaction between the two colliding atoms, and the wavefunction becomes 
some linear combination of the wavefunctions of the unperturbed atom. If the 
duration of the collision is sufficiently brief, it is permissible to neglect any 
absorption or emission of light that occurs while the collision is taking place. 
The collisions then influence optical processes only via the changes in the 
atomic states from those preceding to those following the collision. We assume 
in what follows that the collision durations are indeed very short compared to 
the average time t 0 of the periods of free flight during which the atomic states 
remain constant. 

Two categories of collision can be distinguished, Inelastic collisions produce 
a change in the state of the atom from one energy level to another. Their effect 
can be represented by an additional decay rate for the atomic level populations 
and they appear in the optical Bloch equations via a suitable collisional 
addition to the radiative decay rate y, Elastic collisions leave the atom in the 
same energy level as before and their effect is limited to changes in the phase of 
the atomic wavefunction. Changes of phase in C i and C 2 in eqn (2,8) change 
the off-diagonal elements (2.72) of the atomic density matrix but they produce 
no change in the diagonal elements (2.71). The elastic phase-interruption 
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collisions thus introduce an additional decay rate into the off-diagonal optical 
Bloch equation (2.115) but the diagonal equation (2.114) is unchanged. We 
restrict attention to the elastic variety of collision; these have the dominant 
line-broadening effect for a wide range of physical conditions and they also 
provide a very convenient model for the discussion of time-dependent 
properties of light in Chapter 3. 

The off-diagonal decay rate caused by the elastic collisions is denoted y coll , 
This quantity is clearly proportional to the collision rate l/t 0 and it is shown in 
§3.3 that in fact 


the factor of 2 difference between this and the analogous relation (2.102) for 
radiative broadening should be noted. With collisions included, the off- 
diagonal optical Bloch equation (2.115) becomes 

dp 12 /dr = |i r exp{-i(<u 0 -co)f}(p u -p 22 )-y'p 12 , (2.134) 

where 

i = r+Vcou- (2.135) 

The results (2.119) and (2.120) for the steady-state density-matrix elements are 
generalized to 


{(D 0 ~(») 2 +y , 2 +WlyW \ 2 


-exp{-i(co 0 -co)£} 


o-rn-iy') 

(uo~o)) 2 +y l2 +WlyW\ 2 ' 


It is now straightforward to rederive the susceptibility, and the gen¬ 
eralization of eqn (2.122) is 


Y{(0] = Ne \ D nY % -a+ff' , 2 i w 

J 3 e 0 hV (co 0 -(o) 2 +y l2 +Wm 2, ( J 

The linewidth of the atomic transition with inclusion of radiative, power, and 
collision broadening is thus 

2{f+W/yW\ 2 }\ (2.139) 

generalizing eqn (2.123). 

Most of the subsequent discussion refers to fairly weak light beams where 
the power broadening is negligible and eqn (2.139) reduces to 

2y+2y coll . (2.140) 

The absorption line has a Lorentzian shape in this case and its width is 
obtained from a simple sum of the radiative and collisional contributions. A 
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of 10 5 Pa at room temperature is 


t 0 « 3 x 10~ 11 s. (2.141) 

The collision linewidth for this value is about 100 times the natural or radiative 
linewidth derived from the 4-coefficient magnitude of eqn (2.57). 


2.12. Doppler broadening 

The atoms in a gas have a spread in their velocities that leads via the 
Doppler effect to a corresponding distribution in the frequencies at which they 
can absorb or emit light. Let us ignore for the present all other sources of line 
broadening and consider the absorption of light of frequency a) propagated 
parallel to the z-axis, Suppose that an atom in its lower energy level E I has 
velocity before the absorption takes place. Absorption of a photon of energy 
hco promotes the atom into its excited energy level E 2 . The photon has a 
momentum ftk, where k = w/c, and its absorption causes a recoil of the atom 
to a new velocity v 2 . The total momenta before and after the absorption must 
be equal, 

MVi+ftk = My 2 , (2.142) 

where M is the atomic mass, The energy conservation condition is 

= Et+iMvl (2.143) 


light of frequency co Q given by 


ho o = E Z -E l , 


(2.144) 


Elimination of v 2 from eqn (2.143) with the help of eqns (2.142) and (2.144) 
gives , 

ho) 0 = ha-hy^k-ihWftM), (2.145) 

or 

co 0 = co-(covl/c)-(ha 2 /2Mc 2 ), (2.146) 

since k points in the z-direction, Typical orders of magnitude for some 
quantities on the right of eqn (2,146) are 


v\fc .« 10"V h(o]2Mc 2 .» 10" 9 . (2,147) 

Thus a differs only slightly from w 0 and the final term on the right can be 
neglected altogether, so that 



i -m 
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The light can be absorbed only if its frequency co differs from ta 0 by the 
Doppler shift appropriate to the initial atomic velocity. 

The distribution of absorption frequencies for all the atoms in the gas 
therefore mirrors their velocity distribution. According to the Maxwellian 
velocity distribution 15 , the relative probability that aq atom in a gas at 
temperature T has the z-component of its velocity between f and u z +dt> z is 

exp(-M(uf/2k B T) dtff = exp {- Mc 2 (co - co 0 ) 2 /2co^ B T} (c/co 0 ) dco, 

(2,149) 

where eqn (2.148) has been used. The expression on the right is the frequency 
distribution of the absorbed light and is known as the Gaussian lineshape. 

The peak of the Gaussian line is at co = o 0 and the line has half its 
maximum intensity at the frequencies that satisfy 

2 = exp { - Af c 2 [o - w o ) 2 /2c0ok B T}, (2.150) 



(w--« 0 )/2y or(w w 0 )/2i 


(2.148) 


Fia. 2.10. Comparison of the Gaussian and Lorentzian normalized lineshape functions. The' 
functions are shown with the same width, equal to one unit on the horizontal scale. 
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The full width of the Doppler-broadened line at half its maximum height is 
thus 

2k = 2w Q (2kJh2/Mc 2 )K (2.151) 

The breadth of the line can alternatively be expressed in terms of the root- 
mean-square spread <5 of the Gaussian distribution. It is not hard to show that 

<5 = oj 0 {kJ/Mcf = A/(21n2)* a A/1T8. (2.152) 

The Doppler width is approximately equal to the collisional width for the 
parameter values used in eqn (2.141). 

It is convenient to define the Gaussian lineshape function as 

F 0 [w) = (2ti< 5 2 )~* exp{-(®-© 0 ) 2 /2<5 2 }, (2.153) 

where the constant in front of the exponential factor ensures normalization 

|f g (co) dw = 1. (2.154) 

The Gaussian lineshape function F G (a) and the Lorentzian function F L (co) 
defined in eqn (2.112) are plotted for comparison in Fig. 2.10. Both lines are 
drawn with the same width at half height, that is 2A = 2y, and enclose equal 
unit areas. It is seen that the Gaussian line is the more sharply peaked and it 
falls off very rapidly away from the central region. In contrast, tbe Lorentzian 
line has tails that extend some way from the region of the peak. 


2,13. Composite absorption lineshape 

The expressions (2,132) and (2.151) show explicitly how the collision and 
Doppler widths can be made arbitrarily small by adjustment of experimental 
parameters. Both widths are proportional to the square root of the temper¬ 
ature, and the collision width is also proportional to the gas density or, 
equivalently, to the gas pressure. Collision broadening is sometimes called 
pressure broadening for this reason, It is in principle possible to observe an 
absorption line with only its unavoidable radiative line broadening by the use 
of a gas maintained at a sufficiently low temperature. In addition, by adjust¬ 
ment of the gas pressure, it is possible to vary the collision width relative to the 
Doppler and radiative widths, . 

Fig. 2.11 shows some experimental results 16 for the linewidth of a C0 2 
transition at a wavelength of 10-6/m as a function of the gas pressure. The 
expected linear contribution of the collision width is clearly observed, and the 
magnitude of the other linewidth contributions is determined by the zero- 
pressure intercept. The residual width in this case mainly arises from Doppler 
broadening, the radiative width being small owing to the low frequency of the 
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Fig. 2.11. Variation with pressure of the width of a laser transition in C0 2 . (After T, J. Bridges et 
«(., ref. 16.) 


transition. The collision width is also much smaller than that given by eqn 
(2.141) owing to the low pressures and correspondingly low densities used 
(15 Torr« 2xl0 3 Pa). 

When the Doppler, collision, and possibly also the radiative contributions 
to the linewidth are of comparable magnitude, it is necessary to determine the 
composite lineshape that results from the three processes (we assume a weak 
incident beam and negligible power broadening). Consider first the com¬ 
bination of two line-broadening mechanisms that individually generate 
normalized lineshape functions Ffco) and F 2 (co), The composite lineshape is 

OO 

F(m)= | F 1 {v)F 2 (o)+oj 0 -v) dv, (2.155) 

.-00 

where w 0 is the common central frequency of the two distributions. In words, 
the integration associates with each frequency component of the shape a 
broadened distribution appropriate to the mechanism that generates the 
shape F 2 , 

Clearly, any number of line-broadening mechanisms can be combined by 
repeated applications of eqn (2.155), Note also that the final shape is 
independent of the order in which the contributions are combined, and that 
the value of the integral in eqn (2.155) is invariant under interchange of F t and 
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F 2 . Some applications of eqn (2.155) lead to simple results, as expressed in the 
following problems. 

Problem 2.10. If the sources of broadening both lead to Lorentzian lineshapes 
with widths 2y t and 2y 2 , prove that the composite line is also 
Lorentzian and has a width 

2y = 2y l J r2y 1 . (2.156) 

The combined linewidth for radiative and collision broadening established in 
eqn (2,140) is a special case of this general result. 


Problem 2.11. Carry out a similar calculation for the case of two Gaussian 
line-broadening mechanisms and show that the composite line 
is also Gaussian with a width 2A where 

A 2 = A?+Aj, (2.157) 


and 2Aj and 2A 2 are the individual widths. 


The case where one lineshape is Lorentzian and the other is Gaussian leads 
to the more complicated integral 



exp{-(co-v) 2 /2 5 2 } 
(fl) 0 -v) 2 +y 2 


dv 


1 

[Inf l 5 


Re w| 


'<o Q -(a+iy\ 
v 2*5 )' 


(2.158) 


where w is a form of complex error function 17 , There is no simple analytical 
expression for the linewidth in this case, but useful numerical tabulations of w 
are available 17,18 . The shape is named after Voigt and is intermediate between 
the Lorentzian and Gaussian shapes, to which it reduces in the limits 5 -4 0 


and y -> 0, respectively. The Voigt lineshape is important since it occurs in the 
common situation where Doppler and collision broadening are both signifi¬ 
cant, provided that the two mechanisms are assumed to contribute independ¬ 
ently to the combined lineshape. Fig. 2.12 shows how the purely Gaussian 
lineshape is modified by combination with increasing amounts of Lorentzian 
line-broadening, 

TJ«„ 1._J._. . 


Line-broadening processes can be divided into two broad categories that 
are characterized by different qualitative properties and are associated with 
the two. basic lineshapes. One category contains those sources of line 
broadening where different atoms absorb or emit light at somewhat different 
S enCleS ^ ause of * statlstlcal distribution in some parameter that 
r frequency. Such line-broadening processes generally 
produce a Gaussian lineshape. The Doppler broadening belongs to this 



! 
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Fig. 2.12. Real part of the complex error function in eqn (2,158) for values of the ratio yl& indicated 
against the curves. The curve for y/5 ~ 0 is a Gaussian lineshape, while the remaining curves are 
Voigt lineshapes. 


category, the atomic velocity being the relevant statistical parameter. The 
atoms that absorb at a particular frequency are, in principle, distinguishable 
from the rest by their component of velocity parallel to the absorbed light 
beam. Another example occurs for absorption by atoms embedded in a crystal, 
where variations in the local strain can produce shifts in atomic transition 
frequency. These effects belong to the category of inhomogeneous broadening 
mechanisms. 

The Lorentzian lineshape occurs for homogeneous broadening mechanisms, 
where each absorbing or emitting atom is identical to the rest, For example, in 
the radiative and collision broadening processes, there is, in principle, no 
experimental way of associating light of a certain frequency with a particular 
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group of atoms. The width Aco in these cases is a consequence of a finite mean 
length of time At for which the atomic state is undisturbed, According to the 
quantum-mechanical uncertainty principle, or the properties of Fourier 
transforms, 

AcoAt} 1, (2.159) 

in agreement with the explicit results for the radiative and collision processes. 

Further details of spectral lineshape theory and the interplay between 
theory and experiment can be found in more specialized books and 
articles 11,13 . The main concern of the treatment given above is the provision of 
sufficient basis for the discussion of time-dependent fluctuation properties of 
ligh t beams that forms the main topic of Chapter 3. Another related aspect not 
considered here is the effect of collision and Doppler broadening on the Rabi 
oscillations in the excitation of atoms subjected to monochromatic incident 
light; full discussions are available in the literature 19 . 


2.14. Bloch equations and rate equations 

We conclude the chapter with a more detailed discussion of the relation 
between the optical Bloch equations and the simpler rate equations for atomic 
populations. The basic rate equation for two-level atoms is (1.45), and this has 
been used in Chapter 1 to treat a range of optical processes. 

The most general optical Bloch equations derived in the present chapter are 
given by eqns (2,114) and (2,134). With 

P 12 = exp{i(co 0 -w)t}p 12 and p 2l = exp{-i(co 0 ~a>)f}/) 21 , 

(2.160) 

as in (2.116), the equations are 

IhJlt = .-fr r 'P a +tortn-it9u (2.161) 

®i/d! = (2162) 

Here y is the radiative damping rate, while / is the sum of radiative and 
collision rates, as in eqn(2.135). B, analog, with the Bloch equations for a spin 
in a magnetic “ ld > tie damping constants are sometimes expressed in the 

2 ?=l/r, and ,'= 1/T„ (2163) 

Nation 1 dml ! “ kn °” reSpeCtivei> “ the longitudinal and transverse 

The connections between the rate equations and the optical Bloch 
equations arc most easily studied in the limit of low beam intensity where |f | 
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is much smaller than y. Then with the same initial conditions (2.86) as assumed 
before, solution of eqns (2.161) and (2.162) to the lowest order in \f'\ gives 

, .luqif ih (2 y-y')/y , . , 

2[(%-a)) i +y , (2y-,')]cos[( 1 i) n -ti))l]+4((o 0 -a)( 7 '- > )sinrto»-tBltl 

CK - «) 2 + T 5 ] [(av^+(2y - y') 2 ] " 


In the absence of collision broadening, where y' = y, this reduces to the result 
(2.128) derived previously. The off-diagonal density matrix element is not 
needed for the present discussion, but for use in Chapter 8 we give here the 
solution to lowest order in \t\ for a somewhat less restrictive initial condition 
in which p 22 vanishes but p l2 has an arbitrary initial value p 12 (0), 

Pl2 = i ex P( - V'O “ exp[ - i(o) 0 - f t,)r]}+p! 2 (0)exp( - y't). 


There are two distinct regimes in which the diagonal solution (2.164) 
resembles the time dependence of the excited-state population obtained from 
the rate equations, where eqn (1.70) gives 

N 2 = (NBW/A){l-ap{~At)} (2.166) 

in the limit of a weak incident beam. The first regime is that of broad-band 
incident light, whose frequency spread exceeds the linewidth 2/ of the atomic 
transition. 

Problem 2,12. Prove by contour integration of (2.164) that 


Pn d® ** faKI 2 /4y){l -exp(-2yr)} (2.167) 


valid whether y' is greater or smaller than 2y. 

This is exactly the same as eqn (2,130), and the result applies for all values, 
including zero, of the collision broadening. The broad-band limit, represented 
schematically on the left of Fig. 2.13, has already been mentioned several times. 

The second regime is that of large collision broadening, where y' is much 
greater than y. Then for times t comparable to 1/y, the inequality t » 1/y' is 
satisfied, and the general solution (2.164) reduces to 


(tto-af+f 


r{l-exp(-2yf)} 
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Fig, 2,13, Representations of the two regimes in which the optical Bloch equations reproduce the 
same atomic level populations as the Hinstein-coellicicnt rate equations. 


If we define a quantity 


r = {|fl 2 //[K-w) 2 +y ,2 ] ( 


then the rate equation 


has a solution 


dp n /dt = r~2yp n 


Pu = (f/2y){l-exp(-2yt)} (1171) 

identical to eqn (2,168), The time dependence ofeqns (2.168) or (2.171) is again 
the same as that in the weak-beam solution (2.166) of the basic rate equation. 
The equivalence of the Bloch equation and rate equation solutions in this 
second regime, shown schematically on the right of Fig. 2,13, holds for any 
bandwidth of the incident light. 

_Therate equation (Z170) that is equivalent to the optical Bloch equations in 
the y »y limit shows that the excited-state population is determined by the 
competition between an excitation rate r and the radiative decay rate 2y. It is 
seen rom eqn (2,169) that the excitation rate has a dependence on incident 
frequency oj that follows the collision-broadened Lorentzian lineshape of the 

n ZL tran f r ^ ? te " haS the same kind of P^cal significance as the 
pumping rate from level 3 to level 2 in the laser theory of §1,12, 

is based on the solution ° f the Bi ° ch ec i uati ° ns > n 
K m S1 ° n br ? denin8, but sirailar ^-equation limits can be 

ELI i .Tr ate vaiid in e™ rai » iik 

the combined nnir ldent i 1S n teXCeeds theatomic transition Hnewidth or(ii) 
ombined collision and Doppler linewidth greatly exceeds the radiative 
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hnewidth of the transition. Note that the rate equation involves only the 
intensity of the incident light while both the phase and amplitude of the electric 
vector of the light enter the optical Bloch equations via r and f\ 
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3. Fluctuation properties of chaotic light 


The various line-broadening mechanisms described in the previous chapter 
produce the same lineshapes in both the absorption and emission spectra 
associated with a given atomic transition. In the present chapter we consider 
the characteristics of the emitted light generated by radiative transitions of 
excited atoms. The characteristics can in principle be measured by two 
different kinds of experiment. Ordinary spectroscopy measures the frequency 
distribution of the light and thus provides, via the theory outlined in Chap¬ 
ter 2, information on the nature and strengths of the line-broadening processes 
in the source. 

Our main concern in the present chapter is with the second kind of 
experiment, which measures the time dependence of the amplitude or intensity 
of the light beam. It is shown that the line-broadening processes in the source 
also cause the electric field and intensity of the beam to fluctuate around their 
mean values on a time-scale inversely proportional to the frequency breadth of 
the light. These temporal fluctuations and the frequency spread arc manifesta¬ 
tions of the same physical properties of the radiating atoms that constitute the 
light source, but both aspects are needed to interpret the complete range of 
optical experiments, 

It is important to distinguish between two types of light source. The 
common spectroscopic source is the gas discharge lamp, where the different 
atoms are excited by an electrical discharge and emit their radiation 
independently of one another, The shape of an emission line is determined by 
the statistical spread in atomic velocities and the random occurrence of 
collisions. A conventional light source of this kind is called a chaotic source. 
The thermal cavity and the filament lamp are other examples of chaotic 
source. The light beams from any variety of chaotic source have a similar 
statistical description; only the parameters of the statistical distribution vary 
from one chaotic light beam to another, 

The second type of light source is the laser, and this has quite different 
statistical properties. The properties of laser light are mentioned only briefly in 
the present chapter, a detailed discussion being deferred until Chapter 7, 

The calculations that follow use a classical description of the light beam. 
The classical model is useful not only for a physical appreciation of the nature 
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of the fluctuation effects, but also, as is shown in Chapter 6, the classical and 
quantum theories yield identical predictions for chaotic light. For other kinds 
of light, where the two theories may differ, the significance of the quantum 
predictions is more clearly discerned against the background of the corre¬ 
sponding classical theory. 

3,1, Spectrum of a fluctuating light beam 

Consider an experiment in which a beam of light passes a fixed observation 
point where the time dependence of its electric field is measured. Much of the 
present chapter is concerned with the way in which the properties of the light 
source determine the fluctuation properties of the beam electric field and 
intensity. 

The frequency spectrum of the light at the observation point is determined 
by the Fourier components of the electric field, defined by 

li((o) « (1/2 n) J F(f)cxp(iw/)dt, (3.1) 

The cycle-averaged intensity of the light of frequency to is proportional to 

|£(w)| 2 = (l/4r) f f /;*(f)£'(F)exp{iw(/'.f)} d t dr' 


“ (1 /4a 2 ) | J £*(/)£(/+T)exp(M di dr, (3.2) 

where 

t = f~f. (3,3) 

It is shown in §3.4 that some kinds of optical interference experiment 
essentially perform the integral over t that appears on the right-hand side of 
eqn (3.2). The period covered by the integration in a practical experiment is of 
course never infinite, and we replace the range of the t integration by a large 
but finite time T. The first-order electric-field correlation function is then 
defined to be 

<£*(()£((+»)> » ~jE*(t)E(!+t) it. (3,4) 

r 

The correlation function describes the way in which the value of the electric 
field at time t affects the probabilities of its various possible values at a later 
timef-K 
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The nature of the correlation function will become clear when examples are 
treated in later sections. Its form is determined by the kind of fluctuations 
produced by the light source. If the statistical properties of the source are 
stationary, that is the influences that govern the fluctuation statistics do not 
change with time, then the average in (3,4) does not depend on the particular 
starting time of the period T provided that T is long compared to the 
characteristic time scale of the fluctuations. The time averaging in eqn (3,4) can 
then sample all the electric-field values allowed by the statistical properties of 
the source with their appropriate relative probabilities, and the result is 
independent of the magnitude of T. Thus, although the experimental 
determination of the correlation function is made by a time averaging as on the 
right of eqn (3.4), the function is calculated by a statistical average over all 
values of the field at times t and t+ t. The result does not of course depend on 
the time t, and the correlation is a function only of the time delay t between the 
two field values, The averaging procedure accords with the ergodic theorem 
mentioned in §1.4. 

The intensity (3.2) at frequency co now becomes 

00 

|£(w )| 2 = (T/4n 2 ) | <P(t)£(t+ T )>exp(i®T) dr. (3.5) 

This function provides the frequency-dependent spectrum of the light as 
measured by ordinary spectroscopy, It is convenient to express the spectrum in 
a normalized form as was done in Chapter 2, The integrated intensity given by 
eqn (3.5) is 

CO 

| |£(ft ))| 2 dco = (TI2n)(E*{t)E(t)\ (3.6) 


where eqn (2.64) has been used. The normalized spectral distribution function 
is defined to be 


f(rn) = \E(4 2 |E« dco = (\/2it) 0 ( 1 >{T)exp(i<uT) dr, ( 3 . 7 ) 


where we have introduced the normalized first-order correlation faction 


gitVi) = fflN) 

mm ' 


(3.8) 


This quantity is called the degree of first-order temporal coherence of the light, 
connec ion (. 7 } between the spectrum of the light and its first-order 
correlation function is a form of the Wiener-Khintchine theorem. It gives the 
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formal relation between the results of spectroscopic experiments and the 
results of measurements of the time-dependent fluctuation properties of light, 
The relation can be cast into a form that involves only integration over 
positive t and is sometimes more useful. Thus if t is replaced by — z in the 
integration over negative r, 


F((o) = (1/2tc) 0 ( 1 ) (r)exp(i&n) dr-f(l/2rc) gf ( 1 ) (-x)exp(-icor) dr. (3.9) 


It is however clear from the definition (3,4) that the correlation function 
depends only on the relative times of the two field measurements, and hence 

(E*(t)E(t)) <f*(t)£(t)> 9 W ' (3 ' 10) 

Thus eqn (3.9) becomes 


F(w) = (l/jr)Re 0 { 1 , (T)exp(i<yr) dr 


and only the degree of first-order coherence at positive i is needed to compute 
the spectrum. The degree of coherence at negative r can in any case be found 
from the symmetry property ( 3 , 10 ). 


3,2. Model of a collision-broadened light source 

The general theory of fluctuations is easily applied to the light generated by 
a source in which collision broadening predominates. We ignore radiative and 
Doppler broadening, and we suppose that the collisions are of the elastic 
phase-interruption variety that does not change the atomic state, 

Consider a particular excited atom radiating light of frequency co 0 . One can 
envisage a wave train of electromagnetic radiation steadily emanating from 
the atom until it suffers a collision. During a collision, the energy levels of the 
radiating atom are shifted by the forces of interaction between the two 
colliding atoms. Thus the radiated wave train is interrupted for the duration of 
the collision. When the wave of frequency % is resumed after the collision, its 
characteristics are identical to those that it had prior to the collision, except 
that the phase of the wave is unrelated to the phase before the collision, 

If the duration of the collision is sufficiently brief, it is possible to ignore any 
radiation emitted during the collision while the frequency is shifted from (o 0 . 
The collision-broadening effect can then be adequately represented by a model 
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Ed) 



Fig. 3.1. The electric-field amplitude of the wave train radiated by a single atom. The vertical lines 
represent collisions, separated by periods of free flight with a mean i 0 of the magnitude indicated. 
The quantity tu 0 to is chosen unrealistically small in order to show the random phase changes 
caused by the collisions, 

in which each excited atom always radiates at frequency <o 0 , but with random 
changes in the phase of the radiated wave each time a collision occurs. The 
apparent spread in the emitted frequencies arises because the wave is chopped 
up into finite sections whose Fourier decompositions include frequencies 
other than cu 0 , 

The wave train radiated by a single atom is illustrated schematically in 
Fig, 3.1, which shows the variation of the electric field amplitude E(t) at a 
fixed observation point as a function of time. The occurrence of a collision is 
represented by a vertical line accompanied by a random change in the phase of 
the wave. The periods of free flight in the figure are chosen in accordance with 
the probability distribution (2.131), The variation of the phase of the wave 
train with time is shown in Fig. 3.2. In order to make Fig. 3.1 easy to draw, the 
quantity cu 0 t 0 is given the small value of 60. With the typical value of the 
collision time given in eqn (2.141) and the visible light frequency given in eqn 
(1.65), we have 

oi 0 t 0 » 9 x 10*. (3.12) 

For these values, the wave train radiated by an atom undergoes on average 
about 15000 periods of oscillation between successive collisions. 

, The field am P litude of wave illustrated in Figs. 3.1 and 3.2 can be written 

in complex form as 

E(t) = Foexp{-iav+i0(r)}. (3.13) 

“uT!" Fi8 ' \ 2, the phase M remains cons tant during periods of free 
night but changes abruptly each time a collision occurs. The amplitude E 0 and 
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Fig. 3.2. Time dependence of the phase angle of the wave train illustrated in Fig, 3,1, 


frequency co 0 are the same for any period. The total wave emitted by the 
collision-broadened source is represented by a sum of terms like eqn (3.13), one 
for each radiating atom. If there is a large number v of such atoms, the total 
electric field amplitude is 

E(t) ~ E l {t)+E 2 [t) +...+Eft) 

" E o cxp(-im o i){exp(i0 1 (r))+exp(i^(r))+... +exp(i</; v (r))} 

= E 0 expH<y 0 r)4)exp(i<p(r)), ( 3 . 14 ) 

where every atom has been assigned the same amplitude E 0 and frequency co 0 , 
but the phases for the different atoms are completely unrelated. It is assumed 
for simplicity that the observed light has a fixed polarization so that the electric 
fields can be added algebraically, 

The formal summation of the phase factors carried out in the final line of eqn 
(3.14) is illustrated in Fig. 3.3. Since the phase angles each 

have different random variations similar to that shown in Fig. 3.2, the 
amplitude a(t) and phase ip{t) are different at different instants of time. The 
real electric field obtained from eqn (3,14) consists of a carrier wave of 
frequency G) 0 subjected to random amplitude and phase modulation. The 
Fourier decomposition of the modulated wave contains frequencies spread 
about a) 0 in a manner governed by the collision-broadened lineshape. 

It is not possible in practice to resolve the oscillations in E(t) that occur at 
the frequency of the carrier wave. A good experimental resolving time is of 
order 10~ 9 s, six orders of magnitude too long to detect oscillations at the 




Fig. 3.3, Argand diagram to show the amplitude a(t) and phase ip(t) of the resultant vector 
formed by a large number of unit vectors, each of which has a randomly chosen phase angle. 


frequency co 0 given in eqn (1,65). It is therefore appropriate for comparison 
with experiment to average the theoretical results over a cycle of oscillation 
of the carrier wave. The real electric field from eqn (3.14) has a zero cycle- 
average. According to eqn (1.89), the cycle average of the beam intensity in free 
space is 

T(t) = |e 0 c|£(t)| 2 « }e 0 cEfa(t) 2 , (3.15) 

The intensity I[t) still contains the time dependence resulting from the random 
amplitude modulation *(f), 

; and 3.5 illustrate the types of fluctuation that occur in the beam 
intensity and phase. The figures have been constructed by a computer 
simulation of a collision-broadened light source in which the summation of 
phase factors in eqn (3.14) is carried out explicitly for a large number of atoms 
v. The phase variation for each atom has the form shown in Fig. 3,2 with free- 
flight times distributed in accordance with the probability law of eqn (2.131). 
The horizontal time-scales for both l(t) and (p(t) in Figs. 3.4 and 3.5 are 
determined solely by the magnitude of the mean time r 0 of free flight indicated 


Fluctuation properties of chaotic light 89 



*7 „ / ime c,e .P enden £eof the cycle-averaged intensity for a chaotic light beam, obtained from 

IZft? T'T ThC me ? n Ume T ° between co,lisicms has the magnitude indicated The 
dashed line shows the mean value of the intensity averaged over a time long compared to r 

(Computation carried out by Mrs S. Sussmann.) 



Fra. 3.5. Time dependence of the phase of the wave emitted by a collision-broadened source. The 
graph is a result of the same computation that produced Fig, 3.4. 
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on the graphs, It is seen that substantial changes in intensity and phase can 
occur over a time span t 0) but that these quantities are reasonably constant 
over time intervals At « t 0 . 

The inclusion of radiative and. Doppler broadening would modify the 
details of the above discussion but the fluctuations in intensity and phase 
remain similar to those illustrated in Figs. 3.4 and 3.5. For any combination of 
line-broadening mechanisms there exists some characteristic time, analogous 
to t 0 in the collision-broadening case, which determines the time-scale of the 
random fluctuations. This characteristic time is called, in general, the 
coherence time r c of the light beam. Its magnitude is of the order of the inverse 
of the frequency spread of the beam, The relevance of r e to the usual definition 
of coherence is discussed later in the chapter. 

In all the theory that follows, attention is restricted to light beams whose 
frequency spreads are small compared with the mean frequency, that is, where 
a> 0 t c is very much larger than unity. It is seen from Fig. 1.6 that the light 
generated by thermal excitation of a cavity (the black-body radiation) has a 
frequency spread nearly equal to the mean frequency and does not full into this 
category. 

The path length 

~ «c (3.16) 

associated with the coherence time is known as the coherence length. The graph 
of the cycle-averaged intensity as a function of time at a fixed point in the beam 
given in Fig. 3,4 could equally well be regarded as a graph of the intensity as a 
function of the distance z along the beam at a fixed instant of time. The 
horizontal axis would be relabelled z and the mean time t 0 would be relabelled 
K' At a given instant of time, the cycle-averaged intensity changes only slightly 
over distances that are small compared to 2 C1 but large changes occur over 
distances that are comparable to or larger than 2 C , The temporal and spatial 
aspects of the beam fluctuations are related by the simple scaling factor c. The 
coherence length for the beams considered is always much larger than the 
wavelength of the light. 


3.3. First-order coherence and frequency spectrum 

The model of a collision-broadened light source described above can be 
used to calculate the first-order electric-field correlation function of the light, 
degree of first-order coherence, and its frequency spectrum. 

Consider first the correlation function of the fields at different times, defined 
l Vthtttif a . vera . ge In (3,4)t * s clear fr°m the discussion of Figs. 3.4 and 

coherence time, but that large changes occur over periods much longer than 


Fluctuation properties of chaotic light 91 

the coherence time. The fields at times separated by such long periods are 
essentially uncorrclated. The time average in eqn (3,4) depends only on the 
characteristics of the light and is independent of the sampling time T if the 
latter extends over many coherence times. In addition, it is assumed that 
the theory refers to an experiment that is capable of resolving the fluctuation 
properties; the detector resolving time must therefore be much smaller than r u , 
and its dimension parallel to the beam must be much smaller than 4 
These are the conditions for use of the crgodic theorem to evaluate the 
correlation function (3.4). The angle brackets are thus interpreted as a 
statistical average, and the required function is 

<£W(r+T)> « Ef t exp( iw ( ,r)< jexp( - i</>,(r))+...+exp(- uj> v (t))} 

x|exp(i^d/ + r))f.,,fexp(if(/ + T))}>, (3.17) 

where eqn (3.14) has been used. In multiplying out the large brackets, the phase 
angles of the wave trains from different atoms have different random values 
and the cross-terms give a zero average contribution. The remaining terms 
give 

<E*(t)E(tH)> » Hi exp( •iw„T) £ <oxp( i( 0 ; (r + ?) - 0,-(f))]> 

“ KhlfmftH)) (3,18) 

since all the radiating atoms are equivalent. 

The correlation function for the beam as a whole is thus determined by the 
single-atom contributions. Now the phase angle of each wave train jumps to a 
random value after its atom suffers a collision, subsequently producing a zero 
average contribution. Thus the single-atom correlation function in eqn (3.18) 
is proportional to the probability that the atom has a period of free flight 
longer than r, and with use of the probability distribution (2,131) we can put 

<Ef(/)£ < (r+ t)) * El exp( - iw u r)<exp[i(^((TT) </> t {r))j) 

= E* expf i« 0 t)J p(t) dt 

s £i,exp{ iw(, T "(r/t 0 )}. (3.19) 

The correlation function (3.18) thus becomes 

<£*(f)£(f+ t)> « vEj expf -ioi q T-(t/r 0 )j ( 3 . 20 ) 

and the normalized correlation or degree of first-order coherence ( 3 . 8 ) is 

0 m (T) - expH«W~(T/T 0 )}. (3.21) 
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The spectrum of the collision-broadened light is obtained by integration of | 
the degree of first-order coherence as in eqn (3.11) to give 


This is a normalized Lorentzian lineshape similar to eqn (2.112). The linewidth 
2 /t 0 agrees with that in eqn (2.140) when radiative broadening is ignored if 


Vcoii = 1/T,), (3.23) ! 

as assumed without proof in eqn (2,133). The degree of first-order coherence I 
can thus be written 1 


0 (1) W = exp(-iw (l r-i', 0 |,T). 


(3-24) I 


The degree of first-order coherence and the spectrum in the presence of both 
collision and radiative broadening can be calculated by a generalization of the 
model of the light source 1 , It is found that the results are much the same as 
above except that y co ,| must be augmented by addition of the radiative 
damping parameter y to form the total damping / defined in eqn (2.135). Thus 
the correlation function and degree of first-order coherence are generalized to 

<E*(f)JE(t+t)> = vEjj exp(~iw 0 T-/t) (3.25) 

and 

= exp(-iw 0 T-y'T). (3.26) 




The spectrum is a Lorentzian with width (2.140), and the coherence time is t 


fc * W. . (3.27) I 

The effect of Doppler broadening on the coherence is considered in §3.5. I 
We note that the correlations in any kind of chaotic light must vanish for I 
times t much longer than t c , and since 

<m> = 0, (3.28) | 

it follows that the degree of first-order coherence must have a limiting value f 

f 

0 (1, fr) ■* 0 for T » t c . (3.29) { 

Apart from its usefulness in deriving the frequency spectrum of the light, the f 

degree of first-order coherence plays a more direct role in determining the I 
results of interference experiments, It is convenient to illustrate the role by f 
consideration of a specific experiment, | 


3.4. Young's interference fringes 

Young’s fringes provide a simple example of an interference experiment, and 
their treatment illustrates some general principles that are common to the 
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whole class of experiments. The experiment is here analysed in some detail to 
determine the conditions under which the field fluctuations, resulting from the 
chaotic nature of the light source, affect the visibility of the interference fringes. 
Fig. 3.6 shows a simplified version of Young’s experiment. Chaotic light from a 
point source is rendered parallel by a lens and then falls on a screen that 
contains two slits, or pinholes as we shall assume for simplicity. Interference 
fringes are sought on a second screen placed to the right of the first screen, The 
model experiment ignores complications arising from the finite source 
diameter and consequent lack of perfect parallelism in the beam that 
illuminates the first screen. It is essential to take such effects into account in a 
rigorous treatment of the experiment but they are omitted here in order that 
attention can be focused on the effects of the random field fluctuations alone. 

Let E(rt) be the total electric field of the radiation at the position r on the 
observation screen at time t. The field is a linear superposition of the electric 
fields at the two pinholes (positions r, and r 2 ) at earlier times t { and u 
determined by the velocity of light c. Thus formally, 

E(rt) = w,£(r,f,)+« 2 £(r 2 f 2 ), (3,30) 

where 

f i “ H-Vi/d t 2 = /-(.Vj/c), (3.31) 

and the coefficients u 2 are inversely proportional to .v„ ,v 2 , respectively, the 
distances defined in Fig, 3,6, The coefficients u t and w 2 depend on the geometry 
of the experiment, for.example on the pinhole sizes, but their exact form is not 
important for the present calculation; they are purely imaginary, since the 
secondary waves radiated by the pinholes are n/2 out of phase with the 
primary light beam 2 . Diffraction effects at the individual pinholes are ignored. 


Screen I Screen 2 



Fig. 3.6. Arrangement of components for an idealized Young's interference experiment. 
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The intensity of the light at position r, averaged over a cycle of oscillation, is 

T[rt) = \c Q c\E{n)\ 2 

= ie 0 c{|M 1 |. 2 |£(r 1 fj)| 2 +|M 2 | 2 |£(r 2 t a )| 2 
+2ufu 2 Re(£*(r 1 t 1 )£(r 2 t 2 ))}, (3.32) 

where the pure imaginary form of iq and u 2 has been used. The intensity T(rt) is 
similar to that defined in eqn (3.15). 

The fringes in Young’s interference experiment are normally recorded by 
photographic plates or are observed with the naked eye. In either case, the 
recording time is long compared to t c , the coherence time of the chaotic light. 

To compare theory with experiment it is necessary to average I(rt) over a 
period long compared with t c . This average of 7(rt) is denoted 7(r), and the 
averaged form of eqn (3.32) is then 

/» = </(«)> 

+2«f «2 Re(E%t,)E(t 1 t t ))). (3.33) 

It is seen that the intensity on the second screen consists of three contributions. 
The first two terms represent the intensities caused by each of the pinholes in 
the absence of the other. These two terms do not give rise to any interference 
effects. The fringes arise from the term that involves the correlation function 
for the fields at the two pinholes, 

The correlation function is a slight generalization of that defined in eqn (3.4) 
to take account of the different spatial positions of the two fields. The formal 
definition is 

= ^Jp(r,t,)£(r,(,+(,,) dt„ (3.34) 

where ' ! 

*21 = h~t i- (3.35) 

The required correlation function is in fact less general than this because the | 
light beam that strikes the first screen in Young’s experiment is assumed to be f 
parallel ,and to have plane wave-fronts. 

Let the direction of propagation of the beam be taken as the z-axis. The 1 
electric field of the light can be represented as in eqn (3.14) except that the f 
position dependence must now be included. The light beam with its I 
fluctuations travels along the z-axis at velocity c, and the position-dependent I 
field is accordingly I 


E(zt) = Fit— 


(3.36) 
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where the field on the right is the same as in eqn (3.14), The calculation of the 
correlation function now proceeds as in eqns (3,17)-(3.20) and the result is 
essentially the same as before except that now 

t „ ,2-j-h+j. (3.37) 

With this definition, the generalization of eqn (3.25) is 

f 2 )> = vE 2 0 exp(-ko 0 T-/T). (3.38) 

The fringe intensity in Young’s experiment is determined by substitution of 
eqn (3.38) into eqn (3.33). The two pinholes have the same z coordinate, and the 
intensity reduces to 

/(r) = ie 0 cE§v{|ui| 2 + |u 2 | 2 +2ufM 2 exp(-/|t|)cos <u 0 t}, (3.39) 

where t, determined from eqns (3.31) and (3.37), is 

t = (si-s 2 )/c. (3.40) 

This quantity can be either positive or negative and the use of |t| in the 
exponential in eqn (3,39) accords with the symmetry property of eqn (3.10), 
The fringe visibility at position r on the second screen is conventionally defined 
to be 

ftLax-Mnln _ 2wty 2 exp(-y'|s 1 -S 2 |/c) „ 

^Lx+^U “ N 2 +M 2 • 1 j 

The fringe visibility is unity at the centre of the second screen in Fig. 3.6, where 
Ui = u 2 and St = s 2 , but is less than unity off the axis, where u, ? u 2 and 
St s 2 . 

The chaotic nature of the light source influences the fringe visibility via the 
exponential term in eqn (3.41) which, in principle, causes the fringes to 
disappear altogether for s r sufficiently different from s 2 . However, it is seen 
from eqn (3.39) that for a narrow emission line, where o) 0 » f, very many 
fringes are generated by the cosine term before % becomes sufficiently large for 
the exponential term to blur the fringes, For the coherence time and frequency 
assumed in eqns (2.141) and (1.65), there are about 10 4 sharp fringes on the 
second screen centred about the axis of the experiment. In a practical Young’s 
interference experiment the chaotic nature of the light is not usually the most 
important cause of fringe blurring. The finite extent of the source per¬ 
pendicular to the axis, neglected in the above treatment, is often the most 
important limiting factor, and there are, in fact, techniques for determining the 
angular diameters of distant light sources, for example stars, by observation of 
fringe blurring 3 . Source-size effects belong to the theory of spatial coherence 
considered briefly in §3.9, 
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The chaotic properties of the light source assumed in the interference fringe 
calculation thus have very little effect on the results of experiments that use 
suitably narrow emission lines. The exponential factors in eqns (3.39) and 
(3.41) would however be of great importance in attempts to observe fringes 
with light from a broad-band source, for example a thermal cavity where the 
frequency spread of the light is comparable to its mean frequency. At the 
opposite extreme, the above treatment of interference is inappropriate for an 
emission line so narrow that the time-dependent intensity fluctuations are 
observed directly. However, the longest coherence time ordinarily available 
for a chaotic source is of order ID -9 s, and the experimental resolving time in 
interference experiments is usually much longer than t c . 

The important feature of the above treatment is the way in which the 
formation of fringes is governed by the first-order electric-field correlation 
function. The correlation function plays a similar role in other classical in¬ 
terference experiments, for example the Michelson interferometer. 


3.5. Degree of first-order coherence 


The properties of a light beam that are relevant to an interference 
experiment can be conveniently expressed in terms of the concept of optical 
coherence. Light at two points in space or time that is capable, in principle, of 
being superimposed to produce interference effects is said to be coherent. An 
example is the light at the two pinholes in Young’s interference experiment. 
The potential magnitude of the interference effects in most of the classical 
interference experiments is governed by the first-order coherence of the light 
beam employed. 

The degree of first-order temporal coherence is defined as the normalized 
electric-field correlation function, similar to eqn (3.8). However, we now 
generalize the previous definition to include the spatial dependence of the 
electric fields. The degree of first-order temporal coherence between the light 
fields at the space-time points (r t , tj) and (r 2 , t 2 ) is defined to be 




(E'jrMhh)) 


(3.42) 


where the angle brackets again denote statistical averages. The light at the two 
points has the following designations that depend upon the value of the 
degree of first-order coherence. 


For | 0 ( 1 , (r 1 t 1 ,r 2 t 2 )| 


= 1 [ first-order coherent 

= 0 the light is incoherent 
9 ^ 0 or 1 partially coherent. 


(3.43) 


j 
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The examples to be treated here all involve plane parallel light beams where 
only a single spatial coordinate, taken as the z-axis, is needed. Consider first 
| the chaotic light source of Lorentzian frequency distribution assumed above 
; for the theory of Young’s experiment. The required correlation function given 

: by eqn (3.38) contains the positions and times only in the combination t 

j defined in eqn (3.37). It is therefore convenient to introduce a shorthand for the 

j degree of coherence, writing 

! = 9 { %) = exp(-b 0 t-y'|t|). (3,44) 

The result is formally identical to eqn (3,26) except that the symmetry (3,10) is 
! used to include both positive and negative %, The dependence of |^ (1 ) (t) | on x is 
• shown in Fig. 3.7. The light at the two points is first-order coherent if 

! 

| 1*2— h-(h~ Zi)/c| «(3.45) 

j where eqn (3.27) has been used. In Young’s experiment, where z L = z 2 , sharp 

| fringes occur provided that the two sets of wavelets, which impinge at a point 

j on the second screen, left the pinholes at times separated by an amount small 
compared to the coherence time, where t c is typically of order 3 x 10" 11 s 
| according to eqn (2.141). The corresponding coherence length is about 10 ~ 2 m. 

It is possible to form interference fringes in general from a parallel beam of 
| light only by superposition of light from two points whose distances along the 
j beam differ by less than the coherence length, and which leaves the two points 
j at times that differ by less than the coherence time, 



Fig. 3.7. The modulus of the degree of first-order coherence for chaotic light of linewidth 
parameter y'. The constant unit value for a classical stable wave is indicated by the dashed line. 
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Fig, 3.8. Variation of electric field with time at a fixed observation point for a classical stable j 
wave. i 


All of the above analysis is based on the assumption of a collision- j 

broadened light source. It is not difficult to evaluate the degree of first-order j 

coherence for other kinds of light. The simplest example of all is provided by j 

the classical wave of stable amplitude and phase that is often assumed in the | 

theoretical treatment of optical experiments. For such a wave, assumed to be j 

propagated in the z-direction, the electric field can be written f 

E{zt) = E 0 exp(ikz-ico 0 t+i</>), (3.46) j 

where the amplitude and phase are fixed quantities, in contrast to the chaotic j 

field of eqn (3.14), and the wavevector is k = ojc. Fig. 3.8 shows the variation » 

of electric field with time at a fixed observation point. The first-order ! 

correlation function is determined without any ensemble averaging in this j 

case, since the field has no statistical uncertainty, and j 

= E o expHM. ( 3 - 47 ) | 

with t given by eqn (3,37), Thus, from eqn (3.42), the first-order coherence is j 

0 (1) (t) * expHM- ( 3 - 48 ) j 

The beam is first-order coherent at all space-time points and it can be said to j 

have perfect first-order coherence. The result (3.48) is the same as obtained by : 

letting the linewidth parameter / tend to zero in the chaotic beam result (3.44) j 

(or equivalently t c -4 oo), The stable-wave result is also shown in Fig. 3.7. • 

As is discussed in Chapter 7, the beam from a single-mode laser source can i 

approximate a noiseless classical stable wave of the kind shown in Fig. 3,8. 

Between the two extremes of the chaotic beam and the classical stable wave, ’ 

there are other examples of light beam whose first-order coherence can be 
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easily evaluated. These examples give insight into the conditions required to 
obtain coherent light. 

Problem 3.1. Consider a one-dimensional cavity that contains a chaotic light 
beam, and suppose that all the cavity-mode contributions to the 
field except one are removed by means of a filter. The mode that 
remains has a large number of contributions similar to the stable 
wave of Fig. 3.8, all with the same frequency and wavevector but 
with a random distribution of phase angles. Prove that the beam 
is first-order coherent at any pair of space-time points in the 
cavity. 

Problem 3.2. Consider the beam of light produced by excitation of two stable 
waves where the electric field is 

E[zt) = Ex exp(ik 1 z-im 1 t)-|-£ 2 exp(ik 2 z-im 2 t). (3.49) 

Prove that the beam of light is first-order coherent at all pairs of 
points. 

These are examples of some general conditions under which light can have 
perfect first-order coherence. The conditions are satisfied if either (1) only a 
single cavity mode is excited, or (2) the field can be specified precisely, with no 
statistical features. If the beam involves excitation of more than one mode and 
exhibits statistical fluctuations, it is not possible for the light to be first-order 
coherent at all pairs of space-time points, 

Problem 3.3. Consider a beam of light produced by excitation of two modes as 
in eqn (3.49), but where both modes exhibit random phase and 
amplitude fluctuations. If the average intensity is equally divided 
between the modes, prove that 

|0 (1) (t)| = cosOi-o^r}. (3.50) 

As a final topic in first-order coherence theory, we return to the case of a 
chaotic light source but now consider the degree of coherence that results 
when Doppler broadening is the main cause of the spread in emission 
frequencies, The emission lineshape is the same as that in absorption, given by 
eqn (2.153). If all other sources of line-broadening are ignored, the total electric 
field of the radiated light beam at a fixed observation point can be written 

E{t) = E 0 X exp(-ift),t+i^), (3,51) 

;=i 

where E 0 and fa are the fixed amplitude and phase of the wave train radiated 
by the ith atom. Different atoms have different frequencies ft), of radiation that 
are Doppler-shifted from ce 0 by an amount depending on the atomic velocity. 
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The first-order electric-field correlation function is written with the help of 
eqns (3.36) and (3.51) as 

The phase angles have fixed values but are randomly distributed, and the 
contributions for i + j average to zero, leaving 

<£*( 2 iti)£(z 2 t 2 )> = £o I exp(-io)jT), (3.53) 

(=i 

where t is defined in eqn (3.37). The sum that remains is converted to an 
integration over the Gaussian distribution of Doppler-shifted frequencies 
given in eqn (2.153), 

CO 

= v£g(2^V i |exp(-Mexp(-(co i -m 0 ) 2 /25 2 } do>, 
o 

= v£q exp(-ico 0 T-idV), (3.54) 

This result is the analogue for Doppler-broadened light of the correlation 
function (3,38) for collision- and radiatively-broadened light. 

The corresponding degree of first-order coherence is 

0 ( 1 ) (t) = exp(-ko 0 T-j<S 2 T 2 ). (3.55) 

The coherence time in this case is 

t. « l/<5 (3.56) 

and it has the same qualitative significance as the coherence time for light of 
Lorentzian frequency distribution. The modulus of the degree of first-order 
coherence (3.55) is illustrated in Fig, 3.9. 

Problem 3.4. Consider light from a source that simultaneously has some 
Lorentzian broadening with parameter y‘ and some Gaussian 
broadening with parameter <5. Prove that the degree of first- 
order coherence is 

0 (1) M = exp(-itt) 0 T-y|t|-^V). (3.57) 

In the treatment of simultaneous collision and Doppler broadening it is 
assumed here, as in §2.13, that the two mechanisms are independent. 
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Fig. 3.9. The modulus of the degree of first-order coherence for chaotic light of Gaussian 
frequency distribution with root-mean-square width 5. Compare with Fig, 3.7 for the Lorentzian 
frequency distribution, 


3.6. Intensity fluctuations of chaotic light 

The present chapter has so far been concerned almost exclusively with the 
fluctuations in the electric field of a chaotic light beam. The main outcome of 
the theory is the first-order electric-field correlation function and its normal¬ 
ized version, the degree of first-order temporal coherence. We have seen how 
these functions determine the formation of fringes in the classical interference 
experiments. 

The second main topic of the chapter concerns the direct measurement 
of intensity fluctuations of the kind shown in Fig. 3.4. We describe the 
measurement of higher-order interference effects that depend upon the cor¬ 
relations of two intensities at different times rather than the correlations of 
two fields. The results of such measurements are governed by the degree of 
second-order temporal coherence of the light. 

As a preliminary to the discussion of intensity interference experiments, the 
present section considers the statistical properties of the intensity fluctuations 
in chaotic light. In many cases the fluctuations in the cycle-averaged intensity 
are too rapid for direct observation, and what is measured is some average of 
the fluctuations over the detector response time. We suppose initially however 
that there is available an ideal detector, with response time much shorter than 
the coherence time t c , that can take effectively instantaneous measurements 
of the intensity. 

The average value of a large number of measurements of the cycle-averaged 
intensity I(t) taken over a period of time very much longer than t c is easy to 
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calculate. With the long observation period and the assumption of instanta¬ 
neous intensity measurements, the conditions for application of the ergodic 
theorem are satisfied, and its validity is assumed throughout the present 
section. The time average can thus be replaced by a statistical average over the 
distribution of phase angles, denoted by angle brackets. From eqns (3.14) and 
(3,15) the long-time average intensity is j 

I = = i€oc£§<|exp(i^(t))+exp(i^(t))+...+exp(i</) v (t))| 2 > 

= i€ 0 6’£o v » (3-58) | 

since the cross-terms between the phase factors for different radiating atoms I 

give zero average contributions. The value of 7 for the fluctuating intensity I 

illustrated in Fig, 3,4 is indicated by the dashed horizontal line. This average j 

intensity is the quantity that is ordinarily used in theories of light transmission j 

through absorbing media, as in Chapter 1, 

The average values of higher powers of the cycle-averaged intensity can be j 

calculated in a similar fashion, Thus the mean square intensity is 

<J(t) 2 > = ie^c 2 £S<|exp(i(/ji(0)+exp(i^ 2 (t))+...+exp(i<^ v (t))| 4 >- (3.59) [ 

In taking the average of the fourth power of the sum of phase factors, the only j 

non-zero terms are those in which each factor is multiplied by its complex j 

conjugate. These terms give j 

</ (t) 1 ) = 4*0^0 jz <l ex p(i^i(0)| 4 .) 

+ I<i2exp[iWt)+^(t))]| 2 >l 

i*i ) j 

= i^{v+2v(v-l)}. (3.60) [ 

Thus in terms of the average intensity given by eqn (3,58), the mean-square , 

intensity is j 

<r( t )»>=^-ljp. (3.6i) | 

The number v of radiating atoms is normally very large and eqn (3.61) can then I 
be written 

<7(t) 2 > = 2F (v » 1) (3.62) 

to a very good approximation. 

The root-mean-square deviation of the cycle-averaged intensity is , 

= l (3.63) j 

The size of fluctuation is thus equal to the average intensity, as is qualitatively 
evident in Fig. 3.4, A similar result was found in eqns (1.41) or (1.42) for the j 
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^nations in number of the thermal!, excited photons in a single cavity 

The averages of higher powers of T(t) than the second are quite complicated 
in general, but relatively simple results are obtained if the number of radiating 
atoms is assumed to be very large. Then as in the second moment calculation 
in eqn (3.60) the dominant contribution comes from terms that involve the 
square modulus of products of the phase factors of distinct atoms. The 
approximate average of the rth power of the intensity is 

<fy) P > = fcocElf. I' <|r! exp[i($ ; (t)+$ ; (t)+ <j> k (t )+...)]| 2 ) 

(r different atoms) 

= (MSTOifl*. (3.64) 

Thus with v assumed very much larger than r and the average intensity taken 
from eqn (3.58), 

(I(t) r ) = rir (v » r). (3.65) 

This result for the rth moment of the intensity fluctuation distribution, 
although derived here for the collision-broadened source, is in fact valid for 
any kind of chaotic light. The occurrence of the r! factor in eqn (3.65) is a 
distinctive feature of chaotic light. The similarity to the rth factorial moment 
(1.38) for the thermal photon distribution should be noted. 

Provided that the number of radiating atoms is very large, it is possible to 
calculate not only the moments derived above but also the explicit form of the 
probability distribution for the cycle-averaged intensity. The first step is the 
determination of the statistical distribution of the values of «(f). 

It is seen from eqn (3.14) and Fig, 3.3 that at any instant of time f, a{t) is the 
distance from the origin in an Argand diagram arrived at by taking v steps of 
unit length and in random directions specified by the angles ^(f), 0 2 (t),.... 
<j> v (t). The calculation is an example of the ‘random walk’ problem, well known 
in the theory of stochastic processes 4 . Let p[a{t)] be the probability that the 
end-point of a random walk of v steps lies in unit area around the point 
specified by coordinates a{t\ (p[t) in Fig. 3.3. The result given by random-walk 
theory for the present problem is 5 

p[a(t)] = (l/7tv)exp(-4) 2 /v), (3.66) 

being independent of cp[t) as expected from the physical nature of the problem. 
The probability is normalized, 

» 2)1 

Jd*(t)J a{t)p[a(t)] d (p{t) = 1. (3.67) 
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Fig, 3.10. Probability distribution for the amplitude and phase of the electric field of a chaotic 
light beam, The density of shading is proportional to the probability at the point in the plane 
corresponding to polar coordinates a(t) and p(t). Note that the probability is greatest at the origin 
and is independent of <p(t). 

The probability distribution (eqn (3.66)) is a Gaussian function, whose form 
is shown in Fig. 3,10. A similar distribution arises for any chaotic light beam, 
and because of this the light from a chaotic source is sometimes called 
Gaussian light, It is important not to confuse the Gaussian distribution of 
|£(f)| with the distribution of frequencies in the beam, which can be 
Lorentzian, Gaussian, or an intermediate function, and is indeed Lorentzian 
for the collision-broadening mechanism assumed here. 

The probability distribution for a(t) can be converted to a probability 
distribution for 7(f) with the help of eqn (3.15). 

Problem S.5. Prove that the probability for an instantaneous measurement 
of the cycle-averaged intensity to yield a value between I{t) and 
/(t)-t-dF(t) is dl(t), where 

PlM = (l//)exp(-/(f)/f), (3.68) 
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and Jis given by eqn (3.58). Note that the most probable value of 
7{t) is always zero. 

The random-walk probability distribution strictly refers to the results of a 
large number of walks that all begin at the origin. For the problem in hand, the 
end-point of each walk defines an amplitude a and a phase <p for a light beam. 
Random-walk theory assigns a certain probability to every possible a and (p. 
The collection of light beams with all possible amplitudes and phases forms a 
statistical ensemble of the type mentioned in §1.4. Each light beam in the 
ensemble has fixed a and cp, and the intensity distribution shown in eqn (3.68) 
is rigorously valid for such an ensemble of fixed-amplitude and fixed-phase 
beams. Its application to determine time averages of a long series of in¬ 
stantaneous intensity measurements on a single beam of chaotic light relies 
once more on the ergodic theorem. The moments of the distribution (3,68), 
given by 

00 

= (1//)J I(ty exp(~/(f)/J) d/(r) = r! ?, (3.69) 

o 

agree with the result (3.65) obtained previously. 

All of the above results refer to idealized experiments that measure the 
instantaneous intensity. The effects of a finite detector response time, par¬ 
ticularly on the second moment of the intensity fluctuations, are discussed in 
§3.9. At the extreme limit of a very long coherence time, it is possible by 
somewhat artificial means to construct a light beam in which the intensity 
fluctuations are easily visible, Such a beam can be generated 6 by the scattering 
of laser light from small polystyrene balls suspended in water. Small Doppler 
shifts of the scattered frequency result from the Brownian motion of the balls. 
The suspension is a slowed-down analogue of a radiating gas, with the sharp 
laser frequency replacing the atomic transition frequency. The coherence time 
t c i's of order 10" 1 s, and the intensity fluctuations are apparent to the naked 
eye. 

A contrast to the above results for chaotic light is provided by the classical 
stable wave of Fig. 3.8, There is no need to employ statistics in this case; the 
cycle-averaged intensity is constant and there are no intensity fluctuations. 
The result analogous to eqn (3.65) is 

</(t)'> = r, (3.70) 

and the root-mean-square deviation is zero. 

3.7. Degree of second-order coherence 

The intensity-fluctuation properties of chaotic light described in the pre¬ 
vious section refer to averages of intensity readings taken at single instants of 
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time. We now consider two-time measurements in which a series of pairs of 
intensity readings are taken with a fixed time-delay t. The average of the 
product of each pair of intensity readings is the intensity correlation function 
of the light, analogous to the electric-field correlation function defined in eqn 
(3.4). The measurement of intensity correlations is described in §3.9; we here 
consider the theory of the correlation function. 

It is convenient to work with a normalized form of the correlation function 
called the degree of second-order temporal coherence , 


9 (V = ji <£*(f)£(£)> 2 \ 

where I is the average intensity defined as in eqn (3.58), and the order of 
electric-field factors in the second-order electric-field correlation function 
follows a convention. It is clear from the symmetry of the definition that the 
property analogous to eqn (3.10) is 

9 W M = rt), (3-72) 

and calculations need only be made for positive t. It is assumed that the 
measurements are made at a fixed point in space and satisfy the conditions for 
equivalence of statistical and time averages as before, 

We have seen that the degree of first-order coherence takes values in the 
range 0 to 1, and it might be expected at first sight that the degree of second- 
order coherence would have a similar range. This is not however correct. The 
allowed range of values of the degree of second-order coherence is controlled 
by two inequalities; both are based on Cauchy’s inequality 7 , according to 
which two measurements of the intensity at times t, and t 2 must satisfy 

2T(h)T(t 2 ) $ J(h) 2 +I{h) 2 - (3.73) 

By applying this inequality to the cross-terms, it is easy to show that 


N 


r(£r) 2 +/y 2 +...+r(t/ 


for the results of N measurements of the intensity. Thus in the correlation 
function notation, 

P = (T(t)) 2 ^ (I(t) 2 ), (3.75) 

and the zero time-delay degree of second-order coherence from eqn (3.71) 
satisfies 

0 (2) (O) > 1. (3.76) 

It is not possible to establish any upper limit, and the complete range is given 

by 

oo>0< 2) (O)> 1. (3.77) 
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The above proof cannot be extended to finite time delays, and the only 

Ichgte eS!entia ' ly P0S “ iVe na ‘" re ° f lh ' in,ensity ' 

® > rt) » 0 r * 0. (3. 78) 

There is however another important property that follows from the inequality 

[r(t,)r(t 1 +t)+...+ryr(t N+t )]> 

« [ftil 2 +...+[7(1, +t) 2 +„,+f(i s +r) ! ], (3.79) 
which is also readily established with the help of eqn (3 73) The two 
summations on the right of eqn (3.79) are equal for a sufficiently long and 
numerous senes of measurements, and the square root then produces the 
result 

</(£)/(£+r)) < </(t) 2 >, (3.80) 

or 

0 (2) (r) ^ 0 (2) (O). (3.81) 

These general properties of the degree of second-order coherence are il¬ 
lustrated by the example shown in Fig. 3.11. Part (a) of the figure shows a train 
of rectangular classical pulses of duration t 0 . Suppose that the intensity / 0 
within each pulse is constant and that the duration and separation of the 
pulses give a mean intensity that can be written 

7 = // 0 0 < / < 1. (3.82) 

Here / is the number of pulses per unit time multiplied by t 0 . It is a trivial 
exercise to show from eqn (3.71) that 

ff (2) (0) = l//, (3.83) 

and only a brief calculation is needed to verify the time dependence of the 
degree of second-order coherence shown in part (b) of Fig. 3.11. The degree of 
coherence correctly satisfies the inequalities (3,77) and (3.81), and indeed the 
zero time-delay value (3.83) covers the whole range allowed by eqn (3.77) for 
the different choices of /. 

The special case of a beam of constant intensity /„ is obtained for / = 1, 
when it is easily shown that 

f\x) = 1, (3.84) 

independent of the time delay x. This is the case of a classical stable wave, and 
for x = 0 eqn (3.84) agrees with the result Obtained from eqn (3.70). 

3.8. Second-order coherence of chaotic light 

The statistical properties of chaotic light produce beam intensities that are 
uncorrelated after time separations long compared to the coherence time t c . 
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Fig 311 (a) Intensity variation for a train of rectangular pulses of duration t 0 and separation 

l’.j T giving /= 0-4. (b) The corresponding degree of second-order coherence. 


The degree of second-order coherence (3.71) thus has a limiting value 

0 ( 2 ) (t) 1 for t » t c , (3.85) 

in contrast to the zero limiting value of the degree of first-order coherence 
given in eqn (3.29). The regular wave train of Fig, 3.11 has an infinitely long 
coherence time and the limit does not apply in this case. 

In order to determine the degree of second-order coherence of chaotic light 
we suppose, as in the models used earlier in the present chapter for both 
collision and Doppler-broadened light, that the electric field of the light beam 
is made up of independent contributions from the different radiating atoms i, 

( 3 . 86 ) 

( 

The second-order electric-field correlation function that appears in eqn (3.71) 
is thus 

<£*(f)£*(t+x)£(t+T)£(t)> = £ <Ef(r)£f(t+T)£i(f+T)£((t)) 

i=i 

+ J’{<TO'£Rf+T)B J (f+«)>. 

l *j 

+ (E?(t)Ef(tH)E i (tH)E j (t))}, (3.87) 
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where only those terms are retained in which the field of each atom is 
multiplied by its complex conjugate, All other terms vanish because of the 
random relative phases of the waves from different atoms. Thus taking 
account of the equivalence of the contribution from each atom 

(E*{t)E*[t+i)E[t+ r)E(t)) = KEf(t)Ef(tH)E i (t+x)E i (t)) 

+ v (v -1) «£f (r)£ ; (r)> 2 +\(Ef{t)E i {t +t)>| 2 }. 

(3.88) 

If the number v of radiating atoms is now assumed to be very large, the 
contributions that involve pairs of atoms greatly exceed the single-atom 
contributions, and to a good approximation 

mm+m+M)) = v 2 {<£f(t)£ i (t )> 2 + |<£f(0£ i (t+r)>| 2 }. (3.89) 

The corresponding result for the first-order electric-field correlation function 
is given in eqn (3.18). Thus with the definitions (3.8) and (3.71) of the degrees of 
first- and second-order coherence, eqns (3.18) and (3.89) give 

0 ( 2 ) (t) = 1 +| 0 ( 1 ) (t )| 2 (v » 1). (3.90) 

This important relation holds for all varieties of chaotic light. 

The second-order electric-field correlation function in eqn (3.88) can be 
explicitly evaluated for the model of a collision-broadened light-source used to 
evaluate the first-order correlation function (3.25). The only additional result 
needed is 

(Ef(t)Ef(t+m+m)) = Et, (3-91) 

and eqn (3.88) then gives 

(E*{t)E*(t+x)E(t+x)E(t)) = v£q +v(v - 1 )£q{ 1 +exp(- 2/x)}. (3.92) 
Thus with the help of eqn (3.25), the degree of second-order coherence (3.71) is 

9 (2i(j) = i + ( 1 _i){ 1 +eX p(_2/t)}, (3.93) 

in agreement at x = 0 with the zero time-delay degree of second-order 
coherence obtained from eqn (3.61). The degree of coherence at negative t is 
obtained from the symmetry property (3.72), and in the limit of a large number 
of radiating atoms, eqn (3.93) gives 

0 ( 2 ) (t) = l+exp(-2/|T|) (v » 1), (3.94) 

in agreement with the general result (3.90). 

Fig. 3.12 shows the form of the degree of second-order coherence for the 
chaotic light of Lorentzian frequency distribution assumed in the derivation of 
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Fig, 3.12, The degrees of second-order coherence of chaotic light having Gaussian and 
Lorentzian frequency distributions with linewidth parameters <5 and f respectively, The dashed 
line shows the constant unit second-order coherence of a classical stable wave. 


eqn (3.94), The corresponding result for chaotic light of Gaussian frequency j 
distribution, 

g {1] ( r) = l+exp(-<5V), (3.95) | 

obtained from eqns (3.55) and (3.90) is also illustrated. The stable-wave result j 
(3.84) is indicated by the horizontal dashed line, All three examples in the figure j 
satisfy the general inequalities (3,77) and (3,81), and both kinds of chaotic light 
have the limiting value (3.85). It is evident from eqn (3.90) that 

0 ( 2 ) (O) = 2 (3.96) | 

for any kind of chaotic light since 0 ( 1 ) (O) = 1 from its definition (3.8). This j 
result is also evident from eqn (3.69). 

The peak in the degree of second-order coherence of chaotic light for x < t c j 
is a manifestation of the kind of intensity fluctuations shown in Fig. 3.4. For 
such small delay times, the two intensity measurements to be correlated in the 
degree of second-order coherence can fall within the same fluctuation peak to 
give an enhanced contribution. For longer delay-times, % > t c , the two in¬ 
tensities tend to be uncorrelated and the degree of second-order coherence is 
close to unity. 

The degrees of second-order coherence calculated above assume a polarized 
beam of light and a fixed observation point. The definition (3.71) can be 
generalized, analogous to eqn (3.42), to include the spatial dependence of the 
optical fields, The degree of second-order temporal coherence between the 
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light at space-time points {r i ,f J and (r 2 ,f 2 ) is defined to be 




<|£(r lt i)| 2 ><|£(r 2 r 2 )| 2 > 


where the angle brackets again denote ensemble averages. Note that this 
function is a special case of a more general second-order coherence in which 
the four fields in the correlation function are evaluated at four different space- 
time points, but we do not consider this further generalization. The light at 
points (rj, t 2 ) and (r 2 , f 2 ) is said to be second-order coherent if simultaneously 


IrtiWa)! = 1 j 
Ariti.r 2 t 2 ;r 2 t 2 ,r 1 t 1 ) = l.J 


(3.98) 


The inclusion of spatial dependence in the degree of second-order coherence 
is here restricted to plane-polarized parallel beams of light where only the 
single z-coordinate is needed. Then, as in the discussion of first-order co¬ 
herence, the spatial dependence of the field is incorporated via eqn (3.36) and it 
is not difficult to verify that, analogous to eqn (3.44), 


9 {2 \hh>y2l hh,hh) = 9 l2 H (3.99) 

where t is defined in eqn (3.37), With this interpretation of x, the expressions 
already derived for the degree of second-order coherence apply to spatially 
separated points in the parallel beam. 

As discussed in connection with eqn (3,44), chaotic light is always first-order 
coherent for space-time points sufficiently close together, This is illustrated by 
the approach of the first-order coherence of the chaotic light in Figs. 3.7 and 
3.9 towards unity for small y'x or Sx. However, the small x limit produces a 
second-order coherence of 2 according to eqn (3.96), as illustrated in Fig. 3.12. 
It is not possible for chaotic light to be second-order coherent in accordance 
with the definition (3.98) for any choice of space-time points. By contrast, eqns 
(3.48) and (3.84) show that the classical stable wave is second-order coherent at 
all space-time points. 


Problem 3.6. Consider the single-mode chaotic light beam, defined in prob¬ 
lem 3.1 as a randomly-phased superposition of stable waves. 
Prove from first principles that 

9 {2 X r) = 2 , (3.100) 

The coherence time is infinite in this case and eqn (3.85) does not 
apply. 


3.9. Experiment of Hanbury Brown and Twiss 

The results of all the classical interference experiments, typified by Young’s 
slits, are controlled by the correlation of two electric-field amplitudes, 
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conveniently expressed in terms of the degree of first-order coherence of the j 
light. The correlation of two optical intensities, conveniently expressed in j 
terms of the degree of second-order coherence, was first measured by Hanbury j 
Brown and Twiss 8 ’ 9 , Their experiment typifies all subsequent measure¬ 
ments of degrees of second-order coherence, Such measurements have a 
particular significance in terms of the correspondence between the classical 
and quantum theories of light. We here consider the classical theory of 
the experiment, reserving the quantum discussion for Chapter 6, where the 
theory of optical coherence is reconsidered in terms of the quantized radiation 
field. 

The experimental apparatus is shown schematically in Fig. 3.13, Light from 
a mercury arc is filtered to eliminate all but the 435-8-nm emission line of the 
mercury spectrum. The beam is split into two equal portions by a half-silvered 
mirror. The intensity of each portion is measured by a photomultiplier de- j 

tector, the principles of which are outlined in §5.6, and the fluctuations in the j 

outputs of the two detectors are multiplied together in the correlator. The \ 

integrated value of this product over a long period of observation provides a ! 

measurement of the magnitude of the intensity fluctuations. 

One of the detectors is mounted on a slide so that its position can be varied 
laterally relative to the fixed detector. This enables the detector apertures as I 

viewed from the pinhole to be superimposed or completely separated and j 

provides a verification of the reality of the observed fluctuations, which must ; 

vanish for sufficient detector separation. Let us ignore this feature of the ex- : 

periment and treat an idealized arrangement in which the two detectors are j 

symmetrically placed with respect to the mirror. They then measure the 
intensities in the beams at equal linear distances z from the light source. 

According to the classical theory, the half-silvered mirror divides the in¬ 
cident cycle-averaged intensity J[zt) into two identical beams in arms 1 and 2 i 



Fig. 3.13. Arrangement of the main components in an intensity interference experiment. (After R. j 
Hanbury Brown and R, Q, Twiss, ref. 8.) 

!■ 

s 
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of the experiment, In an obvious notation we can write 


h(zt) = r 2 (zt) = 1/(4 (3.101) 

and the long-time average intensities in the two arms are 

h = h = i/- (3.102) 

We ignore until later the complications introduced by the finite response 
times of the detectors, and assume that the experiment is capable of correlat¬ 
ing the intensities at the two detectors measured instantaneously at different 
times t t and t 2 . The correlator was designed to produce the average 

= l{(i{zh)I{zt 2 ))-7 2 }. (3.103) 

The normalized version of the Hanbury Brown and Twiss correlation is 
readily expressed in terms of the degree of second-order coherence, 


Vi 




(3.104) 


where in this case x - t 2 -t u 

It is seen therefore that apart from a normalization factor the experiment of 
Hanbury Brown and Twiss measures the deviation from unity of the degree of 
second-order coherence, The results of the experiment can be envisaged in 
terms of the examples shown in Fig. 3.12, Only chaotic light was available at 
the time of the original experiments; in this case the correlation (3.104) is unity 
for t « t„ but falls to zero for x » t c , Similar experiments have since been 
made on light that closely corresponds to the classical stable wave; in this case 
the Hanbury Brown and Twiss correlation is zero for all values oft. 

For chaotic light of Lorentzian frequency distribution, the correlation given 
by (3.94) and (3.104) is 


rt)-l = exp(-2/|t 2 -f 1 |). (3.105) 

This is however not a realistic prediction for the correlation expected in a 
practical experiment, where it is never possible to make instantaneous 
measurements of the beam intensity, There is always some minimum response 
time t r of the detection system such that the recorded intensity is a mean over 
the period r r . Consider a Hanbury Brown and Twiss experiment where the 
‘instantaneous* intensities are measured simultaneously by two detectors of 
equal response time x v If the additional average over the detector response 
time is indicated by further angle brackets, the predicted result is 

tr tr 

<0 (2) M>r-l = ^Jdt 1 |exp(-2y'|t 2 -t 1 |)dt 2 
0 0 

= (l/2y\ 2 ){exp(-2y'i r )-l+2y'r r }. (3.106) 
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Fig, 3,14, Magnitude of the correlated intensity fluctuations of chaotic light having a Lorentzian j 

frequency distribution with linewidth parameter /. Both detectors have response time t t . j 

| 

This result is illustrated in Fig. 3.14, 

For a very short detector response time where 

y\« 1 or t r «x c , (3.107) 1 

the right-hand side of eqn (3.106) reduces to unity, in agreement with the result 
(3,105) in the case of simultaneous measurement of the instantaneous 
intensities. In the opposite limit of a long response time, where 

I 

/t ( » 1 or T r »t„ (3.108) | 

eqn (3.106) gives | 

<rt)>-i = Vy% = (3.109) : 

the magnitude of the observed intensity fluctuations, inversely proportional to 
the response time, is seriously reduced in this case. Note that the final form of ; 
the reduction factor in eqn (3,109) applies whether or not the chaotic light has a 
Lorentzian frequency distribution. The original measurements 8 were carried I 
out with a light source and detection equipment for which the reduction factor | 

was as high as 10 5 , and the success of the experiment depended upon the j 

processing of the measured intensities to obtain the correlated intensity | 
fluctuations (3,104) directly. 

The intensity interference effects described above depend on the second- 
order temporal coherence of the light. However the practical observation of the 
intensity correlations is also affected by the spatial coherence of the light, 
associated with the finite dimensions of the source and the detectors. The : 
corresponding effects of spatial coherence in first-order interference experi- I 
ments have been mentioned in the discussion of Young’s slits. The spatial ; 
coherence is not of great interest here since it is not so intrinsic a property of 
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Fig. 3.15. Arrangement of source and detector for the consideration of spatial coherence. 


the light as the temporal coherence. However, it is of course of great 
importance in the design of interference experiments and we briefly consider it. 

Fig. 3.15 shows a light source of finite dimension d perpendicular to the axis 
of an optical experiment, in which the light is collected by a detector that also 
has finite dimensions perpendicular to the axis. The linear dimensions of 
source and detector are assumed to be very small compared to their 
separation. The phases of the light from different parts of the source have a 
varying relation across the detector. There is a 180° phase difference between 
light from the two ends of the source at a point in the detector distance a/2 off 
the axis if 

H = H (3.no) 

where (j) is the angle defined in Fig. 3.15 and X is the wavelength of the light. 
Thus 

a = 2<j)d/6 = A/0, (3.111) 

where 0 is the angular diameter of the source viewed from the detector. 

The dimension a gives a rough measure of the size of detector for which the 
desired field or intensity correlations begin to suffer diminutions as a result of 
cancellations between the contributions of different parts of the detector. The 
experiments of Hanbury Brown and Twiss used light with a wavelength of 
about 4x 10" 7 m and their light source had an angular diameter of about 
8 x 10 ~ 5 rad viewed from the detectors. Their detector dimension of 5 mm 
thus satisfied the condition (3.111), and the spatial coherence effects caused 
only a modest reduction in the size of the observed intensity fluctuations. It is 
seen that the spatial coherence controls the phase variation of the light in a 
direction perpendicular to the beam and is determined by the closeness of the 
light beam to the ideal of plane parallelism. The temporal coherence controls 
the fluctuation and correlation properties of the fields and intensities of the 
light in a direction parallel to the beam, and is determined by the properties of 
the light-emitting atoms in the source 10 . 
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Although the temporal coherence properties of light are of most interest for 
the present account, it must be emphasized that the main interest of Hanbury 
Brown and Twiss was in spatial coherence effects. Thus the purpose of the 
adjustable slide shown in Fig. 3.13 was to allow the spatial separation of the 
two detectors as viewed from the source by distances exceeding the spatial 
coherence length (3.111). The observed fall-off in the correlation between the 
intensities recorded in the two detectors allows an experimental determination 
of the angular diameter 0 of the source. The laboratory experiment illustrated 
in Fig. 3.13 was a prototype for a large-scale optical intensity-interferometer 
that has been most successfully used in measuring the angular diameters of 
stars 9 . 

Returning now to the discussion of temporal coherence, it is clear from 
expressions given earlier in the present section that intensity-interference 
experiments can be used to determine the coherence time and hence the 
linewidth parameter of the light source. Because of the inverse relation 
between these quantities, a narrow emission line corresponds to a relatively 
long time scale for the intensity fluctuations. Thus determinations of 
linewidths by study of intensity fluctuations tend to be feasible for just those 
sources whose frequency spreads are so narrow that conventional frequency- 
domain spectroscopy is incapable of resolving them. Time-domain spec¬ 
troscopy is considered further in Chapter 6, where the effects of quantization 
of the radiation field are also included. 


3.10, Higher-order coherence and polarization effects 

The degrees of first-and second-order coherence defined by eqns (3.42) and 
(3.97) are just the first two members of a hierarchy of coherence functions. It is 
possible to envisage a general interference experiment in which the measured 
result depends on the correlations of electric fields at an arbitrary number of 
space-time points. The result of any such measurement depends upon the 
hierarchy of coherence functions in some way. The degree of rth-order 
coherence can be defined as 11 

0 w ( r iti, • • • > r r t r ; r r+ it t+u ..,, r 2r t 2r ) 

(E%t 1 )...E%tMr r+i U--m r t 2 r)> 
«|E(r 1 h)l 2 ) ... <|£(r,t r )| 2 K|£(r f+1 t f+1 )| 2 ) ... <|£(r 2r y| 2 »*’ 

(3.112) 

Clearly, eqns (3.42) and (3.97) are special cases of this general definition. 

It is not intended to pursue the general rth-order coherence properties of 
light in any detail, since the first- and second-order coherence are usually of 
greatest experimental importance. However, it is worth noting two simple 
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results. When the points (r r+1 t f+1 ),...,(r 2r f 2 r ) are the same as the points 
(r r t r ))'")( 1 Vi)> the correlation function in eqn (3.112) effectively contains the 
intensities at r different points. For the classical stable wave, the same 
arguments as are used for obtaining g {2) show that 

9 { %h .tyr;r r f r ,...,r 1 f 1 ) = 1 for all r. (3.113) 

By an obvious extension of the definition of second-order coherence in eqn 
(3.98), the classical stable wave can be said to be coherent in all orders. 

There is no similarly simple result for a chaotic light beam, but the very 
special case where all the points in eqn (3.112) are the same space-time point 
( r i f i) can be quoted, since the correlation function is then the same as that 
evaluated in eqn (3.65), and 

g [ %t i,...,r 1 t 1 ;r 1 t 1 „.„r 1 t 1 ) = r!. (3.114) 

Problem 3.7, Consider the rectangular pulse beam shown in Fig. 3.11. Prove 
that the rth-order coherence at a single space-time point (^ tf is 

9%h .Mi! r i f iv„r 1 t 1 )=/“ r+1 , (3.115) 

The result shows that g ir) can take any arbitrarily large value by 
choosing / sufficiently small, except for r = 1 where the degree 
of first-order coherence is unity, independent of/. 

The entire chapter has been concerned with a beam of polarized light and 
the electric fields have been treated as scalar quantities. We conclude the 
discussion of intensity fluctuations of chaotic light with a brief consideration of 
the changes in some of the simpler results that occur when the beam is not 
plane polarized. 12 

Consider a beam of light propagated parallel to the 2 -axis that is made up of 
two independent beams, one of mean intensity J x polarized parallel to the x- 
axis and one of mean intensity T y polarized parallel to the y-axis, The total 
mean intensity is 

/ = 4+4 (3.116) 

and the degree of polarization is defined to be 

r= l 0 (4 H), (3.i 17) 

where the x-axis is chosen to be that with the larger mean intensity. Thus P = 1 
corresponds to polarized light and P = 0 to unpolarized light, with inter¬ 
mediate values of P corresponding to partially polarized light. 

For chaotic light, the two independent beams have cycle-averaged fluctua¬ 
ting intensities T x (t) and lft) that both obey the exponential probability 
distribution (3.68). The total intensity I(t), obtained by adding the two 
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contributions, thus follows the probability distribution 


1(f) 


pM-J pJMrfM-MiUt), 

0 

(3.118) 

PxjlhM = (l/4,J>) eX V(~f X< ft)lT X ,y)' 

(3.119) 


The integration is readily carried out to give 

Pim = (l/i 0 /){exp[ - 2/(r)/(l+ Pjl] - exp[ -27(t)/(l - P)f]}. (3.120) 

Fig, 3.16 shows the form of the probability distribution for several degrees of 
polarization. The general expression (3.120) reduces to eqn (3.68) in the limit 
P = 1 of plane polarization. However, the probability is zero at 7(f) = 0 for 
all other degrees of polarization, The distributions corresponding to several 
values of P have been measured and the experimental results agree with the 
theoretical expressions. 13-15 

Problem 3,8, Derive the average value of the rth power of the cycle-averaged 
intensity for partially polarized chaotic light and show that it 
has the limiting values 

<7(f) r >»r! T for P= 1 

= (r + 1)! F/I for P = 0. (3.121) 
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Show that the zero time-delay degree of second-order coherence 
of the light is 

0 <2) (OH(3+J> 2 ). (3.122) 

This last result reduces to eqn (3.96) for polarized light but otherwise has a 

smaller value. Its form can be understood if it is rewritten as 

0 (2) (O) = l+i(l+P 2 ) = l+OT+ft/J) 2 , (3,123) 

where eqns (3.116) and (3.117) have been used, Then with reference to Fig. 3.12, 
the unit term is the background contribution that occurs even in the absence of 
any fluctuations. The fluctuations cause the remaining terms, whose con¬ 
tribution is generally smaller than unity because there are no cross¬ 
correlations between the x- and y- polarized beams. With unpolarized light the 
fluctuation contribution to gf (2) (0) is J; the theory of the Hanbury Brown and 
Twiss experiment given above remains valid if \ factors are substituted in 
appropriate places. 
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4 . The quantized radiation field 


The calculations of the preceding chapters are based on a theory in which 
the radiation field strengths E and B are treated as classical variables, while the 
atoms are treated quantum-mechanically. Quantization conditions on the 
energy of the radiation field were used to derive Planck’s law in Chapter 1, but 
the concept of photons has played a small role in the subsequent theory. This 
semiclassical theory provides the correct theoretical expressions for a wide 
range of quantities, 

It is however generally accepted that quantum mechanics provides the best 
current picture of physical phenomena, and the most complete description of 
the radiation field must be sought in quantum-mechanical terms, where the 
field observables E and B are represented by operators. The present chapter is 
devoted to a description of the procedure by which quantum mechanics is 
applied to the electromagnetic field. We obtain expressions for the operators 
that represent the various field observables and we describe the various kinds 
of field state that can be envisaged in the quantum picture. It will be seen that 
quantization introduces characteristic quantum-mechanical effects into the 
properties of the radiation field. For example, it is not possible to have an 
electromagnetic wave whose amplitude and phase are both precisely defined; 
as is common in quantum mechanics, the accuracies of simultaneous meas¬ 
urements of pairs of observables are limited by uncertainty relations. 

In view of the many successes of the semiclassical theory, it is of interest to 
consider the nature of the relation between the classical and quantum theories 
of the radiation field, and this is a recurrent topic in many of the subsequent 
chapters. Thus in Chapter 6 it is shown that, in terms of the coherence 
properties of light beams, there is a range of overlap between the two theories 
but the quantum field can have kinds of coherence not allowed by classical 
theory, Chaotic and coherent light have identical coherence properties in the 
two theories, but light with nonclassical coherence can also be generated, as 
described in Chapters 8 and 9. 

The full quantum theory of the interaction between the radiation field and 
atoms is treated in Chapter 5. The assumptions of the phenomenological 
Einstein theory are justified and it is shown that the quantum theory produces 
the same transition rates for the absorption and emission processes as does the 
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semiclassical theory. The fully quantum-mechanical form of the optical Bloch 
equations is shown to be similar to their semiclassical form given in Chapter 2, 
at least in the case of a coherent driving light beam. 

In other calculations, such as those of laser theory considered in Chapter 7 
or nonlinear optics treated in Chapter 9, the semiclassical theory gives only 
partially correct solutions. We adopt the view in all subsequent calculations 
that quantum mechanics provides the best available predictions for measured 
quantities and that the results of semiclassical theory are reliable only when 
they reproduce the quantum results, It is nevertheless worthwhile to keep the 
semiclassical theory in mind since its methods are widely used and also 
because the similarities and differences between the classical and quantum 
fields sharpen one’s appreciation of the quantum effects. 


4.1. Potential theory for the classical electromagnetic field 

The quantum theory of the radiation field has many similarities with the 
classical theory. The field vectors in quantum theory must be taken as 
operators instead of the algebraic quantities of classical theory, but both 
theories are based on Maxwell’s equations, It is not, of course, possible to 
derive the quantum theory from the classical equations, but the transition to 
quantum mechanics can be accomplished most easily if the equations of 
classical electromagnetic theory are first put into a suitably suggestive form, 
As indicated in Chapter 1, the quantization is effected by the replacement of a 
classical harmonic-oscillator equation by the corresponding quantum- 
mechanical equation. The first task of the present chapter is to cast the 
classical equations in a form where the harmonic-oscillator dependence of the 
field variables is suitable for conversion to quantum mechanics. 

Maxwell’s equations for the electromagnetic fields in a nonmagnetic 
medium take the forms 

VxE=-dB l/0f, (4.1) 

1 V x B == e 0 (f7E/df)+J, (4.2) 

e 0 V.E = a, (4,3) 

V.B = 0, (4.4) 

where a and J are the charge and current densities, respectively. The 
quantization procedure outlined in §4,5 is facilitated if the classical Maxwell 
equations are re-expressed in terms of the scalar and vector potentials, and A 
respectively. The fourth of these equations is satisfied identically if B is derived 
from a potential A according to 


B = V x A. 


(4.5) 
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Use of the identity 

VxV<M> (4.6) 


where is a scalar function, then shows that the first Maxwell equation is 
satisfied identically if <j> is defined by 

V0 = -E~(5A /dt), (4.7) 


or equivalently 


E=-V<H2A/4 (4.8) 


If the potentials are known, eqns (4.5) and (4.8) enable B and E to be found. 

The potentials can be determined, in principle, by equations that result from 
substitution of eqns (4.5) and (4.8) into the remaining Maxwell equations (4,2) 
and (4.3), 

, 1 d „, H 2 A _ .... 

V(V.A)-V ! A+ ? ^V^+ ? -jj r = ) ioJ (4.9) 

and 

-e 0 V 2 <M 0 V.(dA/df) = (r, (4.10) 


where eqn (1.15) and the identity 

VxVxA = V(V.A)-V 2 A (4.11) 


have been used. These are the field equations; they determine the fields that 
result from a given distribution of charge a and current J. 

The field equations are quite complicated as they stand owing to the 
mixtures of terms involving A and $ that occur on their left-hand sides. It is 
possible to simplify the equations by the imposition of some additional 
condition on the potentials A and j>. It is important to realize that the 
definitions (4.5) and (4.7) of A and fi do not completely specify the forms of the 
potentials. The potentials can be varied, within certain limits, without any 
resulting change in the observable fields E and B. A transformation of A and </> 
that has this property is called a gauge transformation, 

Suppose that A 0 and <^ 0 are solutions of the field equations for a given o and 
J, The electric and magnetic fields E and B are determined by eqns (4.8) and 
(4.5). Consider a gauge transformation to a new pair of potentials A and $ 
defined by 


A * A 0 -VE (4.12) 

and 

(4-13) 


where S is an arbitrary function of the position r and the time t, It is evident 
from eqn (4.8) that E is unchanged by the gauge transformation; the 
corresponding invariance of B determined by eqn (4,5) is ensured by the 
identity (4.6), which also holds for E. 
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A gauge for the electromagnetic field is specified by some condition on A 
and </>, which can be realized by a gauge transformation from an arbitrary 
pair of solutions of the field equations for the given a and J. It should be 
emphasized that E and B, the physically measurable fields, do not depend in 
any way on the choice of gauge for A and 0. However, the freedom of choice 
provided by gauge invariance can often be used to obtain considerable 
simplifications in the calculations of E and B. 


4.2. The Coulomb gauge 

The electromagnetic field is said to be in the Coulomb gauge when the 
vector potential satisfies the condition 

V.A = 0, (4,14) 

It will be seen later that the Coulomb gauge is convenient for quantization of 
the electromagnetic field, For a field specified originally by a pair of potentials 
A 0 and ^q, it is always possible to transform to the Coulomb gauge by a gauge 
transformation like eqns (4,12) and (4.13), where the function S must be a 
solution of 

V 2 E = V.A 0 . (4.15) 

It should be noted that the potentials are still not completely specified even 
with the imposition of the Coulomb gauge condition (eqn (4.14)); further 
transformations are possible within the Coulomb gauge provided that E 
satisfies 

V 2 E = 0. (4.16) 

The choice of Coulomb gauge is made partly because of the resulting 
simplification in the field equations (4.9) and (4.10) which become 



The scalar potential $ now satisfies Poisson’s equation of electrostatics and 
the formal solution is 1,2 




(4.19) 


where the spatial dependence of (f) and a is explicitly indicated. These 
quantities also depend in general on time, but t does not appear explicitly in 
Poisson’s equation. The charge density to be used in the integral is that at the 
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instant of time for which <j> is required, The scalar potential in Coulomb gauge 
behaves as if it had an instantaneous knowledge of the charge density 
everywhere in space, 

The field equation (4,17) that determines A is still complicated by a term in 
but this can be removed by the following arguments. According to 
Helmholtz’ theorem, 3 any vector field can be written as a sum of two 
components, one of which has zero divergence and the other of which has zero 
curl, For the case of the current density J, the sum can be written 


J — J T + J L , 

(4.20) 

where 

V.J T = 0 

VxJ L = 0; 

(4.21) 

(4.22) 

J T is called the transverse or solenoidal component, while J L is the lon¬ 
gitudinal or irrotational component. 

Consider first the equations satisfied by the longitudinal component. In 
view of eqn (4.21), the usual continuity equation obtained by elimination of the 
fields from eqns (4.2) and (4.3) can be written 

V.J L = -da/dt. 

(4.23) 

Because of the property (4.22), the vector field component J L 
in terms of a scalar potential )//, say, and 

can be expressed 

J L = Vf 

(4.24) 

Substitution in eqn (4,23) gives 


n 

-s- 

i> 

(4.25) 

and comparison with eqn (4.18) shows that i // and must be related by 

i )j = e^/dt. 

(4.26) 

Hence from eqn (4.24) 


J L = e 0 Vr?<p. 

(4.27) 

This result can also be obtained more directly by taking the longitudinal part 
of eqn (4.17). 

The field equation (4.17) can now be simplified, with the use of eqns (4.20) 
and (4.27), to become 

1 c 2 A 

(4.28) 

The scalar potential has been eliminated, and it is shown 

in textbooks on 
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electromagnetic theory 1 ' 2 that the solution of eqn (4.28) is 

A(r,)= %|F^ dV ' < 4 - 29 > 


f'= Hr-r'|/c. (4.30) 

The vector potential at position r and time t thus includes explicitly the effect of 
the finite velocity of light in delaying the arrival at r of the influence of the 
current at a distant point r'. An observer at r can have a knowledge of the 
current distribution at r' only as it existed at the retarded time t given by eqn 
(4.30). M 

The formal solutions to the problem of calculating the field generated by 
charge and current densities a and J are provided by eqns (4.19) and (4.29) for 
(f) and A. The particular form of these equations is a consequence of the 
assumed gauge condition (4,14), but the theory of gauge invariance outlined 
above shows that the derived fields E and B must be independent of the gauge, 
One must beware of reading too much physical significance into the 
potentials j> and A themselves. For example, it appears from a superficial 
consideration of eqn (4.19) that a change in charge density at r' leads to an 
immediate change in the scalar potential at r, contrary to the requirement of 
relativity theory that any information in the electromagnetic field can travel 
only with finite velocity c. It can be shown, 4 however, that the measurable 
fields E and B at r at time t are only affected by the charge and current densities 
at r' as they existed at the retarded time t' given by eqn (4,30), and no violation 
of relativity principles occurs, The expression (4.19) for the scalar potential is 
allowed to be at variance with the known finiteness of the velocity of light 
because is not an observable quantity, Direct physical significance can be 
attached only to E and B, 

The electric vector E can also be divided into transverse and longitudinal 
parts 

E = E t +E l , (4.31) 

where 

V.E T = VxE L = 0. (4.32) 

It is seen with the help of eqn (4.8) that the two parts of E can be explicitly 
expressed as 

E t = -dAfdt (4.33) 

and 

E L = -V0, (4.34J 

where the identity (4.6) and the Coulomb gauge condition (4.14) show that eqn 
(4.32) is satisfied by these components. The magnetic vector B is entirely 
transverse according to the Maxwell equation (4.4). 
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The great advantage of the Coulomb gauge, for the problem of the radiation 
field and its interaction with charges and currents, lies in the separation of the 
field equations and Maxwell’s equations into two distinct parts, The 
longitudinal part is associated with the scalar potential as in eqn (4.34) and 
the relevant field equation is (4.18), Maxwell’s equation (4.3) gives 


V.E L = <r/e 0 , (4.35) 

and the longitudinal current density obtained from eqns (4.27) and (4.34) is 
given by 

4 =-ME Jdt. (4.36) 

The longitudinal equations describe the fields arising from the charges, as 
determined by the equations of electrostatics. 

The transverse part, on the other hand, is associated with the vector 
potential A as in eqn (4,33). The relevant field equation (4.28) has the form of a 
wave equation, and Maxwell’s equations (4.1) to (4.4) give 

VxE t = -flB/flt, (4.37) 

/r 0 " 1 VxB = MMO+JT. (4-38) 

V.E t = 0, (4.39) 


and 


V.B = 0. 


(4.40) 


The transverse equations describe electromagnetic waves, In accordance with J 
eqns (4.28) and (4,38), the electromagnetic waves are influenced only by the J 
transverse part J T of the current density, 

It should be stressed that the separation of the equations into a static part 
associated with the charge density and a dynamic part associated with the 
electromagnetic waves is a formal consequence of the Coulomb gauge 
condition. It is an example of the computational advantages that can be gained 
by the choice of an appropriate gauge. 

4.3. The free classical field 

For the remainder of the chapter we consider the electromagnetic waves in a 


region of space where 

J T = 0 

1 

(4.41) } 

and, hence, from eqn (4.28) 

j 

, 1 d 2 A 


- VA +TTr = 0. 

r dt 2 

(4.42) 


The field in such a region of space is said to be free; the theory of the interaction 
of radiation with atoms requires solution of the more difficult problem where I 
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J T represents the transverse current due to the atomic electrons. The 
interaction of radiation with atoms is treated in Chapter 5, 

The quantization of the electromagnetic field proceeds by the replacement 
of the classical vector potential A by a quantum-mechanical operator A. The 
final manipulation to be carried out on the classical field leads to a form of the 
classical equations in which the transition to quantum mechanics is 
straightforward. 

Let us consider a cubic region of space of side L, similar to the cubic cavity 
illustrated in Fig. 1.1. However, we now regard the ‘cavity’ merely as a region 
of space, without any real boundaries. Instead of the standing-wave solutions 
for the field given in eqns (1.3) to (1,5), we take running waves and subject them 
to periodic boundary conditions, Also in contrast to the calculation of 
Chapter 1, we work with the vector potential instead of the electric field. 

With these preliminaries, the vector potential in the cavity can be expanded 
in a Fourier series 

A = ^ {A k (t)exp(ik .r)+Af(t)exp( - ik. r)}, (4.43) 

where the components of the wavevector k take the values 

k x = 2nv x /L, k y = 2nvJL, k z = InvJL, (4.44) 

witn 

v,, Vj-0, ±1, ±2, ±3,.... (4,45) 

The density of modes defined in this way is the same as for the modes specified 
by eqns (1.3) to (1.5). The Coulomb gauge condition (4.14) is satisfied if 

k.A k (f) = k.A k *(t) = 0, (4.46) 

There are two independent directions of A k (t) for each k, 

The different Fourier components of A are independent and must 
separately satisfy the field equation (4.42), Thus, 


and Ajf(f) satisfies the same equation, The Fourier coefficients therefore satisfy 
the simple-harmonic equation 

(d 2 A k (t)/dt 2 ) + o)l A k (f) = 0, (4.48) 

where 

w k = ck. (4.49) 

The electromagnetic field is quantized by conversion of eqn (4.48) to a 
quantum-mechanical harmonic-oscillator equation. To see how the conver¬ 
sion should be made, it is helpful to express the classical oscillator in terms of 
an effective position and momentum associated with the cavity mode. 
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To this end, let us evaluate the classical energy of the cavity normal mode 
specified by wavevector k. The solution of eqn (4,48) can be taken as 


A k (f) = A k exp(-ift) k t), (4.50) 

and the complete vector potential (eqn (4,43)) becomes 

A = £ {A k exp( - ico k t +ik. r) +Ajf exp(ia) k f - ik. r)}. (4.51) 

k 

The cycle-averaged energy content of a single mode k is 

A 4 J Ml+/‘o- 1 B2)dn (4.521 

cavity 

where the bars denote a cycle average, and E k and B k are the electric and 
magnetic fields associated with the mode. From eqns (4.5), (4,8), and (4.51) 

Ek “ i%{A k exp(-i£%t+ik.r)~ Ajf exp(ico k t—ik.r)}, (4.53) 

B k = ik x {A k exp(-iw k r+ik.r)~ Af exp(ict) k f-ik.r)}. (4.54) 


It is evident from eqns (4,46) and (4.49) that the magnitudes of E k and B k are 
related by eqn (1.18) as expected for a free electromagnetic wave. Substitution 
into eqn (4.52) and evaluation of the time average gives 

& k = 2e 0 F<y k 2 A k .A k *. (4.55) 

where V=L : 3 

The mode variables A k and-A* can be replaced by a generalized mode 
‘position’ coordinate Q k and a mode ‘momentum’ P k in accordance with the 
transformations 

A k = (4€ 0 Kai)- 4 (ffl k fi k +iP k )* k . (4.56) 

and 

K = (4e 0 Vi(olrH^kQk - iF k )s k , (4.57) 

The coordinates Q k and P k are scalar quantities, the directional properties of 
A k and A k having been separated by the introduction of a unit polarization 
vector % for the mode. 

The single-mode energy (eqn (4.55)) is transformed by eqns (4.56) and (4.57) 
into 

A = M +©kfik)- (4.58) 

This is precisely the usual form of the energy of a classical harmonic oscillator. 
The problem of the vector potential associated with a cavity mode has thus 
been made formally equivalent to a classical harmonic-oscillator problem. 
The complete classical Hamiltonian for the cavity is formed by taking a sum 
° v ® r k ' and the two independent directions of e k , of the single-mode expression 
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4.4. The quantum-mechanical harmonic oscillator 

The electromagnetic field is now quantized by conversion of Q k and P k into 
quantum-mechanical position and momentum operators 4 and p A k , As a 
preliminary to this conversion, it is convenient to develop the theory of the 
quantum-mechanical harmonic oscillator in the form most suitable for the 
field quantization. 


The quantum-mechanical Hamiltonian for a one-dimensional harmonic 
oscillator of unit mass is 

iM(p 2 +co 2 <f), 

where p and q obey the usual commutation relation 

(4.59) 

m = i ft. 

Define a pair of operators a and a} to replace q and p, 

(4.60) 

a = {2h(o)~ i [(oq+ip) 
and 

(4.61) 

= (2fao)-*(coi?-ip) 

or, conversely 

(4.62) 

q * (hl2o)f(a+tf) 

(4.63) 

p = ~i (ho)/2)\d-d% 

(4.64) 


The operators a and a* are called, respectively, the destruction and creation 
operators for the harmonic oscillator. As will become clear, they are extremely 
useful, on account of their simple properties. They do not, however, represent 
observables of the harmonic oscillator, as is shown below. 

From eqns (4.61) and (4.62) we have 

d f fl = {2hwy l {p 2 +o) 2 q 2 +\(oqp-io)M) 

= (M~ ! (iMM, (4.65) 

where eqns (4.59) and (4.60) have been used. Similarly 

acfi = (tmy l {^+ L M (4.66) 

The commutator of the new operators is easily found from these results, 

[4^] = ^-^= 1. (4.67) 

From eqn (4.65), the Hamiltonian can be written 

(4.68) 

The combination of operators a f a occurs frequently; it is called the number 
operator of the oscillator, and we denote it 

a = H 


(4.69) 
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In the derivation of Planck’s law in Chapter 1, we have already used the well- 
known result (eqn (1.20)) that the eigenvalues of h are zero and the positive 
integers. This result will now be rigorously derived as part of an investigation 
of the properties of the operators a and a\ 

Let |n> be an energy eigenstate of the harmonic oscillator with eigenvalue 
E„. The eigenvalue equation is 

i| n) = = w. (4.70) 

Multiply both sides from the left by a t , 

= E/\n). (4.71) 

Use of the commutator given by eqn (4.67) on the first term on the left yields 
= E/ln), (4.72) 

which can be rearranged to give 

hw^a^d^n) - $cfi\n) = (£„+/»©)«* |n), (4.73) 

This last equation again has the form of an energy eigenvalue equation. It 

shows that the state a^n} is an eigenstate of the harmonic oscillator with 
eigenvalue E„+hu>, We define the new eigenstate and eigenvalue as 

|n+l> = a» (4.74) 

and 

£ n+1 = E n +ho>, (4.75) 

and equation (4,73) can then be written 

J>+1> -£„ +1 |n+l>. (4.76) 

These results show that, given a harmonic-oscillator energy level there 
exists another level hco above the first. The energy levels thus form an equally- 
spaced ladder. As in classical mechanics there is no maximum energy 
restriction for the harmonic oscillator, and the ladder of levels extends 
upwards to infinity. The situation is illustrated in Fig. 4.1. 

The lower end of the ladder can be investigated by multiplication of the 
energy eigenvalue equation (4.70) from the left by a, Manipulations similar to 
those that led from eqn (4.71) to eqn (4.73) give 

M\n) = (E„-hco)ain). (4.77) 

The state d|n> is thus an energy eigenstate with eigenvalue E n -hco. We define 

, i«-l> = d\n) (4.78) 

and 

= E„~ha), 


(4.79) 
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■E„ 



- e^\hu 

~ “ Eo = \ti(o 

.. E =0 

Fig. 4.1. Energy-level diagram for the quantum-mechanical harmonic oscillator, showing the 
roles of the creation operator and the destruction operator a in respectively adding and 
subtracting a quantum hw to or from the energy. 

so that eqn (4.77) becomes 

#|n-l> = £ B _ 1 |n-l>, (4.80) 

The ladder of energy levels thus extends downwards with equal steps hw. 
However, the ladder must have a lower end because the oscillator kinetic and 
potential energies are positive quantities, and the eigenvalues are not allowed 
to be negative. Let |0> be the ground state with energy E 0 . Eqn (4.77) gives, for 
the ground state, 

= (£ o -Mfl|0>. (4.81) 

Since by hypothesis there is no eigenstate of lower energy than the ground 
state, the only solution of eqn (4,81) consistent with this physical interpre¬ 
tation is 

fl|0> = 0, (4.82) 

This ground-state condition can be used to determine E 0 , since the eigenvalue 









and it follows from eqn (4,75) that j 

£„ = (n+^w, n = 0 , 1,2,.,., (4.85) | 

the usual result for the harmonic oscillator. 

Fig. 4.1 shows the energy-level scheme and indicates the roles of d and d f in, j 
respectively, destroying or creating a quantum ha in the oscillator’s excitation 
energy, and thus producing a step down or up the ladder. The states |n) are [ 
simultaneous eigenstates of $ and n, \ 

n\n) = d f d|n> = n|n>. (4.86) [ 

The eigenvalue of n indicates the number of quanta ha excited above the | 

oscillator ground state, 

The above derivation has not paid any attention to normalization of the 
eigenstates |?i>, Additional factors appear in the equations that relate different 
eigenstates if the states are normalized, The normalization conditions are 

<n-l|n-l> = <n| n> = <n+l|n+l> = 1. (4,87) 

Consider the effect of these conditions on eqn (4.78). For |n> and \n -1 > to be 
normalized it is necessary to insert a numerical factor ( i n in eqn (4.78), which 
becomes 1 

»>-i> = %>• (4.88) | 

Multiply both sides from the left by their Hermitian conjugates, 

<n-l|^J»-l> = <«l^|n>, (4.89) 

or with the help of eqns (4.86) and (4,87), !; 

K,P = n. (4.90) 

We take the phase of the normalization constant to be zero, as usual, and eqn 1 

(4.88) becomes ‘ 

a\n) = h*|n-l>.' (4.91) | 

A similar analysis for eqn (4.74) produces the result S 

fl f |n> =.(n+l)*|n+1). (4.92) I 

We shall always use eqns (4.91) and (4.92) in preference to eqns (4.74) and (4.78) § 

since we wish to work with the normalized eigenstates, Note that the ground- I 
state condition (4.82) is included in the general result (4.91) as a special case. I 
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Different energy eigenstates of the harmonic oscillator are, of course, 

orthogonal and it follows from eqns (4.91) and (4.92) that the only non- 
vamshing matrix elements of a and d* are those of the types 

<n-l|d|n> = $ (4.93) 

<n+l|a f Jn) = (»+i)i, (494) 

Every Hermitian operator 0 has matrix elements that satisfy the condition 5 

(0\j) = (4.95) 

It is clear that & and d f are not Hermitian operators, and according to the 

general principles of quantum mechanics 5 they cannot represent observable 
quantities. Their property of destroying or creating a quantum of energy, when 
applied to an energy eigenstate of the oscillator, is, however, easily appreciated 
in a physical sense. The simple matrix-element properties (eqns (4.93) and 
(4.94)) of the destruction and creation operators make them more convenient 
to manipulate than the position and momentum, to which they are related bv 
eqns (4.63) and (4.64). 

Problem 4.1 . Prove that the nth excited state of the oscillator can be expressed 
in terms of the ground state according to 

|n> = (n!)"W|0>. (4.96) 

Problem 4.2. Prove by expressing q and p in terms of a and d f that 

<n|? 2 |n> = (fi/wXn+i), (4.97) 

and 

(n\p 2 \n) = M«+i). (4.98) 

Problem 4.3. Prove that 

(n -I- 3)(n+2)<n| (o^d 4 ^ |n) = («-l)(n-2)<n!a 3 (a t ) 4 a|«). 

(4.99) 


Problem 4.4. Prove the commutators 


[d,((f) 2 ] = la\ 
[a 2 , a f ] = 2d, 


(4.100) 


and, in general, where n is a positive integer, 

[d,^)"] = n(d f r l 

and (4.101) 

[a", d f ] = nd" -1 . 


Hence show that 


[d,ex pOT = j?exp (jJd f ). 


(4.102) 
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4.5. Quantization of the field 


The electromagnetic field is now quantized by the association of a quantum- 
mechanical harmonic oscillator with each mode k of the radiation field. The 
mode to which a quantum-mechanical operator refers is indicated by a 
subscript; thus d{ and 4 are the operators that create and destroy a quantum 
of energy ha k in the cavity electromagnetic-field mode of wavevector k. These 
quanta are the photons of wavevector k; the number of photons k excited in 
the cavity is determined by the eigenvalue n k of the appropriate number 

operator n k = 44, and has possible values 0,1,2.The excitation level of a 

cavity mode k is determined by its eigenstate |n k >. The creation and 
destruction operators for mode k applied to k> obey the rules (4.91) and (4.92) 
derived above, _ ' 


4l«k> = 

(4.103) 

4 k) = k+i^k+O- 

(4.104) 


The states of the total radiation field in the cavity can be specified by the 
numbers of photons n kl , n kl , n kl> ... excited in the complete set of cavity modes 
k 1# k 2) k 3 .... In counting the normal modes, it must be remembered that for 
each wavevector k there are two independent directions of the mode 
polarization s k (see the following section). It is usually convenient, however, 
not to display the mode polarization explicitly, since this would complicate 
much of the notation, We thus let the single symbol k stand for both the 
wavevector and polarization of a mode, With this convention, the phrase ‘a 
particular normal mode k’ implies that both the wavevector and polarization 
of the mode are specified. 

A state of the total field can be written |n kl , n k2 , n ki ,...), and is specified by a 
string of numbers, with the convention that the cavity modes are arranged in 
some particular order as, for example, in Fig. 1.4. Since the different cavity 
modes are independent, the state of the total field can be written as a product of 
the states of the individual modes, 

= l«k t )K 2 >l w k3> ( 4 * 105 ) 

The states of the individual cavity modes will always be assumed normalized, 
and it follows that the total state (eqn (4,105)) of the field is also normalized. An 
operator that refers to a particular normal mode k ; affects only the photons in 
that particular mode, for example, 

= (»k ( +l) i l»k 1 .»k 2 .nk 3 v.M«k ( +l,...>. 

(4.106) 

which is merely an application of the rule (4.104) to the product state of eqn 
(4.105). 
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The notation (4.105) is rather cumbersome, and we shall sometimes denote 
the states of the total field by the short-hand 

IW) = K)K)\n ki ) .... (4.107) 

The symbols {n k } here denote the complete set of numbers that specify the 
excitation levels of all the harmonic oscillators associated with the cavity 
modes. There is always, of course, an infinite numbers of oscillators. The |{« k }> 
form a complete set of states for the electromagnetic field in the cavity when 
every member n kl of the set {n k } is allowed to take on the values zero and all the 
positive integers. 

So much for the basic states of the radiation field. The classical vector 
potentials A k and Ajf for cavity mode k expressed in terms of P k and Q k by eqns 
(4.56) and (4,57) are now converted into quantum-mechanical operators 
expressed in terms of 4 and q k by means of the straightforward substitutions 

A k = (4e 0 V w k )" *(a) k <2 k +iP k )e k -> 

(4e 0 V(o k )~ *(m k q k + \p k \ = (fi/2e 0 K© k )*d k e k , (4.108) 
A* = (4e 0 Fco k 2 )" i (Wk<2k-iT k K - 

(4e 0 Fm k 2 r ‘MrjAX = (4.109) 

The relations (4.61) and (4,62) have been used in the last steps of these 
equations. 

The transition from classical to quantum mechanics thus consists of 
the replacement of the classical Fourier coefficients A k and A k by the destruc¬ 
tion operator d k and the creation operator d{, multiplied by a numerical factor 
and a unit vector. The quantum-mechanical expression for the total vector 
potential is obtained by substitution of eqns (4.108) and (4.109) into eqn 
(4.51), 

1 = £(ft/2e 0 Fm k )VA exp(—ioj k f -(- ik. r) -f- ^ exp(i<u k £-ik,r)}. 

k 

(4.110) 

Note that the vector potential is now an operator, and it must be manipulated 
in accordance with the operator properties of the 4 and 4- 

The corresponding results for the electric and magnetic field operators £ k 
and B k associated with mode k are obtained by making similar substitutions in 
eqns (4.53) and (4.54), 

£ k = i(fau k /2e 0 F)*« k {d k exp( - ico k t+ik. r) - 4 exp(io) k f—ik.r)}, (4.111) 

B k = i(ft/2e 0 Fco k )*k x s k { (4 exp( - ia) k r+ik. r) - aj exp(ico k f—ik.r)}. 
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The operators for the total transverse electric and magnetic fields are then 
fir = in, (4.113) 

k 

fi=in. (4.U4) 

k 

As a first calculation that uses the field operators and B k , we consider 
the electromagnetic energy content of mode k for the state where n k photons 
are excited, The classical formula (4,52) for the field energy becomes 


h « \ j <« k |e 0 E k .E k+/ u 0 - 1 fi k .B k |n k > dK, (4.115) 

cavity 

where the bar again denotes a cycle average, to be taken after evaluation of the 
matrix element, 

Problem 4.5, Prove that 

e o( M klE k -E k |n k ) = /fo^klMkk) 

= (hco k /V)(n k +j), (4.116) 

and hence that the mode energy is 

i k = fc+Jtok. (4.117) 

Note that no cycle-averaging is in fact necessary since the matrix 
element is time-independent, 

The result for the mode energy is, of course, the usual harmonic oscillator 
expression, as assumed in the derivation of Planck’s law in Chapter 1. 
However, the energy expression is now a consequence of the quantization of 
the electromagnetic field at the more fundamental level embodied in the eqn 
(4,110) for the vector potential operator A. It should be noted that the 
quantization procedure is such as to guarantee the energy expression to be of 
the form shown in eqn (4.117); in other words, the choice of numerical factors 
in the transition to quantum-mechanical operators is governed by the 
requirement that the mode energy should have the harmonic-oscillator form, 
both in the classical and quantum-mechanical theories. 

The Hamiltonian for the total electromagnetic field in the cavity consists of 
a sum of terms like eqn (4,68), which we denote by 

A = (4.118) 

k 

The total energy of the radiation for cavity state |{n k }> is then 


k k 

being a sum of the single-mode contributions of eqn (4.117). 


! 

I 


(4.119) 
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Problem 4.6. Prove the commutation relation 

A,A] = i ht T . (4.120) 

Problem 4.7. Prove that the form 

A = \^T+Po l ^)dV (4.121) 

for the Hamiltonian of the radiation field is equivalent to the 
expression (4.118) above, 


4.6. Field commutation properties 

The field operators do not all commute amongst themselves and it is 
necessary for later use to consider some of their commutation properties. With 
the aid of the basic commutator (4.67), it is simple to show that Cartesian 
components of the electric field operator (4,113) and the vector potential 
operator (4.110) have the commutator 

E4M(r')] 

= (ifi/2e 0 V )£ fi ki e k y{exp[ik.(r- r')] +exp [ -ik. (r - r')] }, (4.122) 

k 

where the operators are assumed to have a common time but the different 
spatial positions indicated, 

In order to proceed further it is necessary to carry out the wavevector 
summation, which also includes a summation over the two independent mode 
polarizations. The polarizations have so far only appeared through the factor 
of 2 that they contribute to the density of modes in eqn (1.8). It is now 
necessary to consider their effect in greater detail, Let k , 9 and (j) be the polar 
coordinates of the wavevector k, so that its Cartesian components are 

k = /c(sin 0 cos <j), sin Osin <j>, cos 0). (4.123) 

Then possible choices for the transverse polarization vectors are 

« k (l) = (sin <£, —cos </>, 0) (4.124) 

and 

« k (2) = (cos 9 cos r/>, cos 9 sin (j), - sin 0), (4.125) 


It is easily verified that 

U1)yi)+M2K;(2) = & ir UJk\ 

where 

fl for i = j 
iJ (0 for 


(4.126) 

(4.127) 


The result (4.126) holds for any choice of orthogonal polarization vectors. 
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It is convenient to convert the summation over k in eqn (4.122) to an 
integration. The conversion is given by eqn (1,11) except that the function to be 
integrated is not isotropic in wavevector space, and the two polarizations are 
taken account of in eqn (4.126). The appropriate relation is 

l - W2.) 3 )jdk, (4.128) 

where the integration runs over all of three-dimensional wavevector space, 
Note that eqn (4.128) reduces to eqn (1,11) for integration over an isotropic 
function, where the volume element becomes ink 1 dk, and when the effect of 
the two polarizations is a simple doubling of the result. 

With these changes, and noting that the two terms in the large bracket of eqn 
(4.122) make the same contribution to the commutator, we find 

[£ Tl .(r), A } ( r')] = exp[ik.(r~r')]. (4.129) 

The integration on the right-hand side produces a singular result and it can be 
written in terms of a Dirac delta-function, 6 It has the property of extracting the 
transverse part of any vector field, and we make a slight digression to establish 
this result, which is needed in Chapter 5. 

Let V(r) be any vector field and let V(k) be its Fourier transform, related by 

V(r) = {l/(2ji) 3 }jdkV(k)exp(ik,r). (4.130) 

By the ordinary expansion of a vector triple product, we can write 

V(k) = V T (k)+V L (k)’ (4.131) 

where 

V T (k) = {k x V(k)} x (4.132) 

V L (k) = {k.V(k)}k/k 2 . (4.133) 

The corresponding separation of V(r) obtained from eqn (4,130) is 


where 


V(r) = V T (r)+V L (r), 


(4.134) 


These clearly satisfy 
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V.V T (r) = 0 (4.137) 

v *V L (r) = 0, (4.138) 

and they are the transverse and longitudinal parts of V(r) defined in 
accordance with eqns (4,21) and (4.22). 

When the transverse part (4.135) is written in terms of Cartesian compo¬ 
nents, the wavevectors occur in the same form as on the right-hand side of eqn 
(4.129). It is possible to establish a simple result that will be useful in §5.2. 

Problem 4.8 . If V(r) is a vector field that commutes with fi T (r), prove that 

|dr'[£ T (r),A(r').V(r')] = (ih/e 0 )V T (r). (4.139) 

The commutators of other combinations of field operators are found in a 
similar manner. 

Problem 4.9. Prove the following commutation relations for operators taken 
at common times 

&,«.%')] -[iMfyo] 

= 

= [to Ami 

= 0. (4.140) 

Problem 4.10. Prove that 

%')] = {ft/(27c) 3 € 0 }Jdk/c A expfik.(r-r')] (4.141) 

if ijh are a cyclic permutation of xyz, The sign of the result is 
changed for a non-cyclic permutation and the commutator 
vanishes for i = j. 

4.7. The zero-point energy 

The state of the electromagnetic field in which no photons are excited in any 
of the field modes, i,e, 

» kl = \ = »k 3 = ••• - 0 (4.142) 

is called the vacuum state of the field, This state has the interesting property 
that although no excitations are present, the total energy does not vanish. 
According to eqn (4.119) the energy of the vacuum state is 

■h = 

k 


(4.143) 
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The quantity $ 0 is called the zero-point energy of the field; it is the sum of the 
energies of the ground states of the harmonic oscillators associated with all the 
field modes. 

The summation in eqn (4.143) can be converted to an integration by use of 
eqn (1.11), and the zero-point energy becomes 

£ l} = J(K/iw k 3 /2rc 2 c 3 ) dco k . (4.144) 

The allowed frequencies w k have no upper bound, and the integral is thus 
highly divergent, The zero-point energy is accordingly infinite, an awkward 
feature of the quantized electromagnetic field, and one whose significance is 
difficult to explain in a satisfactory manner. 

Fortunately for the quantized field theory, it turns out that, in extracting 
theoretical results for comparison with experiment, there is no great em¬ 
barrassment in the existence of the infinite zero-point energy. No measure¬ 
ments have been devised in which an apparatus would register a response 
proportional to the zero-point energy. Practical experiments respond to some 
change in the total energy of the electromagnetic field. The infinite zero-point 
energy is a matter of conceptual difficulty in quantized radiation-field theory, 
but it does not lead to any infinite predictions for the results of the experiments 
considered in the present book. 

In the vast majority of experiments, the measured response is proportional 
to the excitation energy of the field above its zero-point value. We denote this 
energy by a prime, 

*' = £~£q = Z#' k , (4,145) 

where k 

h = Ufa*. (4.146) 

For example, the determination of the intensity of a light beam is a 
measurement where the result is proportional to i' rather than 4. The theory 
of this type of experiment is fully discussed in §5.7. 

A smaller class of experiments consists of measurements where some change 
in the zero-point energy itself is detected. Consider a closed cubic cavity with 
standing-wave solutions for the electromagnetic field, as given by eqns (1.3)- 
(1,5), The smallest frequency allowed in such a cavity is 

co k = 2 hc/L, (4.147) 

as indicated in Fig. 1.4. This frequency must be the lower limit on the 
integration of eqn (4.144) which determines the zero-point energy in the closed 
cavity. The zero-point energy thus depends on the magnitude Lof the cube ; 
edge, and the energy can be lowered by change in L. The cavity walls 
accordingly experience a force associated with the zero-point energy. Note f 
that the cavity dimensions affect only the lower limit of the integral in eqn I 
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(4.144), and the change in the zero-point energy produced by variation in the 
size of cavity is a finite quantity. 

Such zero-point effects are known as van der Waals forces. They act between 
all macroscopic bodies since the space between the bodies forms an effective 
optical cavity. They are however very weak and have a short range, with 
contributions proportional to the inverse third and fourth powers of the 
separation between the bodies 7 . The strength of the force depends upon the 
boundary conditions at the cavity walls and hence upon the dielectric 
properties of the materials involved. Recent accurate measurements 8 for an 
open-sided cavity formed by a pair of plates separated by distances in the 
range OT to 1 gm have confirmed theoretical predictions for the size and 
variation of the van der Waals forces. 

4.8. The mode phase operators 

Because of the independence of the excitations in different modes of the 
cavity, it is permissible to examine the modes one at a time. For the next several 
sections we restrict attention to a particular mode k of the electromagnetic 
field, having specified polarization. With this understanding, the subscript k 
can be dropped from the variables that describe the mode under con¬ 
sideration, and the electric and magnetic fields can be written as scalars. 

In the classical theory of light waves, it is convenient to write the complex 
electric field as a product of a real amplitude and a phase factor, as in eqn 
(3.46). If this procedure is followed for the classical electric field of eqn (4.53), 
the single-mode contribution can be written 

E = ^jE 0 {exp(—i&)f+ik. r+i0) 4- exp(icot—ik. r—i<^)}. (4.148) 

It is similarly convenient in quantum mechanics to make a separation into 
amplitude and phase factors. To do this, it is necessary to introduce the 
concept of phase into the quantum-mechanical description of the field. 

The single-mode quantum-mechanical electric-field operator obtained from 
eqn (4.111) is 

E = i(ha>/2e 0 Vfi {d exp( - mt +ik. r)—a t exp(icof - ik. r)}, (4.149) 
and it can be expressed in a form analogous to eqn (4.148) if ft is separated into 
a product of amplitude and phase operators, There is in fact no unique 
prescription for the way in which the separation should be accomplished in 
quantum mechanics and there is a corresponding degree of arbitrariness in the 
definition of the quantum-mechanical phase operator. The main con¬ 
siderations are that the quantum-mechanical phase should have the same 
significance as the classical phase in the appropriate limit, and that the phase 
should be associated with Hermitian operators so that it is (at any rate in 
principle) an observable quantity. 
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Consider the phase operator exp(i0) defined by the relation 9 

a = (n+l)* exp(i0), (4,150) 

where n is the number operator defined in eqn (4.69). The Hermitian conjugate 
relation can be written 

^ = e^p(-i0)(n+l)^. (4.151) 

The exponential operators defined by these two equations describe the 
quantum-mechanical phase of the electromagnetic field. We shall show that 
they generate the analogous classical phase factors in a suitable limit. 

The basic properties of the phase operators can be calculated from the 
known properties of the creation, destruction, and number operators. 
According to eqns (4,150) and (4,151) 


e&p(i0) = («+l)"*a 

(4.152) 

and 


exp(-i0) = a + (n-f l) _i . 

(4.153) 

From eqns (4.67) and (4,69) 


0 = /i+1 

(4.154) 

and it therefore follows that 


exp(i0)exp(—i0) = 1. 

(4.155) 


Note however that the reverse-order product of exponential operators is not 
equal to unity; the expressions should not be regarded as exponential 
functions of a phase operator and the operator symbol is accordingly attached 
to exp rather than to 0 in the above expressions. 

The results of applying the exponential operators to the states |n> can 
readily be calculated with the help of eqns (4.86), (4.91), and (4.92), 

exp(i0)|«) = (n+l)~*n*|n-i) = |ij - 1 > for MO 

= 0 for n = 0, (4.156) 

e^p(-i 0 )|«> = ^( n+ i)-i[ n > = | n+ i>. (4,157) 

The two exponential phase operators thus have non-vanishing matrix 

elements 

<n~l|e*p(i0)|n) = l (4.158) 

and 

<n+l|e*pH0)|n> = l. (4.159) 

and all other types of matrix element are zero. These results are similar to the 
matrix elements of eqns (4.93) and (4.94) of the destruction and creation 


The quantized radiation field 143 

operators except that eqns (4.158) and (4.159) do not include the normalization 
factors of these latter matrix elements, 

The above equations display the formal properties of the phase opera¬ 
tors that arise in the decompositions of a and d f into amplitude and 
phase contributions. It is seen from eqns (4.158) and (4.159) that exp(i0) and 
e*p(-i<£) do not satisfy the relation (4.95); therefore they are not Hermi¬ 
tian operators, and they cannot represent observable properties of the 
electromagnetic field. They can, however, be combined to produce another 
pair of operators 


cos 0 = £{ejlp(i0)+exp(-i0)} 

(4.160) 

and 

sin 0 = ir{ e ^P(i^)-e^p(-i^)}, 

(4.161) 

whose non-vanishing matrix elements are 


<n-l|cos 0| n) = <n|cos 0|n-l> = \ 

(4,162) 

and 

<«-l|sin0|tt> = — <n|sfn 0|n~l> = l/2i. 

(4.163) 

These matrix elements do satisfy eqn (4.95) and the operators cos 0 and sin 0 
are Hermitian. We adopt them as the quantum-mechanical operators that 
represent the observable phase properties of the electromagnetic field, 

Problem 4.11. Prove the commutation relation 


[c6s 0, sfn 0] = {^(n+l) -1 fl-l}/2i 

(4.164) 

and hence show that all matrix elements of the commutator are 
zero except for the diagonal ground-state matrix element 

<0| [cos 0, stn 0]|O> = -l/2i, 

(4.165) 

Problem 4.12. Prove the commutation relations 


[n,a] = -a 

(4.166) 

and 


[n,a f ] = 

(4.167) 

and hence show that 


[«>e*p(i0)] = -exp(i0) 

(4.168) 

and 


[n,e*pH0)] = e£p(-i 0). 

(4.169) 

and that 


[n,cos 0] = ~i sin 0 

(4.170) 

and 


pi, sin 0] = i cos 0. 

(4.171) 
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The above commutation relations show that the number and phase 
operators do not commute and it is therefore not possible, in principle, to set 
up states of the radiation field that are simultaneous eigenstates of two of the 
operators. The amplitude of an electromagnetic wave, associated with ri, and 
the phase, associated with c6s <f> or sm cf), cannot both be precisely specified. 
The results of measurements of the amplitude and phase are governed by 
uncertainty relations derived from eqns (4.170) and (4.171) in the usual 
way 10 ’ 11 

An A cos > ||(sin fi)\ (4.172) 

AnAsin^i|<c6s0>|. (4.173) 

Here A indicates the root-mean-square deviation of a series of measurements 
of the quantity that follows it, for a state of the field in which cos <j) and sin 
have the respective expectation values <cos and <sin fi). Some examples of 
the operation of these photon number-phase uncertainty relations are given 
later in the chapter. 

We have therefore shown that the separations (eqns (4.150) and (4.151)) of 
the creation and destruction operators into amplitude and phase con¬ 
tributions lead to phase operators that do not commute with the amplitude 
operator. The resulting uncertainty relations are a characteristic feature of the 
quantized radiation field, 

4.9. Physical properties of the single-mode number states 

The single-mode number states |n>, where exactly n photons are excited, 
are energy eigenstates of the' harmonic oscillator associated with the elec¬ 
tromagnetic field in the mode. The number states are a very convenient 
complete set of states for the mode and they have simple properties. They are 
not of direct significance in the interpretation of experiments since the 
electromagnetic waves generated by practical light sources do not have 
definite numbers of photons, but we briefly consider their main features. 

The uncertainty in the photon number is clearly zero for the states |n), 


An = 0. 

For the phase operators, use of eqns (4.162) and (4.163) gives 

(4.174) 

<n|c6s - <n|sin fi\n) = 0 

and 

<n|cos 2 0|n> = <w|sin 2 ^t«> = 2 f° r n & 0. 

(4.175) 

= ! for n = 0. 

(4.176) 

Thus, if the n - 0 state is excluded from consideration, the phase un¬ 
certainties are 

A cos (j) = A sin = 2"*, 

(4.177) 
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appropriate to a phase angle that is equally likely to have any value between 
0 and 271. Note that the results (4.174), (4.175), and (4.177) are consistent with 
the uncertainty relations (4.172) and (4.173), 

The expectation values of the electric field and its square can be found with 
the use of the electric-field operator (4.149), 

<»|£|«) = 0 (4,178) 

and 

<n|l» = (fta>/e 0 K)(n+i), (4.179) 

in agreement with eqn (4.116). The root-mean-sauare deviation of the electric 
field is thus 

A E = (ko/e 0 vm\)K (4.180) 

Fig. 4.2 shows a pictorial representation of the single-mode excitation for 
state |n>. The vertical axis represents the electric field at some fixed point in the 
cavity as a function of time. The field oscillates like a sine wave of known 
frequency ox The above analysis shows that the electromagnetic wave am¬ 
plitude can be represented by a quantity 

£„ - (2ftm/e 0 F)*(n+i)±. (4.181) 

However, the lateral position of the wave along the horizontal axis is 
completely undetermined owing to the complete uncertainty in the phase 
angle. This is indicated in the figure by the inclusion of several waves, all of the 
same amplitude and frequency, but with their nodes progressively displaced 
along the axis. In fact, the possible horizontal positions of the wave form a 
continuum, and the field at any time can take a continuous range of values 
between -E 0 and E 0 . 

Any pictorial representation of a quantum-mechanical state must be 
treated with caution. Fig. 4.2 reproduces the various uncertainties shown in 
eqns (4.177) and (4.180), and also ensures the vanishing of the expectation 
values given in eqns (4.175) and (4.178). However, it does not in general agree 
with the higher-order expectation values and can only be taken as an accurate 
representation in the limit n » 1. 

Problem 4,13. Evaluate the expectation value <n|£ 4 |n> and show that it 
exceeds the corresponding average for the sine waves of 
Fig. 4.2 by an amount 

3 fhto V 

2 W/ ‘ 

Since this is independent of n, the importance of the discrep¬ 
ancy that it represents diminishes for large n. 
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Fig, 4,2, Pictorial representation of the electric-field variation in a cavity mode excited to state 
|n). The sine waves should more accurately form a horizontal continuum. The amplitude E 0 is 
defined in the text. 


4.10. The coherent photon states 

The single-mode states of physical importance correspond not to the 
individual number states but to linear superpositions of the states |n>. There is 
of course a wide variety of possible superposition states, but one kind, the 
coherent state, is of particular importance in the practical applications of the 
quantum theory of light. It should also be mentioned that another kind of 
superposition state can be constructed for which the uncertainties in the 
expectation values of the phase operators c6s 0 and sin are both equal to 
zero. 9,12 Such states have an infinite uncertainty An in the photon number n 
and are in some sense complementary to the number states |n); they cannot 
however be excited in any real experiment, and we do not consider them 
further. 

The coherent states, so called for reasons that will be apparent from the 
treatment of the quantum theory of coherence in Chapter 6, are denoted by 
|«>. They have an electric-field variation that in the limit of high excitation 
approaches that of the classical wave of stable amplitude and fixed phase 
shown in Fig. 3.8. They are important not only because they are the closest 
quantum-mechanical approach to a classical electromagnetic wave, but also 
because a single-mode laser operated well above threshold generates a 
coherent state excitation, as discussed in Chapter 7. 

Consider the properties of the state |a) defined as the following linear | 
superposition of the number states, 13 

' I«> = exp(-i|a| 2 )X~| |n>. 
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In this expression a can be any complex number, and the coherent states so 
defined form a double continuum corresponding to the continuous ranges of 
values of the real and imaginary parts of a. It is easily verified that |«> is 
normalized, 

a*V 

<a|a> = exp(-|a| 2 )£— = 1. (4.183) 

The states are not however orthogonal, since for two different complex 
numbers a and jS, 


<«|0> = expHMMimi^J 

(4.184) 

= expHMM|#+»*0), 

K«l»l 2 = exp(-|«-/fi 

(4.185) 


It is apparent from the definition eqn (4.182) that there are many more 
coherent states |a> than there are states |n>. The |a) form an overcomplete set 
of states for the harmonic oscillator, and their lack of orthogonality is a 
consequence of this. Note, however, from eqn (4.185) that the states |a) and |/J> 
become approximately orthogonal if |a-j8| is much greater than unity. 

The coherent states are eigenstates of the destruction operator, since 

a|a) = exp(-i|a| 2 )£^ n*|n-1), = a|a>. (4.186) 

The complex number a that labels the coherent state is thus the eigenvalue of 
the destruction operator. Note, however, that the state |a> is not an eigenstate 
of the creation operator since the summation over n analogous to that in eqn 
(4.186) cannot be rearranged to reproduce the coherent state in the case of 
d f |a). An alternative approach to the coherent state is to take the eigenvalue 
eqn (4.186) as its definition; the expansion of eqn (4.182) can then be derived as 
one of the consequences. 13 

The relation (4.96) can be used to rewrite the definition (4.182) of the 
coherent state as 

|«> = exp(-!|«| ! )T^ |0> = expM'-iW ! )|0>. (4.187) 

Problem 4,14. Prove that the creation operator cT has no normalizable 
eigenstates, 

Problem 4.15, The result 

exp(c)exp(i) = av{c+h\[cj]) (4,188) 


(4.182) 
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can be proved 14 for any pair of operators c and 1 that commute 
with their commutator 

mtn - rtR-to = o. (4.189) 

With the help of this expression, cast eqn (4.187) into the 
compact form 

|#> = exp^-a^O). (4.190) 

The exponential operator in this equation is equivalent to a 
creation operator for the coherent state. 

It is sometimes convenient to write a in terms of an amplitude and a phase. We 
take 6 as a notation for the phase angle, arga, and write 

ot = |a|e iS . (4.191) 

4.11. Physical properties of the single-mode coherent states 

The properties of a cavity mode excited to a coherent state |a> can be 
determined by the method applied to the number states (it). The expectation 
values for the number operator are 

<«|»|«> = ex P (-|»p)^„ = |»p, (41M) 

<a|ri 2 ja) = exp(-|a| 2 )J^-n 2 

= ex PH«| 2 )E~ {n(n-!)+«} = |a| 4 +|a| 2 , 

(4.193) 

and the root-mean-square deviation is therefore 

An = 14 (4.194) 

The fractional uncertainty in the number of photons in the cavity mode is 

An/<a|n|a> = (a| -1 . . (4.195) 


These results show that |a| 2 is the mean number of photons in the cavity 
mode, and the uncertainty spread about the mean is equal to the square root of 
the mean number of photons. The fractional uncertainty in photon number 
given by eqn (4.195) is proportional to the inverse square root of the mean 
photon number, and decreases with increasing excitation of the cavity mode. 
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This result can be compared with the zero uncertainty in photon number for 
the state |n>, shown in eqn (4.174). 

The definition (4.182) shows that the probability of finding n photons in the 
mode is 

|>y|2fl 

|(n|a)| 2 = exp(-|a| 2 )~, (4.196) 

This is a Poisson probability distribution (see ref, 15 and Fig. 6.6) about a mean 
N 2 , and eqn (4.194) is the usual result for the spread of such a distribution. 
The expectation values of the phase operators are given by somewhat 
complicated expressions for the coherent states, 1(1 We restrict attention to the 
cosine operator, and find 


<a|c6s<jf>|a> = ~expH«| 2 )£- 


{(«+!)!»!}* 


= Mcosfl exp(-M 2 )X-~—tt, 

«w(»+l)* (4,197) 

where eqns (4,158), (4.159), (4.182), and (4,191) have been used, The expectation 
value of cos $ is thus proportional to the cosine of the phase of a. Similarly, 


<a|c6s 2 0|a> = $-iexp(-|a| 


|/y|2w 

t|«|W9-})exp(-N i )E „, j ( - ; i l Kt|+2|}> . (4.198) 


It is unfortunately not possible to evaluate the summations in eqns (4.197) 
and (4.198) analytically. There are, however, some simplifications in the limit 
where the mean number of photons in the mode is much larger than unity, The 
following asymptotic expansions 16 , which we quote without proof, can then be 
Used, 


tn\ {(n+l)(n+2)}* 


» 1. (4.200) 


Thus for large mean numbers of photons, the phase expectation values 
become 
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and the phase uncertainty is therefore 

A cos <j> ~ sin 0/214 |«| 2 » 1. (4.203) 

From eqns (4.194) and (4.203), the product of uncertainties is 

An A cos tf) = \ sin 0, |a| 2 » 1. (4.204) 

It is possible to derive a result analogous to eqn (4.201) which shows that the 
expectation value of sin is equal to sin 0 for large |a| 2 . Thus for a large mean 
photon-number, the coherent state |a) has the minimum uncertainty product 
allowed by the general relation (4.172). It is seen from eqns (4.195) and (4.203) 
that the fractional uncertainty in photon number and the phase uncertainty 
both vary like |a| _1 ; as the mean photon-number is increased, the wave 
becomes progressively better defined both in amplitude and in phase angle, 

The coherent states have some analogy in particle mechanics to the wave 
packet, which has uncertainty spreads in both its position and momentum, but 
is the quantum state that reproduces the classical behaviour in the large-mass 
limit. A more thorough treatment of the number-phase uncertainty relations 17 
shows that the uncertainty properties of the coherent states are by no means ! 
unique, and that indeed there exist other states whose uncertainty products ! 
have the theoretical minimum value, which is achieved by the coherent states ! 
only in the |a| 2 » 1 limit. It is the other properties of the coherent states, 
particularly eqn (4,186), that lead to their unique association with the classical 
stable electromagnetic wave, 

The electric-field variation for the coherent state is obtained by evaluation 


of the expectation value of the electric-field operator (4.149), } 

<a|£|a) = P<y/2e 0 K) i {aexp(-imt-f-ik.r)-a*exp(ia)t-ik.r)} 

= - 2(ho)/2e 0 V)* |a| sin(k. r - cut+0), (4.205) j 

where we have used 

<a|a t |a> = a*. (4.206) f 

Similarly, 

<a|is 2 |a> - (fiw/2e 0 F){4|a| 2 sin 2 (k.r-mt+0)+l}, (4.207) j 

and the root-mean-square deviation in electric field is therefore 

A£ = {ho)/2e 0 V)i (4.208) j 


Note iJmt the results of the present paragraph apply irrespective of the t 
arap itude of the wave, unlike the previous two paragraphs where large l 

amplitude approximations were made. 

, The time dependence of the electric field at a fixed point in the cavity is I 
illustrated in Fig, 4.3 for coherent states |a> all having the same phase angle, I 
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Tf'i 3, P ‘ clonal representation of the electric-field variation in a cavity mode excited to state 
!“/_ Thie f e values of the me an photon number |a| 2 are shown, the vertical scales being 
amerent for the three cases. The uncertainties in field values are indicated by the vertical widths 
2A£ of the sine waves. These widths can also be regarded as combinations of the amplitude 
uncertainty associated with An and the phase uncertainty associated with A cos <j>. 

but three different values of the mean photon number. Since the uncertainty 
A£ given by eqn (4.208) is independent of the wave amplitude, the definition of 
the waves improves with increasing \a\ 2 . It is clear from the figure that the 
electric-field variation resembles that of a classical stable wave more and more 
closely as the mean number of photons in the coherent state is increased 
(compare Fig. 3.8). This is not a general property of the mode excitations and, 
for example, the number states |n) do not tend towards the classical form when 
the photon number is much larger than unity. 

It is seen by comparison of eqns (4,148) and (4.205) that in the classical limit 
the coherent state |ot} corresponds to a classical wave whose phase angle is 
determined by the phase 0 of a, and whose electric-field amplitude is related to 
M by 

E 0 = (2ftm/€ 0 F)*|4 (4.209) 

If the phase angle 6 is chosen to be -ti/ 2, then eqn (4.191) gives 

a = -i|4 (4.210) 

and eqn (4.205) becomes 

<<x|£|a> = £ 0 cos(k.r-cut), 


(4.211) 
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identical at the origin r = 0 to the electric-field variation (2.92) used in the 
semiclassical theory of the atom-radiation interaction. 


4.12. The radiative density operator 

The number and coherent state excitations are pure states of the radiation 
field, the former being a particular state |n> and the latter being expressible as a 
definite linear combination of the basic number states |n>. No difficulty is 
presented by the generalization of the calculations given above to pure states 
of the complete radiation field in the cavity; the state of the total electromag¬ 
netic field is formed by a product of the states of the individual modes in the 
usual way, and any calculation for the multimode field reduces to a series of 
calculations for the single-mode fields taken one at a time. 

There exist however mode excitations that are not expressible as definite 
linear superpositions of the complete set of basic states |n>, and their treatment 
requires a more radical generalization of the theory. Some parallels can be 
drawn between the descriptions of light beams that occur in classical and 
quantum-mechanical theory, Thus, while the electric field of the classical 
stable wave illustrated in Fig. 3.8 is specified by a definite amplitude and phase, 
the electric field of the light beam from a chaotic source is shown in Chapter 3 
to be specifiable only in terms of a probability for the field to have particular 
values of amplitude and phase. A similar situation occurs in quantum 
mechanics where the nature of a chaotic light source excludes the possibility of 
any definite prediction of the state of the emitted field, and only a probabilistic 
description is feasible, When all that can be specified is a set of probabilities 
that the radiation will be found in a range of states, each corresponding to a 
different linear combination of the basic number states, then the state of the 
field is called a statistical mixture. 

Statistical distributions are introduced into quantum mechanics by means 
of the density operator. The matrix elements of the density operator for a two- 
level atom have already been used in the derivation of the optical Bloch 
equations in Chapter 2, It is however useful to review some general properties 
of the density operator and its matrix elements that are needed in applying 
quantum statistical theory to the radiation field, The pure state is a special case 
of the statistical mixture and both kinds of state are included within a com¬ 
mon theoretical framework. 

Let us consider a cavity electromagnetic field for which there is a known 
probability P R that the field is in state | R). Here R is a label that runs over a set 
of pure states sufficient to describe the field. For a single cavity mode the states 
I R) could be the number states |n> or the coherent states |ot) or they could be 
some other type of pure state. For the complete cavity field, the states |H> 
would be all possible products of the single-mode states, with one state for each 
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mode of the cavity included in each of the basic states | R). The states given by 
eqn (4.107) are a possible set |i?>, based on the single-mode number states, The 
state described by the probability P R is a statistical mixture; the magnitudes of 
the P R for a given set of pure states | R) contain all the available information 
about the state. 

An example of a statistical mixture is provided by the thermal excitation of 
photons in a cavity mode, derived in Chapter 1 as a step on the way to Planck’s 
law. The most detailed description that can be given in this case is the 
probability P„ in eqn (1.26) that n photons are excited at temperature T. The 
distribution P„ is an example of the general probability P R introduced above. 

The result of an experiment that can be carried out on a beam of light 
generally depends on an ensemble average of some observable quantity. For 
example, the fluctuation in photon number derived in eqn (1.41) requires a 
knowledge of the ensemble average of n\ and the fringe intensity in eqn (3.33) 
requires the evaluation of an ensemble average of a product of electric fields. 
Consider some observable 0 that is represented by a quantum-mechanical 
operator 6. The average value of the observable for the pure state | R) is 
(R\0\R\ and hence the ensemble average of the observable for the statistical 
mixture specified by P R is 

0) = IP«<R|0|J!>. (4.212) 

It will be assumed that P R is a normalized probability distribution 

IPr = 1- (4.213) 

Eqn (4.212) is the basic expression that enables useful predictions to be made 
for known statistical mixtures of the radiation field. It is, however, convenient 
to cast eqn (4.212) into a different form, which is usually easier to work with 
and leads to more elegant expressions for the ensemble averages. Let | S) 
represent some complete set of states for the field considered, S being a label 
that can take a series of values. Then according to the closure theorem 18 

Z\SXS\ = 1. (4.214) 

s 

Insertion of this unit quantity immediately after the operator 6 in eqn (4.212) 
gives 

0) = IPrI(R\6\S)(S\R) 

R S 

= IlP R <mmsy (4.215) 

R S 

The density operator p is defined to be 19 

P = IPr\R)(RI 

R 



(4,216) 
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and the average value of 0 from eqn (4.215) can be written 

(6)=l(S\pd\S). (4.217) 

s 

The density operator contains exactly the same information as the probability 
distribution P R , and p is determined once the P R are specified for a given set of 
pure states | R). The advantage of the density operator lies in the simplicity of 
the manipulations by which it produces average values of the various 
observables. 

The general result (4.217) is independent of the particular complete set of 
states |S> chosen for the evaluation. This is apparent from the way in which the 
states \S) were introduced, but can also be proved directly. Let the | T) be some 
other complete set of states for the radiation field, Use of the closure theorem 
twice in eqn (4.217), both before and after the operator p6, gives 

^> = IEE< s l T >< T l^l r ><7’'|S>, (4.218) 

s t r 

where Land V run over the same complete set of states. Rearrangement gives 

S T T 


= l(T\p6\n (4.219) 

where eqn (4.214) has been used and orthonormality of the |T> has been 
assumed. 

Since (0) is independent of the particular complete set of states used to 
evaluate the average, eqn (4,219) can be written 

(0) = Traced), (4.220) 

where the trace of an operator (henceforth abbreviated to Tr) is the sum of its 
diagonal matrix elements for any complete set of states. This result is entirely 
equivalent to the basic expression (4.212). 

The probability distribution P R contains the physical information about the 
radiation field needed to evaluate the ensemble averages. It is important to 
choose carefully the particular complete set of pure states | R) to be used in 
defining the probability distribution, This choice must be made in such a way 
as to preserve all the available information about the state of the system, and 
the considerations involved are best appreciated by specific examples given 
later in the chapter. 

It should be noted that the matrix elements of p itself have different 
properties for different complete sets of states, For the defining set |R) used in 
the construction of p, only the diagonal matrix elements are non-zero, 


« r > = ip r (r'\rxw'>= w - 

R 


f 




I 

! 


(4.221) 
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However, a typical matrix element for some other complete set of states is 
(T\p\T')-IPr{T\RXR\T\ (4.222) 

and there are no general constraints on the |T> and |T'> for which the right- 
hand side is non-zero. The only general result is 

Tr(p) = I<T|p|T> = XF 8 = l, (4.223) 

which can be regarded as a special case of eqn (4.220) with 0 a pure number. 
For any state of the radiation field, there is some complete set of states | R) for 
which the density operator has only diagonal matrix elements as in eqn (4.221). 
The result (2.73) is the analogue of eqn (4.223) for the atomic density operator 
of Chapter 2. 

4.13. Density operators for pure states 

A pure state can be regarded as a special case of a statistical mixture in which 
one of the probabilities P R is equal to unity, and all the remaining P R are zero. 
From eqn (4.216), the density operator is 

£-|A><*|. (4.224) 

The radiation field is definitely in a particular pure state | R) in this case, and 
the statistical description becomes somewhat redundant, However, the con¬ 
cept of the density operator remains valid for the pure state, and some of its 
simpler properties can be conveniently illustrated in this limit. One result that 
holds only for a pure-state density operator is 

P 2 = P, (4.225) 

easily proved from eqn (4.224). 

The density operators for the various types of single-mode pure state 
considered earlier in the chapter are easily constructed. For a field in one of the 
number states |n), where n photons are definitely present, the density operator 
is simply 

P “ |n><«|. (4.226) 

The only non-vanishing matrix element for the number states is 

<»|p|«> = 1, (4.227) 

and the average value of an observable represented by operator 0 according to 
eqn (4.220) is 

<0> = Tift>(n|0) = <n|0|n>, (4.228) 

where the complete set of number states is used to evaluate the trace. The 
expression on the right of eqn (4.228) is the same as ordinarily used to compute 
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an average value for state |n), The density-operator formalism leads to all the 
usual results for the special case of a pure state. 

The density operator for one of the coherent states |«> can be similarly 

constructed, ? .„ ><4 14,229) 

It is evident from the normalization of the coherent states as in eqn (4.183) that 
<a|p|a) = 1, (4-230) 

analogous to the corresponding result (4.227) for the case of the number states. 
However, it follows that since different coherent states are not orthogonal, as 
shown by eqn (4,184), <a|p|a> is not the only non-zero matrix element of ft 
given by eqn (4,229). Indeed, every coherent-state matrix element of ft is non¬ 
vanishing. This peculiar feature results from the over-completeness of the 
states [«>, mentioned earlier. Some of the normal theory of the density 
operator requires careful extension 20 to c jver the use of coherent states, and 
some of the associated theorems must be generalized. These extensions and 
generalizations are not required for the calculations to be given below, which 
mainly employ density operators expressed in terms of the number states |n>. 

Consider now a general matrix element of the pure coherent-state density 
operator of eqn (4.229) for the number states. We have 

<X n !X*"' 

<«|fliO = exp(-|«| l )jjj^' ( 4BI > 

where eqn (4.182) has been used. The density operator for the pure coherent 
state thus has non-vanishing off-diagonal matrix elements for the number 
states. This is an example of the importance of choosing the appropriate states 
\R)m which to express the density operator, so that no information about the 
state of the system is lost. It is not possible to describe the pure coherent state 
|«> fully in terms of a diagonal density operator based on the number states 
jn>; such a density operator would have zero off-diagonal matrix elements 
(n\p\ri) and the information contained in eqn (4,231) for n # n' could not be 
reproduced, 

The off-diagonal matrix elements of the density operator are particularly 
important in the calculation of average values of operators 6 which 
themselves have non-zero off-diagonal matrix elements <n| <5 |«'X Consider, 
for example, the single-mode electric-field operator given in eqn (4.149). The 
average electric field determined by eqn (4.220) with the trace evaluated in 
terms of the number states is 

(E)*l<n\f>E\n) ■ 

- pw/2e 0 K) i ^{<n|p|n--l>^ exp(-kuf+ik,r) 

n 

-<n|p|n+l>(n+l)* exp(icot-ik.r)}. (4.232) 
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When n is replaced by n+ 1 in the first term of the large bracket, the average 
becomes 

<£> = - 2(tiQ)/2€ 0 Vf £(«+1 )* Im {<n+11p |n)exp(- tor+ik.r)}, (4.233) 

It is evident that a state of the radiation field can have a non-vanishing average 
electric vector only if the density operator has non-zero off-diagonal matrix 
elements of the type <« + l|/)|n), For the pure coherent state |a>, eqns (4,191) 
and (4.231) give 

<»+¥!«> = exp(-|al 2 +i()) 4;. t~7) (4.234) 

r! (ii+1)* 

and substitution into eqn (4.233) yields the same result as previously derived in 
eqn (4.205). 

The diagonal number-state matrix element of the density operator, 
</i|/7|n>, is the probability that n photons are excited in the state of the field 
described by p. The diagonal matrix element lor the pure coherent-state 
density operator obtained from eqn (4.231) reproduces the result (4.196) found 
earlier for the photon-number probability. 

Pure states of the complete radiation field are treated in a similar manner, 
The state | R) in eqn (4.224) now represents all the modes of the cavity, If, for 
example, each cavity mode has a definite number of photons excited, the state 
\R) is one of the states |{n k } > defined in eqn (4.107) and the density operator is 

P = IklXkll 

= K 1 >k 2 >K.,>---<\,K«k2l<»kJ- (4.235) 

Another example would be a state of the field in which each cavity mode is 
excited to a definite coherent state. The state of the total field in this case can be 
written 

IK}> ' a K,>kX)-. (4-236) 

and the corresponding density operator for the multimode coherent state is 
P = IWXWI. (4.237) 

Other pure states of the complete field are similarly treated, In each case, the 
matrix elements of p break up into products of matrix elements each of which 
refers to a single cavity mode, and no new physical principles are introduced by 
the generalization from one mode to many. 

4.14. Statistical mixture states of the radiation field 

The great utility of the density operator is made apparent in its application 
to the treatment of statistical-mixture states. As a first example, consider the 
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thermal excitation of photons in a single mode of a cavity maintained at 
temperature T. This is the problem treated in Chapter 1 in the derivation of 
Planck’s law, and the probability P n that n photons are excited is given by 
eqns (1.23) and (1.26). Thus according to eqn (4,216) the density operator based 
on the number states is 

n 

= {1 -exp( - hco/kgT)} £ exp(— nhco/k B T) |n) <4 (4.238) 

n 

The number states |n) are the correct basis for the density operator in this case 
because the thermal probability distribution gives information only on the 
probabilities of finding a system in its various energy eigenstates; the number 
states are the energy eigenstates of the photon system. 

The density operator for the thermal photon distribution has only diagonal 
number-state matrix elements and thus by eqn (4.233), which holds equally for 
pure states and statistical mixtures, the average electric field is always zero. 
The density operator can be written in an alternative form if the mean number 
h of thermally excited photons is introduced, According to eqn (4.220), 

n = (n) = Tr {pa% (4.239) 

Problem 4.16. Use eqns (4.238) and (4.239) to evaluate the mean photon 
number h and show that the density operator can be re¬ 
expressed as 

/5 = Epfml"><4 (4.240) 

Note that the calculation is algebraically similar to that of 
eqn (1.27). 

Problem 4.17. Show that the density operator (4.238) for single-mode 
thermally excited light can be written in the equivalent form 

p = {1 - exp (- hoi/hx T)} exp( - h(otfb/k B T), (4.241) 

where the exponential is defined by its usual power-series 
expansion. 

Now consider the thermal excitation of all the cavity modes, The number 
states | (n k }> for the totality of modes are formed from products of number 
states for the individual cavity modes as in eqn (4,107). Since the different field 
modes are independent, the combined density operator is a product of the 
contributions of the different modes. Thus the density operator, expressed in 
general as 

P= E p wlWXWl. 

. t«k) . 


(4.242) 
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is obtained for the thermal case by multiplying together the factors 
(4)" k /(l+4) 1+,lk for all the modes, to obtain a grand probability 


In these expressions \ is the mean number of photons excited in mode k, and 
the symbols {n k } denote a set of numbers n kl , n kjl n k3 ,..., etc. of photons 
excited in every cavity mode. The summation in eqn (4.242) embraces every 
possible set of numbers {n k }, 

The density operator for the radiation field in a thermal cavity obtained 
from eqns (4.242) and (4.243) is therefore 

(4 - 244) 

Problem 4.18. For the density operator given by eqn (4.244), prove the 
normalization requirement (4.223) explicitly, 

m = 1 , 

and show that the mean number of photons in the cavity is 
» = 14. (4.245) 

k 

The mean photon numbers n k in eqn (4.244) are related to the mode 
frequency <w k and the temperature by eqn (1.28), 

4 = {exp(/ku k /4T)-l}~ 1 , (4.246) 

With this expression for the n k , the density operator (4.244) contains 
essentially The same information as the results of the thermal probability 
calculation employed in the derivation of Planck’s radiation law, However, 
eqn (4.244) applies not only to the thermal photon distribution but also to a 
wide range of excitations in which the statistical properties of the light 
generation are suitably random. For example, it is shown in §7.2 that the light 
generated by a source in which atoms are kept at an excitation level higher 
than that in thermal equilibrium has the same form of density operator as 
thermal radiation. This does not imply that the spectral distribution of the 
radiation is the same as that in thermal equilibrium and, of course, the mean 
photon numbers 4 are not given by eqn (4.246) in this more general case, but 
are determined by the nature of the random field excitation. 

The density operator (eqn (4.244)) applies in particular to the light beam 
emitted by a chaotic source and provides the tool by which the classical 
discussions of chaotic light given in Chapter 3 can be recast in quantum- 
mechanical form. For example, p in eqn (4.244) is the correct density operator 
for a beam of Lorentzian frequency distribution emitted by a chaotic source if 
the magnitude of h k co k is taken to have a Lorentzian dependence on © k . 
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It is clear from the above remarks that the density operator ofeqn (4.244) for 
the complete radiation field has wide applicability for chaotic light. It is, of 
course, possible to set up density operators for total fields on the basis of other 
complete sets of states for the cavity modes, or on the basis of the over¬ 
complete set |{« k }> defined in eqn (4.236). However, the physical problems to 
be treated in subsequent chapters involve either multimode chaotic light, 
where eqn (4.244) is appropriate, or single-mode excitations, where the density 
operator simplifies, and we do not consider the other possible forms of density 
operator for the total field. 

The single-mode density operator of eqn (4.240), for a random excitation of 
photons of the type associated with chaotic light, does not give any indication 
of the time-scale of the fluctuations in photon number. The quantum- 
mechanical averages, which can be obtained with the use of the density 
operator, are similar to the classical ensemble averages described in Chapter 3, 
and there are similar conditions on the type of measurement that must be 
carried out in order to make comparisons with the theoretical predictions. In 
general, the experimental averages must be computed from a series of 
measurements that extend over a time long compared to the fluctuation time, 
but each individual measurement must be completed in a time short compared 
to the period of the fluctuations. 

Except in the case of a single-mode source, the frequency components in a 
light beam normally excite many cavity modes k. Thus, as mentioned above, 
the beam emitted by a Lorentzian chaotic source produces a degree of mode 
excitation determined by a Lorentzian dependence on the mode frequency. 
The mean photon numbers \ are therefore controlled by the linewidth 
parameter y, and the multimode density operator (4,244) contains information 
on the coherence timer, (= 1/y) of the beam as a whole. In general, although 
the density operator for each individual mode of a cavity provides no 
information on the time dependence of the mode excitation, the multimode 
density operator for a beam whose frequency components spread across many 
modes does contain the magnitude of the coherence time of the beam. 

Problem 4.19. Consider the quantum-mechanical analogues of the classical 
excitations of a pair of cavity modes envisaged in problems 3,2 
and 3.3. If subscripts 1 and 2 denote the states of the modes, 
show that the quantum-mechanical excitation most closely 
analogous to that described classically by eqn (3.49) is a pure 
state with density operator 

P = M«2><«2Kail- (4.247) 

Derive the relation between « 1# ct 2 and the classical fields E 1 
and E 2 such that the quantum field has eqn (3.49) as its classical 
limit. 
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For the random excitation of the modes described in 
problem 3.3 show that the quantum-mechanical density 
operator is 

» oo fnV 1+ ' ,J 

(4i48 > 

where h is the mean number of photons in each mode, and the 
validity of eqn (4.244) for any random excitation has been 
assumed. 
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5 . Interaction of the quantized field 
with atoms 


The discussion of the previous chapter is exclusively concerned with the 
properties of the free radiation field, that is, the field in a region of space where 
there is no matter to interact with the radiation. On the other hand, all 
experiments concerned with the generation and detection of light involve the 
interactions of electromagnetic waves with atoms. The semiclassical theory of 
Chapter 2 treats the coupling of quantum-mechanical atoms with the classical 
electromagnetic field. The purpose of the present chapter is the treatment of 
the coupling of atoms with the quantized radiation field. 

All of the subsequent chapters in the book are concerned with aspects of the 
atom-radiation interaction, for example the calculation of the coherence 
properties of light emitted by different kinds of source, the measurement of 
coherence of light by excitation of atoms in the photoelectric effect, the 
scattering of light by atoms, and the study of higher-order processes in which 
two or more photons are simultaneously absorbed or emitted in a single 
nonlinear event. It is necessary to lay the groundwork for such calculations 
and much of the present chapter deals with the formal properties of the atom- 
radiation interaction and the basic techniques needed to treat the various 
processes. Some of the simpler effects are however considered here, and it is 
shown that the full quantum theory gives the same results as semiclassical 
theory for the rates of absorption and stimulated emission. It is also shown 
that the phenomenological Einstein theory of absorption and emission agrees 
with the full quantum theory. 

The aim of much of the general theory given below is the provision of the 
most convenient expressions for the later applications to specific radiative 
processes, The quantum theory leads in most cases to remarkably simple and 
compact results for the physical quantities of interest. 

5.1. Atomic multipole moments 

It is convenient to approach the full quantum theory via a more complete 
discussion of the interaction of an atom with the classical electromagnetic 
field. Consider a neutral atom, as in Fig. 2.1, having a massive nucleus 
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essentially stationary at the origin of coordinates and electrons at positions r j, 
The charge and current densities of the atom are 

<r(r) = -£e S(r- rj )+Ze <S(r) (5.1) 

and 

J(r) = -leij5{r-tj), (5.2) 

] 

The positions of the point charges are here specified by three-dimensional 
delta functions, that is, products of the three delta functions that specify the 
individual Cartesian coordinates of the charges. With the representation 
(2.64), we can write 


= (SjjfpM-r,)} (5.3) 

where the integration runs over all of three-dimensional wavevector space. 

If the Coulomb gauge, specified by eqn (4.14) is adopted, then the scalar 
potential is given by eqn (4,19) and on substitution of eqn (5.1), the integral can 
be performed to give 


This is of course just the usual instantaneous Coulomb potential of the 
electrons and nucleus. The vector potential generated by the electron current 
could in principle be obtained by substitution of the transverse part of eqn (5.2) 
into the integral of eqn (4.29). 

The interaction between the atom and the electromagnetic field is best 
treated in terms of the polarization P(r) and magnetization M(r) associated 
with the atomic charges, These quantities are determined by the charge and 
current densities via the usual relations 1 


a(r) = -V.P(r) (5.5) 

J(r) = P(r)+V x M(r). (5 . 6) 

Note that there is some arbitrariness in the solutions for P(r) and M(r). Thus, 
since any vector field can be separated into transverse and longitudinal parts 
that satisfy eqns (4.21) and (4.22), it is clear that only the longitudinal part of 
P(r) is determined by eqn (5.5). By comparison with eqn (4.35) 

P L (r) = -e 0 E L . (5.7) 

Furthermore, the longitudinal part of M(r) is not determined by eqn (5.6), and 
this equation is satisfied by a range of choices for the transverse parts of P(r) 
and M(r), 
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Problems.]. Prove that 

P(r) = -ej;r J .|5(r-Ar i )dl (5.8) 

and 

M(r) = -e 

o 

are solutions of eqns (5.5) and (5.6) for the charge and current 
densities (5.1) and (5.2). 

The integral forms of solution 2 are convenient for the calculations that follow, 
and these choices lead to simple multipolar expansions of the interaction 
energy. 

The potential energy of the atom in the transverse electric field E T (r) is 
simply 

i 

K e = - jp(r).E T (r) dr = ^j r^E^) di, (5.10) 
o 

where eqn (5.8) has been used. As a consequence of a general theorem, only the 
transverse part of the polarization contributes to the integral. 

Problem 5.2. If V(r) and W(r) are any vector fields, prove with the help of 
eqns (4.135) and (4.136) that 


^•xfj X <5(r —dX (5.9) 
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equivalent to the electric-dipole interaction assumed in eqn (2.18), with the 
atomic dipole moment 

-<® = (5,13) 

as defined in eqn (117). The second term contains the product of the electric 
quadrupole moment 

*3 = -jZ a fi ■ (5-14) 

1 i 

with the electric field gradients. The subsequent terms are the contributions of 
the third- and higher-order multipoles. 

The potential energy of the atom in the magnetic field B(r) is 


■ j*M(r).B(r) dr = e £ Jd/, (5.15) 


where eqn (5.9) has been used. The magnetic field is transverse, and only the 
transverse part of M(r) contributes in accordance with eqn (5,11). A Taylor 
expansion similar to that in eqn (5,12) gives 


where 


V M = 



\j = mtjXij 


(5.16) 

(5.17) 


jv T (r).W l (r)dr = 0. (5.11) j 

It is convenient in eqn (5,10) to insert the complete polarization vector even j 

though its longitudinal part makes zero contribution. A Taylor expansion of j 

the electric field vector gives i 

' " 1 

,, E=alj(l+* J .V+(l/2» J .V) J + ...}r J .E T (0)cU 

0 

= ^{1 +(l/2!)r i .V+(l/3!)(r j .V) 2 +. ..^.Er^). (5.12) 

The gradient operator V in these expressions acts only on the spatial 
coordinate of the transverse electric field, which is set equal to zero after the 
differentiations have been carried out. 

The expansion (5.12) expresses the electrical potential energy in terms of the 
multipole moments of the atomic charge distribution. The first term is 


is the angular momentum of electron j. 

This expansion expresses the magnetic potential energy in terms of the 
magnetic multipole moments of the moving atomic charges. The first term is 
the energy of the magnetic dipole moment 

"«D m = Wj (5,18) 

1 J 

in the magnetic field B(0). The second term contains the product of the 
magnetic quadrupole moment 

Qm = -(2/3!) ^(e/m)^ (5.19) 

with the magnetic field gradients. The subsequent terms represent the energies 
of the higher-order magnetic multipole moments. 3 

The above results refer to an atom whose nucleus lies at the origin of 
coordinates, For a nucleus located at a general position R, the electron 
coordinates r } are replaced by r^-R and the electric and magnetic fields are 
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evaluated at position R. Motion of the relatively massive nucleus produces a ! 
component Ze R <5(r—R) in the current (5.2), but such contributions can be j 
neglected for the phenomena to be treated here. j 



5.2, The multipolar interaction Hamiltonian | 

We now consider the interaction of the quantized radiation field with a j 

quantum-mechanical atom, It might be expected that the quantum couplings i 

of the atom to the electric and magnetic fields of the radiation could be cast in j 

forms that parallel the classical interaction energies (5.10) and (5.15). This is ; 

indeed the case and we indicate in the present section how the quantum j 

Hamiltonian is expressible in the multipolar form. The various forms of the j 

interaction Hamiltonian have generated an interesting field of study. 2,4 " 6 j 

Only an outline account is given here, and the interested reader can find more j 

complete details in the references, ? 

The quantum-mechanical Hamiltonian is obtained by the usual procedure 7 ; 

of quantizing the classical Hamiltonian, itself derived from the classical ’ 

Lagrangian with the use of appropriate generalized coordinates and their j 

conjugate momenta. It is well known 1 that the resulting Hamiltonian is similar | 

to a sum of the uncoupled Hamiltonians of the atom and the fields except that 
the electron momentum must be replaced according to 

I 

Pj -> Pj+eA^). (5.20) j 

The complete Hamiltonian in Coulomb gauge is thus j 

J” = (l/2m)^(pj+eA(rj)) 2 +^|<r(r)^(r) dr4-^|(e 0 l; 2 +/( 0 " 1 6 2 ) dr. (5.21) j 

The second term is the electrostatic energy of the various charges that ! 

constitute the atom, and it is verified by substitution of eqns (5.1) and (5.4) that ! 

it includes all the Coulomb interaction energies. It does indeed include ! 

the infinite self-energies of the Coulomb interactions of the charges with j 

themselves, and these contributions must be removed from the Hamiltonian. \ 

The electrostatic energy can be written in a variety of forms, j 

^ jff(r)0(r) dr = ~ 

= ie 0 jE 2 dr = (l/2e 0 )Jp 2 dr, (5.22) j 

where eqns (4.18), (4.34), and (5.7) have been used. This part of the Hamiltonian ; 

does not involve any quantum operators of the radiation field, j 
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The form (5.21) is known as the minimal-coupling Hamiltonian. The 
interaction between the atom and the radiation is contained in the parts of the 
first term that involve the vector potential operator, 

$'\ = ( e l m ) Z ^( r j) • P;+(e 2 /2w) £ A(r/, (5.23) 

This form is not convenient for calculations, since it is expressed in terms of the 
vector potential, which takes different values for different choices of gauge. 
Although exact calculations that use any correct form of the complete 
Hamiltonian should produce the same results, almost all practicable cal¬ 
culations are approximate and use of the minimal-coupling Hamiltonian can 
produce gauge-dependent results. Furthermore, the vector potential in eqn 
(5.23) is evaluated at the positions of all the electrons, and the expression does 
not take advantage of the smallness of the electromagnetic-field variations 
across the spatial extent of an atom, mentioned after eqn (2.16). 

The Hamiltonian is converted to a more convenient form by a unitary 
transformation. 2,4,5 Define an operator 

U = exp|(i/ft)Jp T (r).A(r) drj (5.24) 

that is a function of the coordinates r ; - of all the electrons and a functional of the 
vector potential. Since 

V.A(r) = 0, (5,25) 

and A(r) is accordingly a transverse vector, the transverse part of the 
polarization in the integrand can be replaced by the complete expression (5.8) 
in view of eqn (5.11). Thus 

i 

= exp j-(i<?/ft)£ d/lj. (5.26) 

o 

The transformed Hamiltonian is 

(5,27) 

and the predictions that follow from the new Schrodinger equation are the 
same as from the original equation, the wavefunctions being transformed from 
f to 

i/' = 0~V. (5.28) 

The transformation (5.27) is applied term-by-term to the Hamiltonian 
(5.21). The transformation of the first term is controlled by the commutation 
properties of U with the electron momentum operators, represented by - iftV J( 
where Vy is the gradient operator in the coordinates of electron j, Thus with 
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the use of eqn (5,26) 

0-%+eX(r0 = p r e v i| r i'^ r i) dA+eA(r fi. (5.29) 

o 

It is not difficult to verify, by an expansion of the integrand similar to that in 
eqn (5,12), that 

itrj)=[(l+rj.V,)A(Jridi (5.30) 

0 

reproduces the standard Taylor expansion of the vector potential about the 
origin. Substitution of this expression into the final term converts the right- 
hand side of eqn (5.29) to 
1 

f re j{V,(r J .A(i J .))-(l+r,.V J )A(* J ))dl (5.31) 

0 

The integrand is simplified by use of the magnetic-field relation 

Vj x A^) = AB(Arj) (5.32) 

obtained from the operator form of eqn (4.5), and it is easily verified that eqn 
(5.31) can be written in the final form 

i 

tf-’fo+tAO# = Pj-eJlrj x B^dl (5.33) 

o 

The vector potential has thus been removed in favour of the magnetic field 
operator. 

The second term in the Hamiltonian (5,21), representing the Coulomb 
energies of the charges, is unaffected by the transformation (5.27). The 
transformation of the final term is controlled by the commutation properties 
of the electric and magnetic field operators with the vector potential that 
occurs in 0. The magnetic field commutes with the vector potential, as in eqn 
(4.140), and the magnetic contribution to the field energy is unchanged. The 
change in the electric contribution is obtained with the help of the commuta¬ 
tion property (4,139). 

Problem 5.3. Prove that 

= E T (r)~(l/€ 0 )P T (r). (5.34) 

This quantity replaces the electric-field operator in the final term of eqn (5.21). 
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The complete transformed Hamiltonian (5,27) obtained from eqn (5.21) with 
the help of eqns. (5.10), (5.33) and (5.34) is 

i 

* = (l/2m)£ jpj-ejirj x 8(;. tj )(uJ J 
0 

+) JWm dr+lJ(6 0 £|-iV8 2 ) dr 

+«E dl+(l/2e„)jp T (r) ! dr. (uj) 

0 

The removal of the vector potential from the minimal-coupling form of the 
Hamiltonian has thus been accomplished. The form (5,35) contains instead the 
electric and magnetic field operators, and when the l integrals are expanded, 
as in eqns (5.12) and (5.16), these terms involve only the field operators and 
their gradients evaluated at the atomic nucleus, The quantum analogue of the 
electric multipolar energy (5.10) appears explicitly, and a quantum version of 
the magnetic multipolar energy (5.15) appears on multiplying out the square in 
the first term of eqn (5.35). The final term is a function only of the atomic 
variables; it produces changes in the atomic energy levels but does not 
contribute to the atom-field interactions. 

The unitary transformation of eqns (5.24) and (5.27) is one of several 
methods for converting the minimal-coupling form of the Hamiltonian to the 
multipolar form. In addition there are several other forms of the same basic 
Hamiltonian that may be useful in specific applications. 6 Even if attention is 
restricted to the multipolar form (5.35), there are some subtleties in the 
physical significances of the field operators that appear. Thus it can be shown 
that U x , which started life as an electric field operator, now has more the 
significance of an electrical displacement operator. However, its represen¬ 
tation (4.111) and (4.113) in terms of photon creation and destruction 
operators remains valid, and the third term in eqn (5.35), similar to eqn (4.121), 
continues to represent the field energy. We continue to refer to E T as the 
electric field operator; a fuller account of its properties, and of the forms of the 
Hamiltonian in general, must be sought in the literature. 2 ’ 4- " 6 


5,3. The electric-dipole approximation 

The electronic coordinates r j have magnitudes of the order of the Bohr 
radius a 0 . The gradient operator V has a magnitude of the order of the 
radiation wavevector k when it operates on E T or B. It is clear from eqn (2.16) 
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that successive terms in the expansions of the X integrals in the multipolar 
Hamiltonian diminish rapidly. 

We retain only the first term, -er ; - x B(0), in the expansion of the B(2r y ) 
integral of eqn (5,35), but the first two terms in the expansion (5.12) of the 
£ T (2r J ) integral. We neglect the final term until §5,12, where its effect is briefly 
discussed. The Hamiltonian can then be written 


(5.36) 

where is the Hamiltonian of the isolated atom in the same notation as used 
in Chapter 2, 

A = Z(Pj/2»i)+-Jff( r )#) dr, 

(5.37) 

and is the radiation-field Hamiltonian, 


A = \ {effi+ih 1 #) dr. 

(5.38) 

The Hamiltonian for the interaction of the atom with the radiation field 
contains four contributions 

$[\ = ED + ^EQ + $ MD + ^NL> 

(5.39) 

the terms on the right being the electric-dipole interaction 


*$ED = e Z r i‘^T(0) = CD.E T (0), 

j 

(5.40) 

the electric-quadrupole interaction 


^= X eE(r J .%^0)) = -V.Q.£ r (0), 
2 J 

(5.41) 

and the magnetic-dipole interaction 


4id = ~f/4m) £ {pj-.rj x B(0) -t-Tj x B(0).pj}. 

j. 

(5.42) 

However, it is not difficult to prove that 


MM 0 ) = r jXB(0).^, 

(5.43) 

and this term can be written 


j? MD = ( e /2m)N1.6(0), 

where 

(5.44) 

M = VI = T,.xp. 

(5.45) 


1 J 


is the sum of the electronic angular momentum operators, analogous to the 
angular momenta (5.17), except that p, now replaces mij. 
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The final term in the interaction Hamiltonian (5.39), sometimes called the 
diamagnetic term, is nonlinear since it includes the square of the magnetic 
vector, 

■#nl = (e78m)£(rjX&((f. (5.46) 

j 

We ignore this term for the present, but consider it further in §§8.6 and 9.1, 
where it is shown to be negligible even for those nonlinear radiative processes 
where its contribution does not vanish. 

The orders of magnitude of the three linear interaction Hamiltonians can be 
compared by means of rough estimates of the quantities involved. We take r } 
to be of the order of the Bohr radius a 0 given in eqn (2.15), M to have 
magnitude h, VE T (0) to have magnitude kE r {0) or equivalently (co/c)E T { 0), 
and we take to to be of the order of the atomic transition frequency co 0 given 
in eqn (2.28), Thus, 

«# ED ~ E r (0)4ne o h 2 /me, 

Jf EQ ~ E x (0)3e/i/16mc, 

and 

# MD - B(0)eh/2m ~ E r (0)eh/2mc. (5.47) 

It is seen that the electric-quadrupole and magnetic-dipole interactions have 
the same magnitude, but are smaller than the electric-dipole interaction by the 
order of a dimensionless factor 

e 2 /4ne 0 tic » 1/137, (5.48) 

known as the fine structure constant. Terms of higher order in r ; .V in the 
expansion of the A integrals in eqn (5.35), which have been neglected in eqn 
(5.39), are smaller than ,# ED by a quantity of the second or some higher order 
in the fine structure constant. 

As discussed in Chapter 2, and again in §5.5 below, the rate at which 
radiation is absorbed or emitted by an atomic transition between states i/q and 
1^2 is proportional to the square of the matrix element The above 

discussion shows that if is non-zero, the contributions of the 

remaining terms in the expansion of in eqn (5.39) can certainly be 
neglected. The neglect of all terms except is equivalent to the assumption 
of a zero wavevector for the radiation, and is known as the electric-dipole 
approximation. The calculation of Chapter 2 made this approximation since 
the spatial variation of the electric vector of the radiation was there ignored, 

Most of the strong absorption and emission lines of atoms in the visible 
region of the spectrum are associated with atomic transitions for which the 
electric-dipole interaction matrix element is non-vanishing. Such transitions 
are said to be electric-dipole allowed. The interactions $ BQ and # MD may be 
important when <^ 1 (^ ED (^r 2 > = 0, and the transition is electric-dipole 
forbidden. The transition may still lead to observable absorption and emission 
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if <i// 1 |# EQ |i// 2 > or <i// 1 |.#mdI | A 2 > i s non-zero, when the transition is said to be 
electric-quadrupole allowed or magnetic-dipole allowed, respectively. 

The general rules that describe the conditions under which the various types 
of transition are allowed or forbidden are discussed in detail in books on 
atomic spectra. 8 We note here only the simplest type of selection rule which 
follows from parity considerations. The electron coordinates tj have odd 
parity. Thus D and ,# ED change sign when the inversion operation is applied 
to the tj. It follows that <i/'iI^edI'/' 2 > can be non-zero only if i/^ and \j/ 2 are 
wavefuctions of opposite parity, as mentioned in Chapter 2. On the other hand 
Q and M have even parity and the matrix elements of £\, Q and Jf MD can be 
non-zero only for wavefunctions ^ and that have the same parity. 

We shall be concerned in all subsequent calculations with atomic transitions 
that are assumed to be electric-dipole allowed, although in most cases it would 
not be difficult to replace ,# ED by Jf EQ or ,# MD . In the electric-dipole 
approximation, the rigorous calculations of the present chapter show that the 
Hamiltonian for the interaction of the radiation field with an atom is the same 
as that derived in Chapter 2 on the basis of simple potential-energy 
considerations. 


5.4. Second quantization of the atomic Hamiltonian 

The radiative parts of the Hamiltonian of eqn (5.36) can be expressed in 
terms of the photon creation and destruction operators if the results of 
Chapter 4 are used to replace the field operators £ T (0) and 6(0), It is 
convenient to introduce creation and destruction operators for the atomic 
part of the Hamiltonian also. The entire Hamiltonian can then be expressed as 
products of algebraic magnitudes with creation and destruction operators. In 
this form it is particularly easy to apply the theory to complicated radiative 
processes where multiple interactions of light and atoms occur. 

Consider the atomic Hamiltonian 3?^ of eqn (5.37), and let |i) be an energy 
eigenstate with eigenvalue fta) h 

A\0 = NO. (5.49) 

According to the closure theorem, similar to eqn (4.214), 

DO<i| = 1,. (5.50) 

i 

where the sum runs over all the eigenstates of 4 both bound and free. Use of 
the closure theorem twice establishes the identity, 

= EI'X^eXIJX* (5.51) 

1 J 
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However, it follows from eqn (5.49) and the orthonormality of the energy 
eigenstates that 

<i\,# u \j) = hco i b iS , (5.52) 

and eqn (5.51) reduces to 

.i K = Emooi (5,53) 

/ 

The transformation to this form is known as second quantization of the 
Hamiltonian. In this terminology, the normal quantum-mechanical procedure 
for determining the energy eigenstates and eigenvalues is regarded as first 
quantization of the motion of the atomic electrons, In second quantization, 
the Hamiltonian is expressed in terms of the solutions of the energy eigenvalue 
problem, assumed to have been determined. The second-quantized Hamil¬ 
tonian is a useful form for calculations where the atom interacts with some 
other physical system, such as the radiation field. 

Now consider the effect of a general combination |/)(/1 applied to some 
atomic eigenstate |/}. Since the atomic eigenstates are orthonormal, 

IO<j\l> = |/)V (5.54) 

Thus, \i)(J\ applied to an atomic eigenstate |/> changes the state to |i> if the 
original state is j/'), but gives zero otherwise. In other words, \i)<J\ is an 
operator whose application to an atom in state \j) removes it from that state 
and puts it into state |i). We can say that |i)(/| destroys atomic state |j> and 
creates atomic state |i). Note that electrons cannot be created or destroyed in 
interactions that take place at photon energies in the visible region of the 
spectrum, but can only be shifted from one state to another, The atomic 
operators thus occur in creation-destruction pairs. 

It remains to express the interaction Hamiltonian ,i &) in terms of the 
electronic creation and destruction operators. According to eqn (5,40) the 
electronic coordinates enter ,# ED only in the vector quantity D, defined as 
the sum of the radius vectors of all the atomic electrons. Use of the clo¬ 
sure theorem of eqn (5.50) twice establishes the identity 

d - imwlm 

f j 

- ED s |/)(/|, (5.55) 

where 

?y.W<f|D|/>.- (5.56) 

The result (5.53) for the second-quantized Hamiltonian is a special case of the 
more general expression (5.55) which occurs when the operator is not diagonal 
in the energy eigenstates, 

The electric-dipole interaction of eqn (5,40) is now second-quantized by 
substitution of eqn (5.55) for D and insertion of fC T (0) from eqns (4,111) and 
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(4.113). However, for slightly greater generality we take the atomic nucleus to 
be placed at position R rather than at the origin of coordinates. The electric- 
dipole interaction is then 

^ed = klKtuoJleoVMj 
k UJ 

x{d k exp(-iffl k t+ik.R)-fl| exp(i(w k t-ik.R)}|/)<j|. (5.57) 

The electric-quadrupole and magnetic-dipole interactions can be second- 
quantized by a similar procedure, but we do not give any explicit results for 
these terms in the Hamiltonian, concerning ourselves only with electric-dipole 
allowed transitions. 

The complete Hamiltonian for the atom-radiation system is now in second- 
quantized notation, All the operator properties of the Hamiltonian are 
contained in the creation and destruction operator factors, and the remaining 
factors are ordinary numbers, variables, or vector quantities. 

It is often necessary to consider the part of the electric-dipole Hamiltonian 
that refers to a particular pair of atomic states, |1> and |2) say, with energies 
ftcdj and ho) 2 . It is assumed henceforth that the wavefunctions ^ and \jj 2 are 
real so that D 21 andD 12 are equal real vectors. The relevant part of eqn (5.57), 
obtained from the terms with either i or j equal to 1 or 2, is then 

i expHdy+ik.RMJ exp(b k t-ik.R)}{|l)<2|+|2)<l|), (5.58) 

k 

where 

= e(m k /2e 0 ^)i 8k .D 12 . (5.59) 

The terms in eqn (5.57) with i = j all vanish, as discussed in connection with 
eqn (2.19), because they involve diagonal matrix elements of the odd-parity 
operator D, 

It is convenient to use a pictorial representation of the various kinds of 
interaction process included in ,# ED . When the brackets in eqn (5.58) are 
multiplied out, there are four distinct terms, each of which produces a definite 
final state of the atom-radiation system when applied to an appropriate initial 
state. These four types of term can be represented by the diagrams of Fig. 5.1. 
The initial state is represented on the right of each diagram, and the final state 
into which converts it is represented on the left, 

Let us suppose that state |2> has higher energy than state |1>, ftco 2 > ha> v 
In Fig. 5.1 the absorption of a photon k accompanied by excitation of the atom 
from state 11 > to state |2> is represented by diagram (b), while the inverse 
process of photon emission corresponds to diagram (c). The events represented 
by the first and fourth diagrams do not correspond to allowed absorption and 
emission processes since it is not possible for the final state to have the same 
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«kli><2 


«ki2)<ii 



4 i2>oi 

Fig. 5.1. Diagrammatic representations of the four kinds of term in the electric-dipole interaction, 
The wavy lines represent photons and the straight lines atomic states, A line whose arrow is 
directed towards (away from) the interaction point corresponds to a photon or atomic state that is 
destroyed (created) in the interaction. 

energy as the initial state. Neglect of these contributions corresponds to the 
same rotating-wave approximation as made in the treatment of absorption 
and emission processes in Chapter 2. It is shown in Chapters 8 and 9 that non¬ 
energy conserving terms in Jf ED contribute to higher-order radiative pro¬ 
cesses where energy is conserved in the final state but not in some of the 
intermediate states. 

5.5. Photon absorption and emission rates 

As a first application of the second-quantized interaction Hamiltonian, we 
use it to calculate the rates of emission and absorption of photons by an atom 
that can make transitions between states 11 > and |2). The problem is the same 
as that treated by semiclassical radiation theory in Chapter 2. However, the 
latter theory is incapable of treating spontaneous emission in a rigorous 
manner and the radiative lifetime of an atom was derived in eqn (2.56) via the 
relations between the Einstein A and B coefficients. The direct calculation 
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carried out below includes spontaneous emission automatically and provides 
a rigorous justification of the phenomenological Einstein theory. 

Let us denote by |n k , 1> a state of the combined atom-radiation system, 
where n k photons are present in mode k and the atom is in state |1>. A similar 
notation is used for the other combination states, It is a simple matter to write 
down the matrix elements of ft ED for the photon absorption and emission 
processes of diagrams (b) and (c) in Fig. 5.1. The matrix element for photon 
absorption is 

<n k -l,2|.# ED |n k ,l> = exp(-iw k f+ik.R)n{, (5.60) 
while for emission 

<n k +l, l|J’ ED |n kl 2) = - i% exp(ico k f-ik.R)(n k +1 )*, (5.61) 

where eqns (4.103), (4.104), and (5.54) have been used. In working with second- 
quantized interaction Hamiltonians it is essential for the initial state of the 
system to be on the right of all matrix elements, and the final state on the left. 

The above matrix elements can be used to calculate the transition rates for 
absorption and emission of photons with the use of time-dependent per¬ 
turbation theory. Consider the absorption process first, At time t = 0 we 
suppose the atom to be in its lower state |1) with a beam of photons of 
wavevector k incident, The probability that the atom has been excited into 
state |2> at a later time t is equal to |C 2 (t)| 2 in the notation of Chapter 2. 
According to eqn (2.70) 

|C 2 (t)| 2 = m 2 mo) 0 -u\ (5.62) 

where 

m 0 = <D 2 -fl>i, (5.63) 

and the transition matrix element that leads to this result is 

(frf/2)exp(-ift)f), (5.64) 

the exp(icof) term in the cos cot dependence of the matrix element having been 
shown to produce a negligible effect in the discussion that follows eqn (2.40). 

These results from Chapter 2 can be used to calculate the absorption rate in 
the quantized field formulation of the problem, The matrix element shown in 
eqn (5.60) has the same form of time dependence as the semiclassical matrix 
element of eqn (5.64), and the transition rate expression (5.62) is transcribed by 
replacement of \f by i p k nj[ t and co by w k , to give 

|C 2 (f)| 2 = 2^ k V^(q; 0 -m k ). (5.65) 

The transition rate is proportional to the number of photons n k in the beam or, 
equivalently, to the energy 

(5.66) 
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of the beam as defined in eqn (4.146), and eqn (5.65) can be written 

|C 2 (t)| 2 /f = (2np k £' k /h(o k ) $(fl> 0 -m k ). (5.67) 

These results apply for a beam of photons whose initial state is | n k ) and whose 
number is therefore specified precisely. It is shown in §5.7 that for a photon 
beam in some general state, the transition-rate equations are generalized in 
that n k is replaced by the mean number h k of photons, but the above results are 
otherwise unchanged. 

An expression for the Einstein B coefficient is obtained from eqn (5.67) by 
procedures similar to those of Chapter 2. The above transition-rate theory is 
applicable only for broad-band illumination of the atom where there is a 
slowly-varying energy density JT(<y k ) of the radiation for frequencies w k in the 
vicinity of <y 0 . Thus analogous to eqn (2.39) we put 



The random orientations of D t 2 are averaged as in eqn (2.54), and the result for 
the B coefficient is 

Biz = 7m 2 D 2 2 /3e 0 ft 2 , (5.69) 

in agreement with the expression (2.55) derived by semiclassical radiation 
theory. 

The photon emission process can be treated in the same way. The atom is 
now assumed to be in its excited state |2> at time t = 0, and the probability 
that the atom is in state |1> at a later time t is calculated. The probability is 
equal to iC^t)! 2 in the notation of Chapter 2, and the calculation follows the 
same lines as that for the absorption process except that the emission matrix 
element of eqn (5,61) must be used instead of that of eqn (5.60), The result is 

|Ci(f)| 2 = 2n# k (n k +l)t 5{(o 0 -(n k ). (5,70) 

This quantity is the probability that the atom has decayed into state |1> with 
emission of a photon having a particular wavevector k. 

The factor n k +l in eqn (5.70) leads to two contributions to the photon 
emission rate. The part linear in n k gives a rate proportional to the number of 
photons k already present, and corresponds to stimulated emission, This term 
of eqn (5.70) is identical to the right-hand side of eqn (5.65) and leads to a rate of 
emission equal to the rate of photon absorption. The equality of the two rates, 
proved here quantum-mechanically, is equivalent to the equality of the 
Einstein coefficients B 12 and B u for a pair of nondegenerate states, derived in 
eqn (1.50). Note how the stimulated emission process arises naturally with the 
use of the second-quantized interaction Hamiltonian. Furthermore, it is 
evident from the matrix element of eqn (5.61) that the photon emitted in the 


<f k = n k hto k 
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stimulated process has a wavevector k and polarization direction (this being 
included in the label k by the convention of Chapter 4) that are the same as 
those of the n k photons already present, These properties of the stimulated 
emission were stated without proof in the discussion of Fig. 1.9. 

The contribution in eqn (5.70) that is independent of n k corresponds to 
spontaneous emission, since the transitions occur even in the complete 
absence of any radiation (n k = 0). Note that the factor n k + 1, which governs 
the ratio of the stimulated and spontaneous emission rates for a particular 
photon k in eqn (5.70), is similar to the factor h +1, which controls the ratio of 
the two rates in eqn (1,53) in the presence of a mean number n per cavity mode 
of thermally excited photons. In the quantum theory of light, the dependences 
of the absorption and emission rates on the number of photons arise solely 
from the basic properties (4.91) and (4.92) for the subtraction and addition of a 
quantum of energy in the energy-level ladder of a simple harmonic oscillator. 9 
Spontaneous emission can in principle occur into all modes of the cavity, 
unlike the stimulated emission which must always match the mode of the 
stimulating photons, 10 

The total spontaneous decay rate is thus obtained by summation of the 
spontaneous part of eqn (5.70) over all cavity modes, The radiative lifetime is 
then given by 

IAr = |C,(()| 2 /t = (5.71) 

k 

This formula is a special case of a general result known as Fermi’s golden rule, 
which gives the transition rate 1/t from an initial state |i) to a set of final states 
|/> arising from the interaction # ED as 

l/i = (2 it/ft 2 )y|</|^ ED |i>| 2 ^-m ; ), (5.72) 

where and hw f are the energies of the system before and after the 
transition. For the problem in hand, the initial state is one in which the atom is 
in state |2) with no photons present, and the final states correspond to the 
various photons k that can be emitted as the atom decays to state |1). The 
golden-rule expression (eqn (5.72)), which is proved in general in §5.10, reduces 
to eqn (5.71) for the transition considered. 

To complete the evaluation of z R , it is necessary to convert the sum over k in 
eqn (5.71) to an integral as in eqn (4,128), and to add the contributions of the 
two mode polarizations for each direction of k. We take polar coordinates with 
wavevector and polarizations given by eqns (4.123)-(4.125). The coordinates 
may be chosen such that D 12 lies in the zx-plane with orientation a to the 
z-axis, 

D u = D n (sina,0,cos«). (5.73) 
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Problem 5.4. With the convention that the sum over k includes summation 
over polarization directions, prove that 

J(«,.D 11 ) 1 -(FDj J /3,V)| 0) >da. k . (574) 

Insertion of this result into eqn (5.71) with the use of eqns (2.102) and (5.59) 
produces 

A n = 2y = 1 /t* = e 2 Q)lD\ 2 llM Q hc 3 . (5.75) 

This is the same as the result (2.57) for the A coefficient obtained previously. 

The above calculations show how the various processes envisaged in the 
Einstein theory of absorption and emission of radiation all appear auto¬ 
matically in calculations that use the quantized radiation field. The transition 
rates can all be calculated straightforwardly, without any use of the 
phenomenological considerations inherent in the semiclassical approach. The 
result (5.69) for the Einstein B coefficient corroborates the expression obtained 
from semiclassical theory. The semiclassical method does not provide any 
direct calculation of the A coefficient. However, the fully quantized theory 
reproduces the relation between the two coefficients obtained in the pheno¬ 
menological Einstein theory. 


5.6. The photoelectric effect 

Almost all devices that measure the intensity of a light beam depend for their 
operation on the absorption of a portion of the beam, whose energy is 
converted to a detectable form. The photographic plate, the photomultiplier 
tube, and the bolometer all fall into this category, The present and following 
sections therefore consider the absorption of light in more detail in order to 
understand the nature of the intensity measurement process. We determine the 
form of quantum-mechanical operator that represents the observable intensity 
of a light beam. 

It is convenient to base the discussion on a practical intensity-measuring 
device, and we select the photomultiplier tube or, more briefly, phototube. 
Similar considerations apply to the other methods of intensity measurement. 
The phototube depends for its operation on the photoelectric effect, in which 
absorption of a photon by an atom causes excitation of an electron from a 
bound state to a free state in which it can leave the atom altogether. The 
phototube is essentially an arrangement whereby the freed electron produces 
more free electrons in a cascade process until the electron current is sufficiently 
large to be detectable. With the aid of a carefully designed phototube, it is 
possible to register the atomic ionization processes caused by isolated 
photons. The phototube measures the intensity of a light beam by counting the 
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rate at which atomic ionizations take place, which is in turn proportional to 
the rate of photon arrivals at the tube and hence to the beam intensity. 

Let us consider the rate at which a particular atom in a phototube is ionized 
by a beam of photons. The theory of the photoelectric effect is similar to the 
calculation of the photon absorption rate given in the previous section, except 
that the final atomic state is one in which the electron has been detached 
from the atom. The simplest possible example is that in which a hydrogen 
atom initially in its IS ground state is ionized by absorption of a photon 
of wavevector k, frequency w k , and polarization a k . The magnitude of the 
wavevector q of the freed electron is given by the energy conservation 
requirement 

hco k = hoj R +(h 2 q 2 /2m), (5.76) 

where hto R is the hydrogen ground-state binding energy defined in eqn (2.29), 

fia K = me A lttn 2 e 2 0 ti 2 = h 2 /2ma 2 0 , (5.77) 

and a 0 is the Bohr radius defined in eqn (2.15). 

The wavefunction for the final state of the electron should strictly be taken 
as one of the free-state solutions of the hydrogen-atom Schrodinger equation. 
However, these solutions are mathematically complicated, and we use an 
approximate wavefunction that is valid when the photon energy is much larger 
than the initial binding energy of the electron, 

ho) k » hto R . (5.78) 

In this case, the free-electron kinetic energy is much larger than the Coulomb 
binding energy hco R , and the effect of the Coulomb potential on the free- 
electron wavefunction can be ignored to a good approximation. The final- 
state wavefunction can thus be taken to be a plane wave, 

~ F*exp(iq.r), (5.79) 

Note that the inequality of eqn (5.78) in conjunction with eqns (5.76) and (5.77) 
implies 

<?» l/Oo. (5.80) 

and the free electron has a wavelength that is much smaller than the Bohr 
radius. 

It is however assumed that the incident photon wavelength is much larger 
than a 0 . For example, if hco k is as large as 100ft w R , then a simple estimate gives 
the photon wavelength to be 

X = 2nfk m 13" 9 m, (5,81) 

much larger than the Bohr radius of 5 x 10 ' 11 m. The interaction between 
radiation and atom can therefore be taken in the electric-dipole approxi- 
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mation, with the electron coordinate in the electric-field operator replaced by 
the coordinate of the atomic nucleus. It is convenient to take the nucleus 
located at position R and the electric-dipole interaction of eqn (5.40) becomes 

ij>D = er J t (R), (5.82) 

where r is the coordinate of the single electron relative to the hydrogen nucleus, 
It is convenient to divide the electric-field operator given by eqns (4.111) and 
(4.113) into two parts, and we also show the time dependence explicitly, 
putting 

ft r (Rf) = £ + (R0+£~(Rr), (5.83) 

where 

£ + (R{) = i£>y2e () F)Vk exp(-ift) k t+ik.R) (5,84) 

and 

t’(Rr) = -il(ho)J2e {) V)k k dl exp(ioy-ik.R). (5.85) 

k 

The process of photon absorption accompanied by excitation of a 
photoelectron at time t is represented by a diagram similar to that of part (b) of 
Fig. 5.1. The corresponding matrix element is similar to that of eqn (5.60), and 
assuming to begin with that the photons are initially in a state |n k > of well- 
defined photon number, we have 

(Mm\i> = <«k 7 1,q|cr.[fi + (Rf)4-(Rf)])« k , IS). (5.86) 

The final electronic state has a higher energy than the initial electronic state, 
and real transitions are possible only for a process in which energy is removed 
from the electromagnetic field. Thus only the photon-destruction component 
of the electric-field operator contributes, and the matrix element reduces after 
factorization to 

<M:dIO =t'<n k --l|l + (Rf)|n k >.<q|r|lS>. (5.87) 

Consider first the atomic part of the matrix element, The required 
wavefunctions are given by eqns (5.79) and (2.25). Define a coordinate system 
where the incident photons have wavevectors parallel to the z-axis and 
polarizations parallel to the x-axis, as in Fig, 5.2. The wavevector direction of 
the emitted photoelectron has spherical polar angles 0 and with the z- 
direction taken as the polar axis, and the azimuthal angle measured from the 
x-axis. 

Problem 5.5. Prove that 


<q|a k .r|lS> 


, 32^ sin 0 cos f 

'‘¥WwF 


32n* sin (l cos 6 
1 Fai? ’ ^ 


where the inequality of eqn (5.80) has been used in the final step. 
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Fig. 5,2, Coordinate system for the calculation of the photoelectric emission rale. 


The transition rate for the photoelectric effect can now be obtained by an 
application of the Fermi golden rule (eqn (5,72)). Let us calculate the total 
transition rate 1 /t for all processes in which photons of frequency (u k are 
absorbed by the atom and cause emission of an electron, In accordance with 
eqn (5.72) we must sum over all the possible final-state electron wavevectors q, 
and with the help of eqns (5.87) and (5,88) we obtain 




2 1 V 2 sin 2 0 cos 2 <| 

Vafrp 


The way in which the photoelectric transition rate depends upon the 
properties of the radiation field.is.governed by the radiation-field matrix 
element in eqn (5,89). In the following section we discuss the properties of this 
matrix element for the photon number-state and more general kinds of 
incident light beam. The matrix element is easily evaluated for the number 
state with the help of eqns (5,84) and (4,103), and eqn (5.89) becomes 


where the term h/2ma 2 0 has been dropped from the delta function in view of 
eqn (5,80). If dQ is an element of solid angle surrounding the vector q, 
the summation over q can be converted to an integration by 
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similar to eqn (4.128). The integral over q is evaluated with the help of the 
delta-function property (2.68), and the transition rate becomes 


1 __ Y2my 4 e : h\ sii vll cosh/) 

r , \ h J R6 n k r wi i ojw k 5 


(5.92) 


It is customary to quote experimental and theoretical results for the strength 
of the photoelectric effect in terms of a cross-section a, instead of a transition 
rate 1/t. The cross-section has the dimensions of area, and is defined as the 
ratio of the rate hwj rat which energy is removed from the photon beam by 
the photoelectric effect to the rate<7iayi k /Fat which energy in the beam 
crosses a unit area perpendicular to its propagation direction. Thus 


<t =3 F/r/y, 


(5.93) 


and an expression for the cross-section is easily obtained from eqn (5.92), 

The differential cross-section is defined in the same way as the cross-section 
except that it refers to the rate at which energy is removed from the photon 
beam by processes in which the photoelectron has a wavevector q whose 
direction falls within the element of solid angle dll, The differential cross- 
section is obtained by differentiation of a with respect to Q, and the result from 
eqns (5.92) and (5.93) is 

drr /2m M 4r/r’ sin 2 !) eos 2 i/; 

dQ \ h) 


The main features of the differential cross-section are the fall-off with the 
inverse \ power of the photon frequency, and the predicted angular 
dependence, The most favourable direction for electron emission is parallel to 
the photon polarization, and the differential cross-section falls to zero when q 
is perpendicular to At high frequencies, where the photoelectric cross- 
section is small, the photons are more likely to he scattered by the atom than 
absorbed in the photoelectric effect. 

It should be emphasized that the theory which leads to eqn (5.94) is 
only approximate, the main approximation being the use of a plane wave 
(eqn (5.79)) for the wavefunction of the photoelectron. The correct Coulomb 
wavefunctions lead to somewhat different results, 11 particularly when/% is 
only a little larger than the threshold value ftw R and the free-state wave- 
functions are not at all plane-wave-like. The departure of the approximation 
shown in eqn (5.94) from the exact result at the smaller values of tuo k is shown 
in Fig. 5.3. The approximate theory also fails at higher frequencies where l/k 
becomes comparable to the Bohr radius, so that the electric-dipole approxi¬ 
mation cannot be made, or ko k becomes comparable to me\ and relativistic 
wavefunctions must be used. 

It was pointed out in the previous section that the scmiclassical and fully 
quantized theories give identical predictions for the rate of absorption of 
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"|>R 

Fig, 5.3. The photoelectric cross-section in arbitrary units as a function of photon frequency in 
the region where this is not large compared to the Rydberg frequency. The solid curve shows the 
exact result from ref. 11, and the broken curve shows the approximation (5.94). 

radiation by atoms, The statement remains correct when the atom is ionized in 
the final state of the transition, as in the calculations of the present section. 
Thus semiclassical theory accounts for all the main features of the photo¬ 
electric effect, and the latter’s existence does not ‘prove’ the need for 
quantization of the radiation field, contrary to statements sometimes made. 

5.7. The photon intensity operator 

The electromagnetic field enters the photoelectric transition rate (5.89) via 
the factor 

f-fRr-ln,.) 2 = <n.|£ '(ROK-l><«i-l : £*(R!jK> 

= <X|£-(Rl)£*(Rt)K>, (5.95) 

where the final step is justified by the closure theorem for the states of the 
radiation field, 

lKX»kl = 1. (5.96) 

flit 
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since only the state [n k -1) makes a non-zero contribution as the final state in 
eqn (5.95). 

The results are easily generalized to obtain the photoelectric transition rate 
for an incident beam that corresponds to a statistical mixture of the number 
states. Let the light beam in its initial state be specified by a probability P„ k 
associated with the state |n k >. The expression (5,89) for the transition rate 
remains valid, except that the electromagnetic field factor (5.95) is generalized 
to 

|2-(Rr)£ + (Rf)|«k> = Tr(p£-(Rf)E + (Rf)), (5.97) 

«k 

where the electromagnetic field density operator p is used to obtain ensemble 
averages in accordance with the procedure of eqns (4.212) to (4.220). For the 
most general case of a multimode incident beam, the trace in eqn (5.97) is 
evaluated with the multimode density operator whose form is given in eqn 
(4.242). 

The rate at which the radiation field causes an atom to emit a photoelectron 
is thus proportional to the expectation value of the operator ir(Rf)£ + (Rf), 
This quantity corresponds to the observable intensity of the light beam as 
measured by the current that the beam induces in the phototube. The 
approximate theory of the photoelectric effect is sufficiently realistic to 
produce the correct dependence on the characteristics of the incident light 
beam. Use of a better approximation to the electronic wavefunctions, or the 
assumption of some type of atom other than hydrogen, modifies the atomic 
part of the transition rate, but the conclusion that the radiation field enters 
the transition rate via the factor given in eqn (5,97) remains valid. Analysis of 
other types of intensity-measuring device leads to the same conclusion that 
their response is proportional to the expectation value (5.97). 

The intensity of a light beam in classical electromagnetic theory is 
determined by the Poynting vector defined in eqn (1.88). The quantum- 
mechanical intensity operator can be defined by 

l(Rt) = {£"(R0xB + (R0-B-(Rf)xE + (R£)}X o , (5,98) 

where the second term on the right, including the minus sign, is the Hermitian 
conjugate of the first term. The electric-field operators are defined by eqns 
(5.84) and (5,85), and the magnetic-field operators are obtained from the 
corresponding separation of 6, given by eqns (4.112) and (4.114), into its 
destruction and creation operator parts. 

The calculation of the photoelectric transition rate in the previous section 
assumed the geometrical arrangement of Fig. 5.2 with a unique direction for 
the wavevector of the incident light beam. We apply the definition of the 
intensity operator to this case alone, when eqn (5.98) can be written in a 
simpler form. 
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Problem 5.6. If the mode summations in the electromagnetic field operators 
are restricted to wavevectors that point in a common direction, 
prove that the intensity operator (5.98) is oriented in the 
common direction with a scalar magnitude that can be written 

l(Rt) = 2e 0 c£-(Rt).£ + (Rt). (5.99) 

The expectation value of the intensity for a polarized beam of light is 

<?(Rt)> = 2e 0 cTr(^-(Rt)£ + (Rt)). (5.100) 

The definition of the intensity operator adopted in eqn (5.98) thus reproduces 
the form of observed intensity derived in eqn (5.97) by consideration of the 
photoelectric effect. 

The intensity simplifies for incident light whose density operator has no off- 
diagonal number-state matrix elements, for example chaotic light described by 
eqn (4.244), The intensity obtained from eqn (5,100) with the help of eqns (5.84) 
and (5.85) is independent of position and time in this case, and we find 

(I) = ( mZcoA , (5.101) 

k 

where 

» k = Tr (pdla k ) (5.102) 

is the mean photon number for mode k. The photoelectric transition rate 
retains a simple form only for monochromatic incident light where n k is 
replaced by h k in eqns (5,92) and (5.93), The final result (5.94) remains valid in 
this case. 

Another simple case is that of multimode coherent incident light, where the 
state and density operator are defined in eqns (4.236) and (4.237). It follows 
from the definition (5.84) and the property (4.186) of the coherent states, that 
|{a k }> is an eigenstate of 

£ + (Rf)|{a k }> = iYfho)J2e 0 F)*a k exp(-im k t+ik.R)|{a k }>. (5.103) 

k 

The expectation value of the intensity is thus 

</(Rt)> = 2e 0 c<{a k }|JS'(Rt)|{a lt })<{o k }|fi + (Rt)l{« k }> 

= (eft/K)Ta)Jn k exp(—iaiit+ik.R) 

k 

The quantum-mechanical intensity operator of eqn (5.99) has some 
similarity to the formula (3.15) for the classical cycle-averaged intensity, except 
for some different factors'of 2 associated with the different definitions of 
electric fields in the two cases. Thus the intensity expectation value (5.104) for 
the pure coherent state contains components only at the differences of 
frequencies within the beam, and the result depends on R and t in exactly the 
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same way as the classical cycle-averaged intensity for the analogous super¬ 
position of classical stable waves. The quantum result (5.101), which applies for 
example in the case of multimode chaotic light, includes the additional average 
over the probability distribution represented by p in eqn (5.100), and is 
analogous to the classical long-time average intensity of eqn (3.58). 

The nature of the intensity-measuring process, which relies upon absorption 
of light, or destruction of photons, leads to the definition (5.98) or (5.100) of the 
intensity operator, in which the destruction operators lie to the right of the 
creation operators. An operator product that has this property is said to be 
normally ordered. 12 The expectation value of the operator product E~E + is 
proportional, as in eqn (5.101) to the numbers of photons in the modes; from a 
physical viewpoint, light detectors give a reading only when there are photons 
at the detector position. The detector response is not proportional to the 
expectation value of EE, which was evaluated in eqn (4.116) and includes a 
zero-point contribution from every mode k of the radiation field, whether or 
not the beam contains photons in mode k. It can therefore be asserted that the 
zero-point energy makes no contribution to the observable radiative intensity, 
and the corresponding field energy is always given by i of eqn (4,145) and not 
by i of eqn (4.119). The theory of measurements on light beams is further 
developed in the following chapter. 


5.8. Transformation to the Schrodinger representation 

The transition-probability calculations carried out earlier in the present 
chapter are based on the time-dependent perturbation theory developed in 
Chapter 2. The basic equation is the time-dependent wave equation (2.1), 
where the Hamiltonian $ is expressed as a sum of the atomic Hamiltonian /? E 
and an interaction Hamiltonian as in eqn (2.7). The interaction Hamil¬ 
tonian depends on the time, and is regarded as inducing transitions between 
the eigenstates of # E . 

In the electric dipole approximation we may write the wave equation 

(A+AD(tp(t) = ihd^(t)/dt, (5.105) 

where we now indicate which functions depend on the time. The explicit forms 
ofi’e and # ED (t) are given in eqns (5.53) and (5.57), It can be seen that the time 
dependence of ^ E d( 0 arises from the electric vector E T of the radiation field. 
The treatment of the interacting atom and radiation field based on eqn (5.105) 
employs time-dependent operators for the radiative part of the coupled sys¬ 
tem, but time-independent operators for the atomic part. 

It is shown in textbooks on quantum mechanics 13 that a given problem can 
be treated in several different types of representation. The representations 
differ in the way in which time dependence enters the quantum-mechanical 
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equations. The extreme cases are the Schrodinger representation, where all the 
operator quantities are explicitly time-independent and the time dependence is 
all contained in the wavefunction, and the Heisenberg representation, where 
the wavefunctions are independent of time and the time dependence is carried 

by the operators. , 

The wave equation (5.105) is expressed in a mixed representation that is 
Schrodinger-like for the atomic part but Heisenberg-like for the radiative part. 
It is sometimes convenient to cast the whole system into a single represen¬ 
tation, and subsequent calculations make various use of the Schrodinger and 
Heisenberg representations. We consider the Schrodinger representation in 
the present section and the Heisenberg representation in §5.11. An inter¬ 
mediate case, the interaction representation, is sometimes useful in radiative 
problems, and its properties are described in §5.14. It must be emphasized that 
all representations give the same predictions for measurable quantities, but for 
a given problem, the derivations may be much simpler and more transparent 
in a particular representation. 

In order to transform eqn (5.105) to the Schrodinger representation we 
define a new wavefunction 

<D s (f) = exp(-i i’af/W), (5-106) 

where 

«# R = (5.107) 

is the radiative Hamiltonian from eqn (4.118), but with the zero-point energy 
dropped in accordance with the remarks of the previous section. Substitution 
of eqn (5.106) in eqn (5.105) gives 

{i E +£ ED (t)}exp(iJf R t/h)$ s (t) - i h exp(iiW#$i/Ps(£) 

■ ■ nmmv 

(5.108) 

Multiplication of both sides from the left by exp(-i# R f/h) leads to 
{A +i R +exp(-i# R r//i) 1 # , ED (r)exp(i^ R r/A)}df» s (r) = ih dO s (f)/df, (5.109) 

where the commutation of A with A has been used. 

The time-dependent term in the Hamiltonian on the left-hand side of this 
equation can be greatly simplified. 

Problem 5,7. Use the commutation relations (4.166) and (4.167) to prove that 

exp(-iwahjt)flexp(ima%) = aexp(icut) (5.110) 
and 

exp(-icufl t dt)o t exp(io#&) = d f exp(-ico£), (5.111) 
and hence show that 

exp(-i# R t//j)^ ED (f)exp(ii' R t/h) = AM (5.112) 
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The wave equation (5,109) thus reduces to 

(t) = {A+A+AvMt) = ih d<J> s (0/df, (5.113) 

where ED is now the electric-dipole Hamiltonian from eqn (5.57) but with the 
time t set equal to zero, 

^ed = ieIE(H/2e 0 i / ) 1 %-D ;/ {4exp(ik.R)- #exp(-iLR)}|f)0|. 

klj 

(5-114) 

The Hamiltonian in eqn (5.113) is entirely time-independent, the trans¬ 
formation shown in eqn (5,106) having transferred the time dependence of the 
radiation field to the wavefunction O s (f). The problem is now completely in the 
Schrodinger representation. A similar transformation can be carried out for 
the total interaction Hamiltonian of eqn (5.39); the resulting wave equation 
is the same as eqn (5.113) but with A at t = 0 replacing i%. 

The physical predictions that follow from the new wave equation (5.113) are 
identical to those that result from the original equation (5.105). The 
transformed equation is symmetric in the atomic and electromagnetic field 
contributions to the total Hamiltonian, and is often more convenient for 
calculations in which both atom and radiation are treated quantum me¬ 
chanically. 

The operators that represent observables are all time-independent in the 
Schrodinger representation, 

d6/dt = 0. (5.115) 

The expectation value of an operator for a system in the pure state <h s (t), 

(6(t)) = m0m)\ (5.U6) 

has a time dependence entirely determined by the time variation of the state. 
The formal solution of eqn (5.113) is 

<&s(0 = exp(-L#f/fc)<D s (0). (5,117) 

The exponential quantity is known as the time-development operator, 

For a statistical mixture in the Schrodinger representation with a prob¬ 
ability P s that the system is in state d> s at time t = 0, the density operator at a 
general time t is defined in accordance with eqn (4,216) to be 

m = iPsimxm 

= lP s exp(-iJf’t/fi)|<I>s(0))<<D S (0)|exp(i At/h), (5.118) 

The density operator does vary with time in the Schrodinger representation 
and it is easily shown by differentiation of eqn (5,118) that 

ih dp s [t)/dt = [#M)l 


(5.119) 
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The expectation value of an operator for a statistical mixture is 

0(t)) = Tr(p s (0<5) (5.120) 

similar to eqn (4,220). 

It is useful for later calculations to put the Schrodinger-representation 
Hamiltonian of an effectively two-level atom into its simplest possible form. 
We therefore consider once more an atom with ground state 11 > and an excited 
state |2> at excitation energy hco 0 , The atomic parts of the Hamiltonian can be 
simplified by the introduction of transition operators 

0 = |2)<1| (5.121) 

ft = |1)<2|. (5.122) 

Thus ft 1 shifts the atom from its ground state to its excited state, and ft 

produces the reverse transition. The properties of the transition operators are 
easily obtained from their definitions. Thus if the atomic states arc normalized 


and orthogonal, 

= |2)<1|1><2| = |2)<2| 

(5.123) 

and similarly 

§1 

li 

N/ 

(5.124) 

The closure theorem for a two-level atom gives 



\\)(l\ + \2)(2\ * ft'ft+ftft' * 1. 

(5.125) 

Finally, 

TtW = |2><112><1| - 0 

(5.126) 

and similarly 

rift = 0. 

(5.127) 


If the energy zero is taken at the level of the lower state |i>, the atomic 
Hamiltonian (5.53) reduces to 

.# E = fcw 0 |2><2! * hco 0 n f n. (5.128) 

The electric-dipole Hamiltonian can be similarly re-expressed. According to 
eqn (5.55), the second-quantized form of D reduces to 

D = D 12 (#+jr), (5.129) 

and the relevant part of the electric-dipole Hamiltonian (5.114) is 

i* ED = i^ k {d k exp(ik.R)—exp(-ik,R)}(fi t + ft), (5.130) 

where ^ is defined in eqn (5,59). The terms that result from multiplying out the 
brackets are represented by the four diagrams of Fig, 5.1. We make the 
rotating-wave approximation and retain only the energy-conserving terms 
represented by diagrams (b) and (c), The complete Schrodinger-representation 


Interaction of the quantized field with atoms 191 
Hamiltonian obtained from eqns (5.107), (5.128), and (5.130) is then 

- £ fao k flj[d k + i £ % k { ft' t d k exp(ik .R)- d[n exp(— ik.R)}, 

'(5.131) 

where all the operator products are written in normal order, with destruction 
operators to the right of creation operators. 


5.9. General expression for radiative transition rates 

The transition rates determined earlier in the chapter are based on the result 
(2.70) derived for a two-level atom subjected to an oscillatory perturbation. 
The generalization of this result, Fermi’s golden rule, quoted without proof in 
eqn (5.72), covers systems that have continuous distributions of energy levels, 
as in spontaneous emission, where the emitted photon has a distribution of 
possible states, or in the photoelectric effect, where the emitted electron has 
many available states. Fermi’s golden rule applies only to first-order radiative 
processes, where a single interaction of the radiation with an atom occurs, as in 
the diagrams of Fig. 5.1. 

In the present and following sections we derive general expressions for 
radiative transition rates using the Schrodinger representation, We give a 
proof of Fermi’s golden rule and its generalization to higher-order radiative 
processes that involve two or more interactions of radiation with the atom. 
The theory is based on the Schrodinger wave equation (5.113) with a total 
Hamiltonian that can be written as the sum of two parts 

# = ,# 0 +ij, (5.132) 

where Jf 0 is the Hamiltonian of the uncoupled electrons and radiation and 
is the interaction between them, equal to ,# ED in the electric-dipole approxi¬ 
mation. The wavefunction at time t is related to that at an earlier time t Q by 

®s(f) = exp{-i^(f--to)/ft}O s (t 0 ), (5.133) 

where eqn (5.117) has been used. 

Let i// f be an eigenstate of ,5f 0 with energy ha f) 

= ho) f \l/f. (5,134) 

The probability that the system is in state i jj f at time t is given in the usual way 
by the square of the overlap integral of fa and ® s (f), 

= K^/|exp {—- f 0 )/ft} | ® s (to)>l 2 , (5.135) 
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where eqn (5.133) has been used. The presence of $ x in the exponential causes 
W/|fl>s(0>l a t0 differ ' n g enera * f rom K<M < W>I 2 . The difference is 
physically described as being due to the occurrence of radiative transitions 
during the time interval between f„ and t. 

The state of the coupled system at time t 0 can be expressed as a linear 
superposition of the eigenstates of jt 0 . Let ij/„ be one of the eigenstates, 

= hwj) u , (5.136) 

The probability (eqn (5.135)) of the system being in state i// f at time t can be 
expressed in terms of the probabilities of observing the system to be in the 
various states \Ji u at time t 0 . The proportionality factor by which the prob¬ 
ability for state i j/ u at time t 0 must be multiplied to find the corresponding 
contribution to the probability for state \j/ f at time t is 

K^lexpl-i^-toPlIi)! 2 . (5.137) 

The transition rate from state 4 to state is equal to the time derivative of 
this proportionality factor. In the common experimental situation where 
transitions to a range of final states are observed simultaneously, the 
appropriate transition rate is 

- - ^EK/lexpHi’MoMM*. (5-138) 

where the notation for bras and kets has been simplified. Under steady-state 

conditions, the transition rate is expected to be independent of both t and t 0 . 

The expression (5,138) for the transition rate is not in a very useful form for 
calculations. It can be made more useful by an expansion in a series of powers 
of the matrix elements of We have seen in Chapter 2 that the matrix 
elements of the atom-radiation interaction are small compared with the 
energies of the photons and atomic transitions in the visible region of the 
spectrum. Therefore the series expansion of the transition rate can be expected 
to converge rapidly. It is, in most cases, an excellent approximation to 
terminate the expansion at the first non-vanishing term for the type of 
transition considered. The expansion clearly separates the first, second, third, 
and so on, orders of radiative process. 

The required series is obtained by expansion of exp{—i—1 0 )/^} 
powers of The expansion is not entirely straightforward because 

ap(-i$t/h) # exp(-i# 0 t/h)exp(-i,# l f/h) (5.139) 

owing to the fact that # 0 and Jf, do not commute. Therefore it is not possible 
to use the ordinary expansion of the exponential. However, the difficulty can 
be overcome as follows. The identity 

exp(iJ^ 0 t/h)£, expl-iJ^t/h) = ih^ {exp(i$ 0 t/h)exp(-i$t/h)} (5.140) 
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is easily proved by explicit differentiation on the right and with the use of eqn 
(5.132). Integration of both sides with respect to t gives 

i 

jexpO^otJ^ii exp {-isfrtjh) df t 

= ih {exp(i#o f/fi)exp( - exp(i jp 0 t 0 /h)exp( - i$t 0 /h)}, 

(5.141) 

which can be rearranged as 

mp(~i$t/h) = exp(-i# 0 t/ft) jexp(iiy 0 /ft)exp( - \$t 0 /h) 

-^Jexp(i^ 0 tjhft exp(-i Jttjh) d^j. (5.142) 

<0 

In order to ensure that steady-state conditions have been achieved by the 
time t at which the transition rate is calculated, we assume that t 0 is a time in 
the infinitely remote past, Furthermore, we represent the interaction as having 
been gradually built up to its full strength from time - oo, by insertion of a 
factor exp(et), where e is a small quantity that is made to tend to zero in the 
final expressions for transition rates, The infinitely slow rate of build-up of $ 
avoids any transient effects that might otherwise result from the apparent 
sudden application of the interaction % to the system that is represented as 
being in eigenstates of in the transition-rate expression (5.138). 

With these modifications, and noting that is now zero at time f 0 eqn 

(5.142) becomes 

exp(-i $t/h) - exp(-iJ? 0 f/ft) 

r 

x jl | exp(iexp(et 1 )exp(-i#t 1 /fi) dfj. 

*~oo 

(5.143) 

The right-hand side can be developed as a power series in by iteration. We 
consider the contributions of the terms in ascending orders of to the 
transition rate 1/t. 

5.10. Time-dependent perturbation theory 

(1) Zero order, The term of zero order in J) contributes a matrix element 
</|exp(-iJ?of/ft)l«> = exp(-icty)</|u>. (5.144) 
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The concept of a transition implies that i //„ and fa must be different states and 

the zero-order contribution is therefore zero. 

(2) First order. The term of first order in is obtained by setting $ equal to 
J> 0 in the second term of eqn (5.143), The contribution of this term to the 
matrix element in eqn (5.138) is then 

i 

-</IP)exp(-ii#) fexp(i# 0 tiM exp(fit 1 )exp(-i# 0 t#) d*il«> 



= -P)exp(-iw ; t)</|#,|u> exp(ic!);ti+et! -to^i) d *i 


</l#,l») exp(st-M 
h oj u ~o)j+i& 

According to eqn (5.138) the transition rate is 


1 _ d r l</l^il M >l 2 ex P( 2fit ) 

x dtf h 2 {(o u -o)f) 2 + e" 

_ 2 Y|/n#itAi 2 sex{?(2 ^- 

■ h 2 W m (<0„-0) f ?W 


We now take the limit of zero £ to produce the required slow introduction of 
the interaction The exponential in eqn (5.146) tends to the value unity and 
the remaining term in £ has the form of the representation of the delta function 
given in eqn (2,66). Thus 


- = -yi 

t a 2 ? 1 




This is Fermi’s golden rule quoted previously in eqn (5.72). 

(3) Second order. The term of second order in is obtained by a first 
iteration of eqn (5.143). That is, the term exp(-i tftjh) in the integrand is 
expressed in terms of # 0 and <#, by substituting for it the complete expression 
(5,143), with t replaced by t x and <# on the right replaced by The variable 
of integration in the substitution is changed to t 2 to avoid any confusion, and 
the matrix element of the resulting second-order contribution is 


(/|ft" 2 exp(-i# 0 t/fi). d t { dt 2 wp(i$ 0 tjh)$i exp(etj) 


:exp(-i# 0 (t 1 - t 2 )lh)$] exp(£f 2 )exp( ~-i$ Q t 2 /h) |u). (5.148) 


Interaction of the quantized field with atoms 195 

The closure theorem of eqn (4.214) is now used to insert the unit quantity 
S,|/)</| somewhere between the two i\ operators in eqn (5.148). The l 
summation runs over the complete set of eigenstates of jp 0 . Its presence does 
not affect the value of the matrix element but it allows eqn (5.148) to be reduced 
to the more explicit form 


■r 2 £exp(-ito / t)</|i ! I |/>(/|i' 1 | u > 


X dti mv(ico s t l J ret 1i ~\o)i(t 1 -t 2 )+et2-io) u t 2 ) dr 2 


= y (f\A\l)(l\A\u) exp(2£t-ic i? w t) 

I h 2 (co„ - O);+ifi)(<w u - £0/+2ifi) ’ (5,149) 

Since £ is an arbitrary small quantity that will be made to tend to zero, it is 
permissible to replace 2c by e in eqn (5.149). The first and second-order matrix 
elements of eqns (5.145) and (5.149) can then be combined to give 


1 exp(et-ia)„t) 
h co u -o) f +ie, 


(Ml u)+rl 




The expression for the transition rate that results from eqn (5.150) is the 
same as eqn (5.147) except that the first-order matrix element </| J^fu) is 
replaced by the quantity in brackets in eqn (5.150). The c 0 limit in the 
denominator of the second-order matrix element can usually be effected by 
merely setting e equal to zero. For the majority of problems, the states |/> for 
which </|j?,|i></|i' 1 |«> is non-zero are such that Wj is not equal to io u and no 
delta function arises from this term. The transition rate correct to second- 
order in •??, is thus 

- = < 5 ' 151 ) 

It is necessary to examine the validity of removing e from the denominator of 
the second-order matrix element for each problem to which eqn (5,151) is 
applied. Situations in which a> t can equal co u will be encountered in §§8.7 
and 8.8. 


(4) nth order. The term of nth order in in eqn (5.143) is obtained by 
iteration of the right-hand side n-1 times. The calculation is similar to that 
for second order, except that there are n integrations to perform, and the 
closure theorem is used n-1 times, The resulting transition rate with the nth- 
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order term included is 




The states |/j>, j/ 2 >, etc. that occur in the higher-order terms of the transition 
probability are virtual intermediate states for the transition. The first-order 
term represents the rate of direct transitions from state |u> to state |/>, while 
the higher-order terms represent transitions where the system changes 
indirectly from state |u> to state |/> via one or more intermediate states. The 
only energy-conservation requirement built into the transition-rate formula is 
that a u must equal w f . The intermediate states do not in general have the same 
energy as the initial state, although for each intermediate state there is an 
energy denominator h(co u -o},), which reduces the contribution to the matrix 
element for states whose energy ho) t differs from hco u by a large amount. The 
system passes through the intermediate states |f> in a virtual sense. There is no 
need for energy to be conserved in the intermediate states since no real 
transitions are made into them. 

The series of terms in eqn (5.152) normally diminishes sufficiently rapidly 
that only the lowest-order contributing term for a given radiative process need 
be retained. The required term can usually be determined by counting the 
number of photon states that are changed in the transition from |«> to |/>. For 
simple absorption or emission of a photon, only one photon state is changed, 
and the first-order term suffices, as in the calculations of Chapter 2 and the 
earlier sections of the present chapter. For scattering of light, where one 
photon is absorbed and one emitted, the second-order term is required. In 
nonlinear optics, considered in Chapter 9, the two-photon absorption process 
requires the second-order term. For third-harmonic generation, where three 
photons are destroyed and one photon is created, the fourth-order term in 
eqn (5.152) is required. 

It is clear from the symmetry of eqn (5.147) that the rates of transition from 
state |u) to state |/> and from state |/> to state |u> are equal in first order. 
A similar symmetry between the rate of a transition and its inverse is apparent 
in the second-order expression (5.151). However, it transpires on closer 
inspection that the symmetry is removed in cases where the wavefunctions are 
complex and there are virtual intermediate states in which toj is equal to o) u . 
The pole in the second-order part of eqn (5,150) can then produce different 
contributions to the two transition rates. A similar phenomenon occurs in the 
higher-order terms. Thus if terms of the second or higher orders are included, 
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the rates of a transition and its inverse are in genera! equal only for states with 
real wavefunctions. For states with complex wavefunctions, it can be shown 14 
that a more complicated equality holds between the rates of a transition 
and the inverse transition that connects states with complex conjugate 
wavefunctions. 


5.11. The Heisenberg representation 

The time-dependent properties of quantum-mechanical quantities in the 
Heisenberg representation are the inverse of those in the Schrodinger re¬ 
presentation, since the operators become time dependent but the Heisenberg 
wavefunctions are time-independent. The Heisenberg representation is con¬ 
venient for understanding the time variations of the operators that describe 
the electromagnetic field. The analogies between classical and quantum 
theories are particularly clear in the Heisenberg representation. The field 
operators (4.110) to (4.114) obtained by analogy with the classical theory are 
indeed in the Heisenberg representation if the atom-radiation coupling is 
ignored. We now obtain the equations of the complete atom-radiation system 
in the Heisenberg representation. 

The Heisenberg wavefunctions are related to the Schrodinger wave- 
functions by 

% = exp(iiT//p s (£) = <D S (0), (5,153) 

where fit is the time-independent Hamiltonian, and clearly 

dd> H /d£ = 0. (5,154) 

The time-dependent Heisenberg operators are defined in terms of the time- 

independent Schrodinger operators by 

6 n (t) = exp(ii b £/fi)6exp(—i#t//j), (5.155) 

The equation of motion of the operators is found by simple differentiation of 
eqn (5,155) to be 

ihd6 H (t)ldt = [6 H {t),^l (5.156) 

and we note that, unlike most other operators, the total Hamiltonian remains 
independent of time in the Heisenberg representation, 

${t) = (5,157) 

The commutation properties of operators are unchanged by the trans¬ 

formation (5.155), even though the operators themselves vary with time, 
Calculated results for measurable quantities are the same in all represen¬ 
tations. Thus the Heisenberg expectation value 


(5.158) 
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is seen with the help of eqns (5.153) and (5.155) to be identical to eqn (5.116) for 
the Schrodinger expectation value. For statistical mixtures, the Heisenberg 
density operator obtained by analogy with eqn (5.155) is 

p H = exp(i$t/h)p s [t)txp{-i$t/h). (5.159) 

It is seen from eqn (5.118) that this is another exception to the usual time 
dependence of operators in the Heisenberg representation, and 

dp H /df = 0. (5.160) 

The Heisenberg expectation value for a statistical mixture, given by 

(0(t)> = Tr(pA(t)), (5.161) 

is seen with the help of eqns (5.155) and (5.159) to be identical to the 
Schrodinger value (5.120), since the trace of a product of operators is un¬ 
changed by cyclic permutation. 

The rotating-wave-approximation Schrodinger Hamiltonian (5.131) for a 
two-level atom coupled to the radiation field becomes 

k 

+iI hk MO^(t)exp(ik.R)-dj[(t)7c(f )exp(—ik.R)} (5.162) 

k 

in the Heisenberg representation. It should be emphasized that although the 
complete Hamiltonian is time-independent in accordance with eqn (5.157), 
corresponding terms in eqns (5.131) and (5.162) are not equal except at t = 0. 

The equations of motion of the various operators that appear in the 
Hamiltonian are obtained from eqn (5.156) with the use of their commutation 
properties, still given at time t by eqns (4.67) and (5.125)-(5.127). Thus 

i h dn(t)/dt = h(o 0 n(t)-\ £ ^k[2rc t (t)x(t)~l]4(t)exp(ik,R), (5.163) 

k 

and the equation is formally integrated to give 


7i(t) = exp(-ia) o t)|f(0)-^ k J[2^(0- l]fl k (f')exp(ik.R +m 0 t') dt j. 
o 

(5.164) 

Similarly 

t\t) = exp(ico 0 f) |tc f (0) 


-Dkj Ok(f')[2^ t (0^(0—l]exp(—ik.R—ico 0 t') dt'i. (5.165) 
o 
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The analogous solutions for the radiative operators are 

4(f) = exp(-ico k f)ja k (0)-^ k j7?(t')exp(—ik.R+i<y k f') dr'j (5.166) 
o 

and 

dj(t) = exp(i«u k r) |<SJ(0)-^ k J tt ^Oexplik. R-icu k t') dr j. (5.167) 

o 

In each of these four last equations, the first term on the right-hand side gives 
the simple time dependence of the Heisenberg operator in the absence of 
coupling between the atom and the radiation field. The effect of the coupling, 
contained in the second term on the right-hand side, is to produce a 
complicated time dependence, together with a mixing of the field and atomic 
operators. There are no simple explicit solutions for the time-dependent 
operators of the coupled system, 

The Heisenberg equations of motion and their implicit solutions given 
above can however be used to obtain quite simple iterative expressions for the 
time-dependent operators in ascending powers of the atom-radiation cou- 
pling g. y . It is sufficient to obtain solutions to order for many properties of 
interest, and the main results are derived in the following section. The 
commutation properties of the time-dependent operators can also be verified 
from the above solutions. 

Problem 5.8 . Assume that the atomic and radiative operators have their usual 
commutation properties at timer = 0, and hence prove that the 
creation and destruction operators given by eqns (5,166) and 
(5.167) satisfy 

Wk mm = 1 (5.168) 

to order 

5.12. Time dependence of the atom-radiation system 

As a first example of the iterative solution of the equations of motion, we 
consider the spontaneous emission by an excited atom. The level of excitation 
of an atom is given by the expectation value of the operator fpt The equation 
of motion of this operator obtained from eqns (5.156) and (5.162) is 

dn\t)i(t)/dt = X^k{^ t Wflk(0exp(ik.R)+fl1(r)7c(t)exp(-ik.R)}, (5,169) 

k 

A solution correct to order is obtained with the use of expressions for the 
radiative operators correct to order g. Y . Thus from eqn (5,166) we take the 
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approximate expression 

d k (t) = exp(—ico k f) |fl k (0)—^ k 7r(0exp(—ik. R+ico 0 f) (5.170) 

x|exp[i(ft) k -£D 0 )t'] df'J, 
o 

where in the integral of eqn (5.166) it is sufficient for the vacuum expectation 
value taken below, to use the zero-order result 

n{t') = jr(f)exp|> 0 (f-0]. (5.171) 

The creation operator is given by the Hermitian conjugate of eqn (5,170). Thus 
eqn (5.169) becomes 

dn\t)n{t)/dt = ^ k it t (t)|fl k (0)exp(ik.R--ia) h t) 


- #l »(i)Jexp[i(a. l -ffl 0 )(I'-!)]dtj (iI72) 

0 

+hermitian conjugate, 

Suppose that the radiation field is in its vacuum state |0> at time t = 0 with 

<0|a k (0)|0> = <0|a1(0)|0> = 0, (5.173) 

The expectation value of eqn (5.172) with respect to the vacuum state therefore 
gives 

Wfimm/dt 

i 

= - (0| n f (t)n(t) 10> ^ k j*exp[i(ce k --m 0 )(r'- 1 )] d t' 
o 

+complex conjugate 

= -<0|7t t W^OiO>E2^ k 2 sin[(ft) k -co 0 )t]/((o k -ftj 0 ). (5.174) 

k 

For sufficiently large t the final factors in this expression form a representation 
of the delta function as in eqn (2.65), The summation in eqn (5.174) is then 
identical to eqn (5.71), and with the notation of eqn (5.75), 

d<0jjT r (t)7r(f)f0)/df = -2y<0|7rt(()^)|0). 


(5.175) 
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The level of excitation of the atom thus decays at a rate 2y, and eqn (5,175) 
is the Heisenberg-representation description of the spontaneous emission 
process, equivalent to the phenomenological result (1.76), 

U is straightforward to make a similar approximation to the equation of 
motion (5.163) of the atomic de-excitation operator, and the result obtained 
with the use of eqn (5.170) is 


d<0|jr(f)|0>/dt = - <0| n(t) 10) jifi) 0 +£^ k jexp[i(w k -w 0 )(t' - r)] dr j. 

o 

(5.176) 

This expression is somewhat more difficult to evaluate than the analogous 
result (5.174) and it is necessary to consider the nature of the integral in a little 
detail. 

By standard integration we find 


Jexp[i(cu k -<y 0 )(r'~f)] dr' 

o 


l-cosK~(o 0 )r | sinK~m Q )r 

i(ft) k —(Oq) CO k — COq 


The real part on the right-hand side is equivalent to a delta function for large t, 
and only this part contributed to eqn (5,174). However eqn (5.176) also in¬ 
cludes an imaginary part from the first term on the right of eqn (5.177), The 
principal value of l/(m k -w 0 ) can be defined as 15 


p = u 1 -cos(m k -m 0 )r 
^k-w 0 i-*® w k -w () 


(5.178) 


When this function occurs in an integration over w k , the rapidly-oscillating 
cosine makes no contribution, except at the value oj k = m 0 , where it cancels 
with the 1 in the numerator to give a zero. The principal value thus behaves 
everywhere like l/(co k -<n 0 ) except for the removal of a small range of in¬ 
tegration symmetrically placed around o\ - co 0 . We now write eqn (5.177) 
in the form 

t 

|exp[i(m k -(y 0 )(t'-t)] dt' = -i[P/(m k -co 0 )]+^(m k -a) 0 ). (5.179) 
o 


The equation of motion (5.176) is converted by substitution of eqn (5.179) to 


d t 


W)|0> ifflH 


W Jo) k -co 0 


+y>, (5.180) 
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where the summation over k is converted to an integration by eqn (4.128) 
and the radiative decay rate is obtained from the delta-function part as in 
eqn (5,175). According to eqn (5.129), eqn (5,180) and the Hermitian conjugate 
equation determine the time dependence of the dipole moment of the radiating 
atom. The first two terms in the large bracket of eqn (5.180) give the frequency 
of oscillation of the dipole while the third term gives the rate of exponential 
decay of the dipole moment, The second term is a correction to the oscillation 
frequency co 0 brought about by the coupling of the atom to the radiation field. 

The calculation of radiative corrections to the energy-level separations of 
atoms forms an extensive field of study. The integral given in eqn (5.180) is not 
in fact an adequate starting point since there is a further contribution of the , 

same order from the final term in the complete Hamiltonian (5.35) of the , 

atom-radiation system, This term produces no change in o 0 for a two-level j 

atom, but real atoms have of course many levels, and the term then makes an 1 

important contribution. The resulting expression for the total shift needs : 

careful treatment since it contains an integration over wavevector that I 

diverges at its upper limit, similar to though not so serious as the divergence in 
the integral in eqn (5,180). The frequency shift was first successfully evaluated 1 

by Bethe 16 in 1947 using a technique known as mass renormalization. We do 
not consider the details of the calculation, and the interested reader can find 
good accounts in other texts, 17,18 

Calculations for the hydrogen atom show that the shift vanishes unless one 
of the states in the transition is an S state. The shift is always very small, and for 
example its value for the 2 2 S* state of hydrogen is about 10 9 Hz, roughly six 
orders of magnitude smaller than the n = 2 state excitation energy. The 
existence of level shifts was first demonstrated by Lamb and Retherford in 
experiments on radiative transitions between the 2 2 S^ state of hydrogen and 
the unshifted 2 2 P i state. The splitting between these two states is known as the 
Lamb shift. In future calculations we ignore these small corrections, assuming 
them to have been included in the basic transition frequencies co 0 between 
pairs of energy levels. , 

5.13. The source-field expression 

As a third and final example of the solution of the Heisenberg equations of ! 
motion, we consider the time dependence of the electric-field operator at a 
point r some distance from a radiating atom at position R. The electric field is ' 
divided into two parts as in eqn (5.83) with ! 

E + (rf) = i£(K/2e 0 T)V k (0exp(ik4 (5.181) 

■ k , 
and the conjugate expression for £"(rf). The time-dependent destruction 
operator given by eqn (5.166) has two parts, an initial-value or freely < 
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propagating part that is independent of the atom, and a part that represents 
the field radiated by the atomic light source. The initial-value part makes no 
contribution to expectation values of normally-ordered operators for states of 
the field in which no photons are excited at time t = 0. Thus with the as¬ 
sumption that the field operators will be used only in such expectation-value 
calculations, the initial-value part can be dropped, and substitution of the 
source-field part of eqn (5.166) into eqn (5,181) gives 

£ + (rt) = — (ie/167r 3 e 0 )J'dka) k B k (B k .D 12 )exp{ik.(r~R)—ioj k t} 

t 

x Jft(t')exp(io> k f') dt', (5.182) 

o 

with substituted from eqn (5.59) and the sum converted to an integral by eqn 
(4.128). 

Fig. 5.4 shows the orientations of the various vector quantities that enter 
eqn (5.182), The line joining the atom to the observation point is taken as the 
z-axis of Cartesian and polar coordinates, with the atom as origin. The 
wavevector and the two independent polarizations of a radiated mode have 
polar coordinates given in eqns (4.123)-(4,125), and the orientation of the 
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atomic dipole moment is as given in eqn (5.73). It is clear from the symmetry 
of the figure that the radiated field has zero y-component. The x- and z- 
components are found by evaluation of the integrals in eqn (5.182). Just as in 
the corresponding classical theory of radiation by a dipole, 1 the field at r has 
nonzero x* and --components close to the dipole but at distances such that 
*|r-R| » 1 (5.183) 

the field consists of transverse waves polarized parallel to the x-direction. We 
consider only the far field of the dipole and assume that the inequality (5.183) is 
valid for the wavevectors that contribute most strongly to the emission. 

The angular part of the wavevector integration in eqn (5.182) is 

it 2n 

Jdfl J d 0s k (e k . Dj 2 )exp {ife |r - R| cos 0} 
o o 

2raDi 2 sina, 

= — fe | r _ R j {exp(i/c|r-R|)-exp(-ife|r-R|)}i, (5.184) 

where i is a unit vector parallel to the x-axis and the neglected terms have the 
denominator raised to higher powers. Substitution in eqn (5.182) gives two 
contributions to the electric-field operator corresponding to the two terms in 
the large bracket of eqn (5.184). Retaining for the moment only the first of 
these, we find 


fi + (rf) 


eD l2 sin a 
87r 2 € 0 c 2 |r—R| 



x exp -iojdt'rc(OexpKf'). (5.185) 

o 

The field operator to lowest order in the atom-radiation coupling is 
obtained by taking the zero-order time dependence of eqn (5.171) for the 
atomic transition operator. A result that involves % only in the combination 
-co 0 is obtained by setting 

n(t!) = 7 c^-Uj eX p . (5.186) 


The time integral in eqn (5.185) and the exponential factor that precedes it then 
give 



(5.187) 
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We assume equivalent to the inequality (5.183) that 

o) 0 |r-R|/c» 1, (5.188) 

and we also assume that t is sufficiently large that 

a)°(t-t51) » i (5.189) 

The prefactor of n in the expression (5.187) then generates a delta function by 
the representation (2.64), and the expression reduces to 

27E <5(co k - aj 0 )fift j ■ (5.190) 


The contribution of the second term in the large bracket of eqn (5.184) can be 
treated similarly but it gives a zero result since the signs of both exponents in 
the expression analogous to (5.187) are the same. 

Thus inserting the expression (5.190) into eqn (5.185) and carrying out the 
frequency integral we find 


£*(«) = 


e(i>lD n sin a . J |r-R|\ 
47te 0 c 2 |r-R| \ c / 


(5.191) 


The other component t~ of the field operator is given by the conjugate 
expression, and the two together express the field at point r in terms of the 
dipole operator of the radiating source atom. The expression is identical in 
form to that which relates the classical field radiated by a dipole to the classical 
dipole moment. 1 Note that the field operator at time t is determined by the 
dipole operator at a retarded time, similar to that in eqn (4.30), thus making 
proper allowance for the travel time of the electromagnetic waves from R or r. 
An advanced component, which would have resulted from the second term 
in eqn (5.184), is removed in the subsequent integrations over co k and £', as 
mentioned above. 

The source-field expression (5.191) has been widely applied since its in¬ 
troduction 19,20,21 and we use it in Chapters 7 and 8 to obtain information on 
the coherence properties of the radiation fields emitted by atoms whose dipole 
moments have known time dependences, It should be emphasized that the 
relation is valid only for the evaluation of expectation values of normally- 
ordered operators when the distance and time satisfy the inequalities (5.188) 
and (5.189). 


Problem 5.9. If a radiating atom is placed at the origin of coordinates, show 
that the radiated intensity defined in eqn (5.100) integrated over 
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the surface of a large sphere of radius r centred on the origin is 

r 2 j</(rf)> dfl = ( 5, ^2) 

where dfi is an element of solid angle and the integration runs 
over the complete 4n solid angle. 

The right-hand side of eqn (5.192) is the same as the rate of spontaneous 
emission of energy per excited atom ( N 2 /N)Aho) 0 used in the Einstein theory of 
Chapter 1. 

5.14. The interaction representation 

This third and final representation to be considered is intermediate between 
the Schrodinger and Heisenberg representations, having both wavefunctions 
and operators that vary with the time. Let the Hamiltonian be written as in eqn 
(5.132), with i’o the contribution of the uncoupled electrons and radiation 
and the interaction between them. The interaction-representation wave- 
function is related to the Schrodinger wavefunction by 

®i(f) = exp(i«# 0 f/p s (f) = exp(i# 0 t/ii)exp{-i^o+#,)t//j}<I> s (0), 

(5.193) 

where the exponentials on the right cannot be combined since the two parts of 
the Hamiltonian do not commute. The equation of motion obtained by 
differentiation of eqn (5.193) is 

ifcd<5,(t)/df = A{m\ (5.194) 

where interaction-representation time-dependent operators like jP, (t) are 
defined by 

d,(t) - exp(i^ 0 t/h)Oexp(-iJ^ 0 t/h). (5.195) 

The operator equation of motion obtained by differentiation of eqn (5.195) is 
ihdd,(t)/dt = [d,(t) } £ 0 ]. (5.196) 

Note that the uncoupled part of the Hamiltonian is time independent, 

A (t) = A (5.197) 

but the interaction part of the Hamiltonian varies with time. 

The nature of the interaction representation is characterized by eqns (5.194) 
and (5,196), which show that the motion of the wavefunctions is Schrddinger- 
like but only the interaction part of the Hamiltonian contributes to the time 
dependence, while the motion of the operators is Heisenberg-like but only 
the uncoupled part of the Hamiltonian contributes to the time dependence. 
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The main time dependence in the theory is carried by the operators in cases 
where the coupling $, between the two parts of the system is weak. The inter¬ 
action representation becomes identical to the Heisenberg representation 
if the interaction part of the Hamiltonian is set equal to zero. 

All calculated results for measurable quantities are again the same in the 
interaction representation as in the other representations. Thus the interaction 
expectation value 

<fl(f)> = <0,(l)|(5,(t)|0,(t)) (5.198) 

gives identical results to eqns (5.116) and (5.158). The interaction density- 
operator defined by analogy with eqn (5.195) is 

Pi(t) = exp(ii , 0 t/fi) j o s (t)exp(-ii , 0 t/fi) (5.199) 

and its equation of motion obtained with the help of eqn (5.119) is 

ifid/J,(t)/dt = [%),?,(()]. (5.200) 

It is easily verified that the expectation value for a statistical mixture, 

<fl(t» = Tr(A(t)0,(l)), (5.201) 

is identical to the Schrodinger value (5.120) and the Heisenberg value (5.161), 
The two parts of the Schrodinger Hamiltonian (5.131) for a two-level atom 
in the rotating-wave approximation are 

= h(°o 7t f n+J^ho) k ald k (5.202) 

k 

- i£Vk{^k exp(ik.R)—exp(—ik.R)}. (5.203) 

k 

The time dependences of the atomic and radiative operators given by eqn 
(5.196) are simply 

n(t) - ft exp(-im 0 t),fi t (t) = ft* exp(itu 0 t) (5.204) 

and 

d k (t) - d k exp(-ico k f), 4(f) = 4 exp(ico k t), (5.205) 

Thus the field operators (4.111) and (4.112) always have the correct time 
dependences for the interaction representation, whereas these forms are 
correct in the Heisenberg representation only for a radiation field not coupled 
to atoms; more generally, the radiative operators have the complicated time 
dependences (5.166) and (5.167) in the Heisenberg representation. Substitution 
of eqns (5,204) and (5.205) into Jq(£) obtained from eqn (5.202) verifies the 
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property (5.197); substitution into J’ft) obtained from eqn (5.203) gives 

$i(t) = iZ^ki^k exp[i(o) 0 -o) k )t+ik.R] 

k 

-din exp[-i(co 0 -co k )r-ik.R]}. (5,206) 

The simple time dependences of the basic operators make the interaction 
representation very convenient for the solution of a range of problems 
involving the atom-radiation interaction. Consider the expectation values of 
the transition operators for a two-level atom. With the definitions (5.121)- 
(5.123), we find with the use of eqns (5,201) and (5.204) that 

(n(t)) = Tr(p,p)expHm 0 f) = /) 21 (t)exp(-im 0 t), (5.207) 

(n f (t)) = p 12 (t)exp(ia) 0 t), (5.208) 

and 

<#(0^(0) = Pn(t), (5.209) 

where p y (f) is the atomic density matrix in the interaction representation. 

The time dependences of the density matrix elements are determined by 
eqn (5.200) with the interaction Hamiltonian (5.206). The equation of motion 
for an atom placed at the origin (R = 0) is 

ih dpifif/dt = i X! <*1P ~P^ f «k 17 >exp[i(o) 0 —w k )0 

k 

-<i|^jrp~pfl|[7r|j>exp[-i(ft)o™m k )t]}. (5.210) 

The equation takes a particularly simple form when the radiation is in the 
multimode coherent state defined in eqn (4.236). Then as a result of the 
property (4.186), the operators d k and al are replaced bya k anda k respectively 
when the expectation value of eqn (5.210) is taken with respect to the coherent 
state, and 

dpn/dt = 5> k K exp[i(co 0 -o> k )t]p 12 +a k * exp[-i(<y 0 -co k )t]p 21 } (5.211) 

k 

dpn/dt =I^akexp[-i(m 0 -co k )t](p 11 -p 22 ). (5.212) 

It is seen by comparison with eqns (2.78) and (2.79) that these are the same 
as the optical Bloch equations derived by semiclassical theory, apart from 
the additional summation over modes in the above equations. The corre¬ 
spondence in the case of a single-mode excitation is 


W 4*? k « k V 

(5.213) 


(5.214) 
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for the choice of phase in (4.210). Thus 

i (5.215) 

where the mean number of photons n k is determined as in eqn (4.192). 

We note that the theory of Chapter 2 is presented in a kind of semiclassical 
interaction representation, with time dependences for the atomic and radiative 
parts of the problem similar to those in eqns (5.204) and (5.205). The quantum 
equations take the forms (5.211) and (5.212) only for interaction of atoms with 
a coherent state of the radiation field, another property of the coherent states 
that illustrates their correspondence to the classical stable electromagnetic 
wave. A treatment of the effects of radiative damping, similar to that which 
leads in the Heisenberg representation to eqns (5.175) and (5.180), shows that 
the interaction representation Bloch equations (5.211) and (5.212) are modified 
by the same additional terms in y as appear in the semiclassical equations 
(2.114) and (2.115). The various solutions considered in Chapter 2 therefore 
apply also in the quantum case, always provided that the radiation field is in a 
coherent state. 
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6. Photon optics 


The previous two chapters have developed the techniques needed to apply the 
quantum theory of light to a range of optical experiments, The main purpose 
of the present chapter is a reconsideration of the fluctuation properties of light 
in terms of the quantum theory. Much of the material given below is essentially 
a photon version of the phenomena treated classically in Chapter 3. It is 
convenient to treat the same interference experiments and to express their 
results in terms of quantum degrees of coherence that have a similar physical 
significance to the previously-defined classical degrees of coherence. 

A remarkable feature of the theory of light is the large measure of agreement 
between the predictions of classical and quantum theory, despite the fun¬ 
damental differences between the two approaches. Thus, it turns out that 
classical and quantum theories predict identical interference effects and as¬ 
sociated degrees of coherence for experiments that use coherent or chaotic 
light, or light with coherence properties intermediate between the two. In these 
cases, the quantum theory provides different conceptual descriptions of the 
experiments, but the electromagnetic field quantization has little impact on 
the observable phenomena. 

Exclusively quantum effects occur however in experiments made on other 
kinds of light that cannot be envisaged in classical electromagnetic theory. 
In the present and later chapters we consider the regions of overlap of the 
classical and quantum theories, and pay particular attention to experiments 
that generate light with nonclassical fluctuation and coherence properties. 
The main tool in the quantum description of a beam of light is its photon 
probability distribution, or more generally, its density operator. Photon¬ 
counting experiments provide a fairly direct measurement of the photon 
probability distribution for all kinds of light embraced by the quantum theory. 
Such experiments form the observational basis of quantum optics and play a 
leading role in the study of quantum phenomena in light beams. 


6,1. Quantum theory of Young's interference experiment 

Consider Young’s interference experiment pictured in Fig, 3.6, with the 
incident light regarded as a stream of photons and the intensity at the second 
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screen measured in accordance with the form of the photon intensity operator 
(5,99). The quantum theory of the experiment parallels the classical theory 
outlined in §3,4, We consider the superposition of the radiation fields from the 
two pinholes at a phototube or other light detector on the second screen. The 
Heisenberg electric-field operator at position r on the screen is given by eqn 
(5.83) with 

£ + (rf) = w 1 £ + (r 1 r 1 )+M 2 £ + (r 2 f 2 )» (6.1) 

analogous to eqn (3.30), where we assume for simplicity a single polarization 
direction for the light, 

The superposition theory proceeds in much the same way as the classical 
treatment, except that the classical intensity, proportional to an ensemble 
average of £*£, must be replaced by the quantum-mechanical detector 
response, proportional to an average of the intensity operator £'£ + , The 
replacement for the classical intensity distribution (3.33) is 

</(rt)> = 2e 0 t{| Ul | ! (i-(r l I ) )l + (r 1 t 1 ))+| Uj | J <S'(r ! i 2 )£ t (r ! I 2 )> 

+ufa 2 <^-(r 1 i 1 )l*(r 2 (J>+», U! *(£-(r J [ 2 )l + (r 1 ( 1 )>}, (6.2) 

where the angle-bracket expressions are evaluated in accordance with 
eqn (5.100), for example 

<£-(r,ti)f + (r 2 ( 2 )> - Tr(p£-(r,(,)l + (r 2 * 2 )). (6.3) 

The two final expectation values in eqn (6.2) are complex conjugates, and 
bearing in mind the purely imaginary character of «j and u 2 , the intensity 
reduces to 

<%)> = 2e 0 c{|u 1 | 2 <^-(r 1 t 1 )£ + (r 1 t 1 )>+|tt 2 | 2 <|-(r 2 t 2 )£ + (r 2 r 2 )> 

+2ufu 2 Re<£"(r 1 t 1 )l + (r 2 t 2 ))}. (6.4) 

The electric-field operators that occur in eqn (6.4) are related to photon 
creation and destruction operators by eqns (5.84) and (5.85). It is not difficult to 
evaluate the averages for incident light whose density operator is known. As 
in the analogous classical theory, the first two terms in eqn (6.4) give the 
intensities on the second screen that result from each pinhole in the absence 
of the other, The interference fringes result from the third term, whose 
normalized form determines the quantum degree of first-order coherence of 
the light, The electric-field correlation functions and degrees of coherence for 
various kinds of incident light are calculated in the following section. 

It is however useful to look first at the finer details of the quantum picture of 
the interference experiment 1 , and in particular at the way in which photons, 
endowed with particle-like properties, pass through the pinholes to produce 
the fringe pattern, To make the discussion as simple as possible, we assume 
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that only a single mode of the cavity is excited, with photon creation and 
destruction operators a 1 and a. 

Consider a preliminary experiment in which phototubes are set up to the 
right of each pinhole, to determine the route each photon takes through 
the first screen. Clearly a single photon can only be registered by one of the 
phototubes, either that behind pinhole 1 or that behind pinhole 2. Let the 
spatial distribution of light corresponding to the emergence of a photon from 
pinhole 1 be designated mode 1, with creation and destruction operators a\ 
and u!. Mode 2 is defined similarly for the emergence of a photon from pinhole 
2. Fig. 6.1 illustrates the two modes. The two phototubes of the preliminary 
experiment measure directly the photon excitations in modes 1 and 2 re¬ 
spectively. 



Mode 1 Mode 2 


Fig. 6.1. Modes for the transmission of light through the two pinholes in Young’s interference 
experiment. 


Suppose that the two pinholes provide the only means of escape for photons 
in the cavity formed by the lens and the first screen. For pinholes of equal size, 
the incident photons are equally likely to be registered in mode 1 or mode 2, 
and we can write 

= ffl+fl/2* 

d = (fl A i+« 2 )/2*, (6.5) 

where the 2* factors ensure that all like pairs of creation and destruction 
operators have the same commutation rule (4.67), The operators for mode 1 all 
commute with those for mode 2 since the two modes are orthogonal, 

The numbers n t and h 2 of photons registered at the two phototubes are 
given by the expectation values of and d\a 2 respectively, similar to eqn 
(5.102). Let |0) be the vacuum state for all kinds of mode. The state with n 
incident photons can be written 

.!»>■= wrwio) 


( 6 . 6 ) 
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as in eqn (4.96), The average number registered behind pinhole 1 is 

Hi = = <0|(a)' , fllfl 1 (d t )"|0)/n!. (6.7) 

This expression is readily evaluated by substitution of eqn (6.5) and use of the 
usual creation- and destruction-operator properties, to give 

h t = jn, (6.8) 

and similarly 

h 2 = (n\a\a 2 \n) = in. (6.9) 

These are of course just the expected results for n photons incident on a pair of 
identical pinholes. 

Now consider the original arrangement of Young’s experiment, with the 
phototubes immediately behind the pinholes removed, The electric-field 
operator (6,1) is essentially a linear superposition of the contributions of the 
modes 1 and 2 transmitted through the first screen. With the continuing 
assumptions of single-mode incident light, pinholes at a common coordinate 
parallel to the incident beam, and times given by eqn (3.31), eqn (6.1) can be 
written 1 

E + (tt) oc expOfcsjt) -f- 1 * 2^2 exp(ifts 2 ). (6.10) 

Thus for an n-photon incident beam as before, the intensity of the interference 
pattern given by eqn (6,4) is 

<f(rf)> x |«i| 2 <n|u|fli |n>+|u 2 | 2 <«| a\a 2 |w) 

+2u* u 2 cos - s 2 )} (n\ a ja 2 |n>. (6.11) 

The first two terms again give the contributions of each pinhole individually, 
now expressed in terms of the mean numbers of transmitted photons evaluated 
in eqns (6.7)-(6.9). 

The fringe-producing term in the intensity expression is again the final 
contribution, proportional to 

<«|4}«» = <0|(fl 1 +fl 2 )' l flId 2 (fli+fl|)' I |0>/2"n! 

= in, (6.12) 

where eqns (6.5) and (6.6) have been used and the final result includes all 
nonzero contributions from the expansions of the nth powers. It follows that 
the entire intensity expression (6.11) is directly proportional to the number of 
incident photons, Thus the same intensity distribution as observed in an 
interference experiment with n incident photons can be built up by a series of 
n identical experiments each sending a single photon through the inter¬ 
ferometer. Classical interference and diffraction experiments have in fact been 
carried out 2 with light sources so feeble that only one photon at a time passes 
through the apparatus, It is found that after a recording time sufficiently long 
to overcome the feebleness of the source, the interference or diffraction pattern 
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under one-photon conditions is exactly the same as for a normally strong light 
source. The interference is a one-photon effect, and does not depend in any 
way on the interaction of photons with each other. 

For Young’s experiment each photon must be capable of interfering with 
itself in such a way that its probability of striking the second screen at a 
particular point is proportional to the calculated intensity at that point. This 
can be achieved only if each photon passes partly through both pinholes, so 
that it can have a knowledge of the entire pinhole geometry as it strikes the 
screen. There is indeed no way in which one can simultaneously assign a 
photon to a particular pinhole and record the interference pattern. If a 
phototube is placed behind one of the pinholes to detect photons passing 
through, then it is not possible to avoid obscuring that pinhole, with con¬ 
sequent destruction of the interference pattern. 

These remarks are in agreement with the principles of quantum mechanics. 
Photons do not interact with each other, and interference effects must be 
sought in the process by which each single photon passes from the source to 
the second screen. Quantum-mechanically, the interference occurs between 
the probability amplitudes for passage from source to screen via the two 
different paths corresponding to the two pinholes. The intensity on the second 
screen is proportional to the square modulus of the sum of the two probability 
amplitudes. 

The same general ideas apply to a variation of Young’s experiment in which 
the two light beams are obtained not by placing a pair of pinholes in front of a 
single source, but by the use of two completely independent light sources. 
Interference effects have been observed 3 in the field formed by superposition of 
light from two independent single-mode lasers. The conceptual situation is 
similar to that for Young’s experiment, The interference occurs between the 
probability amplitudes that a photon which arrives at the detector has been 
emitted by one source or the other, and the field operator at the detector is 
similar to eqn (6.10). The modes of the complete system of two sources and 
optical cavity used in the experiment are created and destroyed by operators 
similar to those defined in eqn (6,5) if the sources have equal strength. Thus the 
modes are excited equally by the two sources, but as in Young’s experiment 
there is no method by which a photon can simultaneously contribute to the 
interference effects and be assigned to a particular one of the two sources. 

Problem 6.1. Consider a Young’s experimental arrangement in which two 
photodetectors are placed immediately behind the pinholes. If 
n photons are transmitted through screen 1, show with the help 
of eqns (6.5) and (6.6) that the probability for jq photons to 
be registered behind pinhole 1 and n 2 behind pinhole 2 (with 
«i+« 2 = ») is 

P„ t ,„ 2 s |<n 1 ,n 2 |n>| 2 = n!/n 1 !n 2 !2". (6,13) 
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6.2, Quantum degree of first-order coherence 


The quantum-mechanical expression (6,4) for the fringe intensity in Young’s 
experiment strongly resembles the corresponding classical expression (3.33). 
The theories can be continued along parallel lines, and the next step is the 
introduction of an appropriately-defined quantum-mechanical degree of first- 
order coherence , 4 By analogy with the classical expression (3.42) we define the 
quantum degree of first-order coherence to be 


f/ l) ( r ^n r 2^2) 


<£-(r,(,)£>*)> 


(6.14) 


We use here the same notation for the degree of first-order coherence as in the 
classical case, and this quantity retains its physical significance in terms of the 
ability of the light at the space-time points (r^) and (r 2 t 2 ) to form interference 
fringes when superposed. The angle brackets on the right are ensemble 
averages evaluated in accordance with eqn (6.3). The terminology associated 
with the first-order coherence of light is the same as in the classical definitions 
of eqn (3.43). 

The general properties of the quantum-mechanical first-order coherence are 
illustrated by consideration of some simple special cases. 

Problem 6,2. Prove that a light beam in which a single mode of the radiation 
field is excited to the number state |n> or the coherent state |a) 
is first-order coherent, that is, | 0 ( 1 ) (t)| = 1 for all pairs of 
space-time points. 

Show that any arbitrary pure-state excitation of a single mode 
is first-order coherent, This result can be established by writing 
the pure state as an expansion in the complete set of number 
states |n>. 

Problem 63, Prove that any statistical-mixture state, in which a single mode 
of the radiation field is excited, is first-order coherent. This result 
can be proved by evaluation of 0 ( 1 ) (t) with an arbitrary single¬ 
mode density operator p and and £ + reduced to the single 
terms appropriate to the selected mode, 

These results show that any single-mode excitation has first-order co¬ 
herence, a property that is common to the quantum-mechanical and clas¬ 
sical definitions of the degree of first-order coherence, 

The quantum-mechanical coherence properties of light beams that involve 
the excitation of several modes are more varied. 

Problem 6.4. Consider an excitation of the total field of the type |{a k }> defined 
in eqn (4.236), where each mode is in a coherent state. With the 
use of the fundamental property of the coherent states shown in 
eqn (5.103) prove that the state |{a k }> is first-order coherent. 
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Problem 6.5. Consider the pure state formed from a linear superposition of 
states each of which has a single photon excited in an arbitrary 
mode and no photons in the remaining modes, Prove that this 
generalized single-photon pure state is first-order coherent, 

These two examples of multimode pure states have perfect first-order 
coherence but this is not a general property of pure states in which more than 
one mode and more than one photon are excited. 

Problem 6.6. Consider a pure state in which two photons are excited, one in 
each of two modes, whose wavevectors k* and k 2 are parallel to 
the z-axis, the corresponding frequencies being and w 2 . 
Prove that the degree of first-order coherence is 

< 7 ( 1 ) (t) = {&! exp(-im 1 T)+w 2 expHw^DAwj+a^), (6.15) 
where 

x = f 2 —(z 2 /c)—tj+(zj/c) (6.16) 

as in eqn (3.37). The light is first-order coherent at an arbitrary 
pair of space-time points (z l5 tj and (z 2 ,f 2 ) only if the two 
photons are in the same mode. 

The classical result, that light is first-order coherent if the field can be specified 
precisely with no statistical features, translates into quantum mechanics as the 
statement that any pure state of the type |{a k }> is first-order coherent, There is 
no general property of quantum-mechanical first-order coherence for multi- 
mode pure states that contain more than one photon. 

The degree of first-order coherence of a multimode statistical mixture can be 
readily determined from eqn (6.14) if the density operator is known. A case of 
particular interest is that of chaotic light where the density operator is given in 
eqn (4.244). The classical first-order coherence of chaotic light has been 
evaluated in eqn (3.44). 

Problem 6.7. Consider a beam of chaotic light whose density operator is given 
: by eqn (4.244) with the k summations restricted to wavevectors 
parallel to the z-axis. Prove that the degree of first-order co¬ 
herence is 



9 l %) = 


Ewxp(- 


•ko k T) 


(6.17) 


If the beam has a Lorentzian frequency distribution (2.112) with a collision¬ 
broadening linewidth parameter i given by eqn (2.135), then according to 
( 5 . 101 ) the quantity h k co k is proportional to the beam intensity at frequency co k> 
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and we can write 


The summations over k in eqn (6.17) are converted to integrations by the one¬ 
dimensional analogue of eqn (1.11), 


J (L/tc) d/c ^ J (L/ttc) dft) k , (6.19) 

0 0 

where L is the length of optical cavity in the z-direction. The degree of first- 
order coherence (6.17) thus becomes 



For a beam of narrow frequency spread, the lower limit on the integral can be 
replaced by — oo without significant change in its value, The integral can then 
be evaluated by a simple contour integration, and the result is 

g w { t) = exp(—io) 0 T—/|t|). (6.21) 

This expression is identical to the classical result (3.44). 

The quantum calculation can also be extended without difficulty to include 
the effects of Doppler broadening, and the results obtained in the presence of 
Doppler broadening alone or in combination with collision broadening agree 
with the classical expressions (3.55) and (3.57). The classical and quantum- 
mechanical derivations of the degree of first-order coherence produce the same 
results for beams of chaotic light, and the same intensity distributions are 
predicted for Young’s fringes and for the other kinds of classical interference 
experiment. Indeed, it can be shown 5 that the light emitted by a single excited 
atom has the same g ll> (z) as eqn (6,21) with / reduced to its radiative decay 
part y. The single photon emitted by the atom thus independently makes its 
appropriate contribution to first-order interference effects, in the manner 
described in the previous section. 

In summary, the above results support the predictions of classical theory for 
experiments that depend upon first-order coherence in the cases of chaotic 
light and the coherent light represented by the states |{a k }>. The states |{a k }> 
have the same first-order coherence properties as a multimode excitation of 
classical stable waves. However, as exemplified by problem 6.6, the inter¬ 
ference properties of other kinds of quantum-mechanical pure state must be 
determined by the quantum theory of first-order coherence. The coherent 
states form a special class, and other types of quantum-mechanical pure state 
do not always have classical analogues, 
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6.3. Quantum degree of second-order coherence 

Despite the possibility of quantum states of light beams, whose degrees 
of first-order coherence need to be evaluated by the quantum theory, the 
differences between classical and quantum predictions for first-order inter¬ 
ference experiments tend to be difficult to detect. Thus, both the classical and 
quantum degrees of first-order coherence have numerical values in the same 
range, 

1 ^ |0 (1) (t)| > o, (6.22) 


so that the same varieties of interference pattern occur in the two theories. 
More striking differences occur in measurements that depend upon the degree 
of second-order coherence, and all the existing experiments that distinguish 
classical from quantum coherence properties belong to this category. 

The quantum degree of second-order coherence is defined analogous to the 
classical form (3.97) in terms of the correlation of light intensities at two space- 
time points. The procedure is similar to that used for first-order coherence in 
the earlier part of the present chapter. With the intensities measured by 
phototubes, the correlation is proportional to the transition rate for a joint 
absorption of photons at the two points, A simple extension of the 
photoelectric theory of Chapter 5 shows that the transition amplitude is 
proportional to a matrix element of £ + (r 2 £ 2 )l + (r 1 t 1 ), and the transition rate 
involves the square of the matrix element, analogous to eqn (5.95). These 
considerations lead .to the definition of the quantum-mechanical degree of 
second-order coherence as 4,6 






where the angle-bracket ensemble averages are evaluated with the use of the 
density operator as in eqn (6.3). A more explicit derivation of the numerator in 
eqn (6.23) is presented in the theory of the rate of nonlinear two-photon 
absorption in §9.1. 

The general significance of the quantum coherence is again the same as its 
classical counterpart, and in particular the second-order coherence condition 
at the two space-time points is the same as eqn (3.98). Only parallel light 
beams are to be considered in detail here, and the space-time coordinates then 
enter the coherence in the combination t defined in eqn (6.16). All of the factors 
in eqn (6.23) are expectation values of products of operators with their 
Hermitian conjugates. These must be positive, 6 and it follows that 

oo > g {2) ( t) ^ 0, (6.24) 


similar to the classical range (3.78). 

It is not however possible to prove that the quantum degree of second-order 
coherence (6.23) satisfies either of the classical inequalities (3.77) and (3.81). 
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This situation leads to significant differences between the two theories, and in 
the remainder of the book there are various examples of light beams whose 
degrees of second-order coherence violate the classical inequalities, The 
distinction between the theories is emphasized by noting that even for zero 
time delay t between the intensity measurements, only the inequality (6.24) can 
be proved in the quantum case, 

oo > g (i) ( 0 ) ^ 0 . ( 6 . 25 ) 

By comparison with eqn (3.77) there is an exclusively quantum range of values, 
exclusive quantum range: 1 > 0 l2) (O) ^ 0. (6-26) 


We now consider some examples of light beams to illustrate the quantum 
theory. A considerable simplification in the degree of second-order coherence 
occurs when the light beam excites only a single mode of the optical system. 
Most factors then cancel when eqns (5.84) and (5.85) are inserted into eqn 



With the usual properties (4.91) and (4.92) of the destruction and creation 
operators, the degree of coherence can be expressed in terms of the mean 
and mean-square photon numbers as 



There is no time dependence in the single-mode case. 

The quantity to be averaged on the right of eqn (6.28) exemplifies the 
quantum principle that the act of measurement can interfere with the meas¬ 
ured system; a measurement of the number n of photons itself reduces the 
photon number by 1, so that the second measurement finds only n -1 photons. 
This effect lies at the root of the differences between the degrees of second- 
order coherence in classical and quantum theories. 

The simplest example of nonclassical light is provided by a beam that 
contains exactly n photons, corresponding to an eigenstate |n> of the photon 
number operator, when eqn (6.28) gives 

g%) = (n- l)/n for O 2 

= 0 for n = 0 or 1. (6.29) 

This quantity is always less than unity, and therefore lies in the quantum range 
(6.26). Another simple example, with coherence in the classical range, is 
provided by single-mode coherent light where use of the basic property (4.186) 


in eqn (6.27) produces 
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0< 2 »(t) = 1. (6.30) 

The state |a) is therefore second-order coherent according to the prescription 
of eqn (3.98), similar to the classical stable wave considered in eqn (3,84). It is 
seen that the degree of second-order coherence takes different values for the 
different single-mode excitations, unlike the first-order coherence, which is 
always unity for single-mode states. 

The degree of second-order coherence for a single-mode statistical mixture 
is readily calculated from eqn (6.28). 

Problem 6.8. Consider a chaotic light beam in an optical cavity and suppose 
that all the normal-mode contributions except one are removed 
by a filter, as in problems 3.1 and 3.6. The density operator for 
the single mode that remains is given by eqn (4.240). Prove that 

rt) = 2, (6.31) 

similar to eqn (3.100). The degree of second-order coherence for 
an unjiltered chaotic beam is considered in problem 6.10. 

For multimode excitations, it is necessary to use the more general definition 
(6.23) and the. evaluation of the degree of coherence is more tedious. We 
consider only the two cases of multimode coherent light and parallel-beam 
multimode chaotic light. 

Problem 6.9. Consider a multimode excitation of the type |{a k }> defined in 
eqn (4.236), where each mode is in a coherent state, Use the 
density operator given in eqn (4.237) to prove that 

g%) = 1, (6.32) 

This result in conjuction with the result of problem 6.4 shows 
that the state |{a k }> is second-order coherent. 

Problem 6.10. Consider a multimode chaotic light beam whose density 
operator is given in eqn (4.244). Prove that the degree of 
second-order coherence is 

I 2 

£n k m*exp(-iM| 

nWM - J---H 

Y,h k (D k 

= |0 (1) (t)| 2 + 1 (6.33) 

where eqn (6.17) has been used. The quantum-mechanical 
second-order coherence of a chaotic light beam is the same as 
the classical expression (3.90). 
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The calculations of the present section thus show that the important 
practical examples of coherent and chaotic light beams give identical degrees 
of second-order coherence in the classical and quantum theories. However, the 
photon number-state has a degree of coherence that lies outside the classical 
range. We consider this phenomenon in greater detail in the two following 
sections. 

Problem 6.11 Use the condition that the mean-square deviation of any 
photon-number probability distribution cannot be negative 
to prove that the degree of second-order coherence of an 
arbitrary single-mode excitation must satisfy 

0 (2, (t) > 1 -(l/«). (6.34) 

The result (6.29) for the photon number-state |«> has the 
minimum value allowed by this inequality. 


6.4. Hanbury Brown and Twiss experiment with photons 

The reason for the differences between classical and quantum theories can 
be seen more clearly from an examination of the workings of the Hanbury 
Brown and Twiss experiment from the quantum viewpoint. In these terms, 
each photon that strikes the semitransparent mirror in Fig. 3.13 is either 
reflected or transmitted, and can only be registered in one of the phototubes. 
The two beams that arrive at the detectors are not therefore identical, contrary 
to the assumption (3.101) made in the classical theory of the experiment. We 
consider how the two sets of photon counts determine the degree of second- 
order coherence of the unsplit beam to the left of the mirror, analogous to the 
classical result (3.104). 

The quantum theory of the Hanbury Brown and Twiss experiment is 
readily analysed by the method used earlier in the chapter to treat Young’s 
interference experiment. Fig. 6.2(a) shows the bare details of the apparatus, 
and Fig, 6.2(b) shows the two modes of the optical system that correspond 
respectively to transmission and reflection at the mirror. The incident photons 
have equal probabilities of transmission or reflection and their creation and 
destruction operators can be written in the form (6.5), where the operators on 
the right-hand sides create and destroy photons in modes 1 and 2. A state with 
n incident photons has the form (6.6) and the probability P ni ,„ 2 that n t photons 
are transmitted through the mirror to detector 1 while n 2 are reflected to 
detector 2 is given by eqn (6.13). 

The probability distribution can be used to obtain average properties of the 
photon counts in the two arms of the apparatus, The mean numbers of counts 



h t and h 2 are both equal to \n as in eqns (6,8) and (6.9), and the correlation is 
= <«i« 2 > = in(n-l). (6.35) 

The notation <n 1 n 2 > is a shorthand for the expectation value of the normally- 
ordered product of creation and destruction operators on the left-hand side of 
eqn (6.35), and it also indicates the experimental significance of this quantity as 
an average of the product of the photon counts at the two phototubes. Thus 
eqn (6.35) shows that the degree of second-order coherence computed from 

V 2) (t) = {npi^lhpii (6.36) 

reproduces the quantum result (6.29) for a photon number-state incident 
beam, Table 6.1 shows the photon-count distributions and the degrees of 
second-order coherence for small numbers n of incident photons. 

The Hanbury Brown and Twiss experiment was designed to produce the 
average 

<(ni-«i)(» 2 -» 2 )> - <«i» 2 >-»i» 2 . (6-37) 

analogous to itsclassical counterpart (3.103). The normalized correlation gives 

<(bi-Hi)(» 2-H2)> , g (2)( T )_i ; (6,38) 

» 1»2 

and for a photon number-state incident beam, substitution of eqns (6.8), (6.9) 
and (6.35) gives a negative correlation 

<(ni-ni)(n 2 -»2)) _ _[ (6 39) 

ni » 2 

equal to the minimum value allowed by the inequality (6.34). 

It is seen from the above analysis that nondassical light with a degree of 
second-order coherence smaller than unity occurs in the Hanbury Brown and 
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Table 6,1 

Photon distribution in a Hanbury Brown and Twiss experiment showing 
respectively the number of incident photons, the possible numbers detected by the 
two phototubes , their mean , their correlation, and the degree of second-order 
coherence 

n ti| n 2 it i ~ n 2 ( n 0h) £/ |2, ( T ) 

1 0 

1 1/2 0 0 

0 1 

2 0 

2 | ] 1 1/2 1/2 

.0 2 

3 . 3/2 3/2 2/3 

4 _ - 2 3 3/4 


Twiss experiment because the photons must make a choice between reflec¬ 
tion and transmission at the mirror. This is of course an essential quan¬ 
tum requirement. A scmiclassical-type of analysis in which each photon is 
represented by a constant-intensity pulse that is half-transmitted and half- 
reflected produces a degree of second-order coherence equal to unity for any 
given number of incident photons, 

The quantum analysis of the Hanbury Brown and Twiss experiment is 
readily extended to incident beams that have some superposition or statistical 
mixture of the number states of a single mode. The degree of second-order 
coherence obtained from eqn (6.36) then reproduces the general single-mode 
result (6,28). In accordance with eqns (6.30) and (6.31), the examples of single¬ 
mode coherent and chaotic light give Hanbury Brown and Twiss correlations 
(6,38) equal respectively to zero and unity, These single-mode results are all 
independent of the timer. 

A further extension of the theory is required for multimode incident light. 
Each incident mode k has its creation and destruction operators expressed in 
terms of transmitted (mode 1 ) and reflected (mode 2 ) operators, similar to eqn 
(6,5). Provided that the frequencies in the light beam have a small spread about 
their mean value, it is not difficult to show with the use of eqns (5.84) and (5.85) 
that the degree of second-order coherence (6.23) is related to the photon- 
number correlation according to 

g%) - <ni(r)tt 2 (0))/M 2 . 


(6.40) 
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The angle-bracket average has a significance similar to that in eqn (6.36), the 
correlation between the detector readings being made with a fixed time delay t 
and the statistical properties of the light beam being assumed stationary. The 
correlation now generally depends on the time t, with the exception of 
multimode coherent light where the degree of second-order coherence is 
constant as in eqn (6.32). Thus for multimode chaotic light with a Lorentzian 
frequency distribution eqn (6.40) gives 

0 (2, W = <BiW« 2 ( 0 ))/nin 2 = exp(-2/|r|)+l, (6.41) 

where eqns (6.21) and (6.33) have been used. 

The first experiment 7,8 to measure photon-number correlations was made 
with apparatus similar to that shown in Figs. 3.13 and 6.2(a). If the phototubes 
are placed at equal linear distances from the source, the Hanbury Brown and 
Twiss correlation (6.38) obtained from eqn (6.41) is 

0 ( 2 ) (r)-l = exp(-2/|t 2 -£ 1 |), (6.42) 

where the times and t 2 of the readings are separated by an amount r. As 
in the classical theory of the analogous intensity correlation experiment 
described in § 3 , 9 , it is necessary to allow for the finite response time t r of the 
detectors. The experiment registered as correlations, photons that arrived at 
detector 2 within a time interval t r of a photon arrival at detector 1. The 
additional average over the correlation period, indicated by further angle 
brackets, gives 

fl+tr 

< 0 ( 2 ) M> r -l =27 | eX P(- 2 /l t 2 - t ll ) dt 2 

= (l/2y'r r ){l-exp(-2/T r )}. (6.43) 

It should be noted that this is somewhat different from the analogous average 
(3.106) in the classical version of the experiment. 

For along response time eqn (6.43) reduces approximately to 

< 0 ( 2>( T )> r —1 = \/2y\ = xJ2x t for t r » t c = 1/y', (6.44) 

where t c is the coherence time of the light defined as in eqn (3.27). This long 
response-time approximation holds for all forms of chaotic light, whether or 
not the frequency distribution is Lorentzian. The original experiment used a 
mercury isotope lamp with t b « 7 x 10 10 s and approximately equal to 
5. An additional \factor appeared in eqn (6.44) since the light was unpolarized, 
unlike the linearly polarized light assumed for all the above calculations, 
and there are further correction factors needed to take account of spatial 
coherence effects and small losses of correlation in the equipment. With all 
these factors included, there was satisfactory agreement between the theory 
and the experimental results . 7,8 
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Problem 6.12. Prove that for single-mode incident light, the average mean- 
square difference between the numbers of photons transmitted 
and reflected at the Hanbury Brown and Twiss mirror is 

< (h-n 2 ) 2 ) = h. (6.45) 

Note that the corresponding average in classical theory is equal 
to zero in accordance with (3,101). 


6.5. Photon bunching and antibunching 

The use of the half-silvered mirror in the Hanbury Brown and Twiss 
experiment allows two phototubes to be employed in the measurement of 
photon-number correlations. This facilitates the gathering of the required 
data, particularly for detection equipment whose response time is longer than 
the coherence time of the light. It is however clear from the analysis of the 
previous section that the information obtained from the experiment refers to 
the properties of the incident unsplit beam to the left of the mirror. 

The same information can in principle be obtained from a simpler 
experiment in which the light is arranged to fall on a single phototube. One 
then measures the numbers n(x) and n( 0) of photons counted in two equal time 
intervals separated by a time t If the time intervals are short compared to t 
and the coherence time t c , then the correlation determines the degree of 
second-order coherence by 

g%) » <n(T)n(0))/n 2 , (6.46) 

where it is the mean number of counts in the brief time interval. With a 
detector response sufficiently rapid that no further time average need be taken, 
the measured photon-number correlation leads directly to the degree of 
second-order coherence of the incident light. For chaotic light, where classical 
and quantum theories give the same results, the degrees of second-order 
coherence (3.94) and (3.95) for Lorentzian and Gaussian frequency distribu¬ 
tions illustrated in Fig, 3,12 show the expected forms of photon-number 
correlation. 

The results of photon-number correlation measurements 9 for a laser and for 
chaotic light of Gaussian frequency distribution are shown in Fig. 6.3. The 
chaotic light was produced by passing laser light through a rotating ground- 
glass disc, which imposed a Gaussian randomness on the monochromatic 
frequency spectrum of the laser light. The fit of the experimental results to the 
theoretical expression (3.95) is seen to be good. 

The excess positive correlation shown in Figs. 3,12 and 6.3 photon 
counts on chaotic light over time spans shorter than the coherence time t c is 
described as the photon-bunching effect. This is just the translation into 
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Fig. 6.3. Measured correlations between pairs of photon counts as functions of their time 
separation z for laser light (filled circles) and chaotic light of Gaussian frequency distribution (all 
other points). The theoretical curves are the same as in Fig. 3,12. (After F. T. Arecchi et at, ref. 9). 

quantum language of the kind of intensity fluctuations that occur in the 
classical description of chaotic light, shown in Fig. 3.4. The arrival of a high- 
intensity fluctuation at the phototube generates closely spaced photon counts, 
while the arrival of an intensity trough produces very few photon counts. 
Fig. 6.4(a) shows a schematic representation of the occurrence of photon 
counts as a function of the time for chaotic light. The clusters of counts, or 
photon bunches, are clearly visible. Although the extent in time of the 
bunching is of the order of the coherence time t c , we describe light in general as 



(c) 

Fig. 6.4. Schematic representations of photon counts as functions of the time for light beams that 
are (a) bunched with 0 ( 2 , (O) > l,(b) random with ? ( 2 , ( 0 ) = 1 , and (c) antibunched with g ( 0 ) < 1 . 
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being photon-bunched if it satisfies the criterion 

j/ 2l (0) > I. (M7) 

Chaotic light, with q 1!1 (0) - 2, is just one example of light that satislies the 

the determination of coherence times of chaotic light. One of the first ex¬ 
periments of this kind determined the coherence lime of an emission line or 
a mercury vapour lamp. 10 The theoretical correlation given by eqn (Ml) was 
fitted to the experimental readings for several different delay times r, and the 
coherence time was found to be 1-7x10- s. The experiment is a quantum 
version of the intensity-fluctuation spectroscopy mentioned in Chapter 3. 
Such time-domain spectroscopy has developed into a precise technique for the 
measurement of coherence times of chaotic light, 1 particularly for light 
with frequency widths (not angular frequency) in the range I to ill Hz, II 
nicely complements frequency-domain spectroscopy, where Fabry-Terol 
interferometers can resolve spectral lines with widths in the range 10 to 
10 12 Hz, and grating spectrometers can resolve lines of width 10 Hz .or 

m Photon bunching is not of course a general property of light, and we now 
consider examples where the criterion (6.47) is not satisfied. Coherent light has 
no intensity fluctuations in the classical picture and it is seen from eqns 
(6,32) and (6,46) that the light has no photon bunches in the quantum picture. 
Indeed, these equations show that the photon counts have randomly- 
distributed time intervals, as illustrated in big, 6.4(b).. 

Light whose degree of second-order coherence lies in the range 

1 > f / (2, (0) 5= 0 MO 

is said to be photon-antihunched. It is seen by comparison with eqn (6.26) that 
antibunched light is synonymous with nonclassical light. The pattern of 
photon counts in this case is illustrated in Fig. 6.4(c), where it is assumed that 

i:/ 2 ) (t) -» 1 for t *»; (6-49) 

indeed all parts of Fig. 6,4 are drawn with this assumption, equivalent to a 
random distribution of separations between photon counts for sufficiently 
long time delays t. The depression of the counting correlation below the 
random value for small and zero t corresponds in the figure to the tendency of 
photon counts to be spaced out in time. The separation of counts in this case is 
reminiscent of the spacings between particles that ordinarily occur in beams of 
electrons. 13 

Antibunched light is of great importance for the quantum theory of light 
since it corresponds to the region of second-order coherence that distinguishes 
quantum and classical theories, A naive example of nonclassical light that 
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satisfies the antibunching condition (6.48) is provided by the beam with a 
definite number of photons, whose degree of second-order coherence is given 
in eqn (6.29). However, photon number-state beams have not been generated 
in practice, and the observation of antibunched light involves more com¬ 
plicated states of the radiation field. Schemes for the experimental production 
of nonclassical light are discussed in Chapters 8 and 9. 


6.6. Photon counting 

The most complete quantum-mechanical description of a light beam is 
contained in its density operator, whose properties are outlined in Chapter 4. 
Measurements of the quantum degrees of coherence by the interference 
experiments described above provide some information on the matrix el¬ 
ements of the density operator. Further information is obtained by the tech¬ 
nique of photon counting, where the basic experimental procedure is as follows. 

A beam of light under investigation is arranged to fall on a phototube, 
connected by suitable electronics to a count meter which registers the number 
of photons producing photoelectric emission in the phototube. A shutter in 
front of the phototube controls the length of time for which light falls on the 
detector. With the count meter set at zero, the shutter is opened for a length of 
time T. The shutter is then closed and the number m of counted photons is 
recorded. After a time delay long compared to the coherence time of the light, 
the shutter is again opened, the original experiment is repeated, and a second 
number of counted photons is recorded. The experiment is repeated a third 
time, and so on until a large number of readings have been accumulated, all 
referring to the number of photons counted during equal time durations T The 
total number of readings in a complete experimental run might for example be 
of order 10 4 . The results can be expressed as a probability distribution PJT ) 
for the counting of m photons during an observation time T. 

It is assumed throughout that all the measured light beams are stationary. 
The measured statistical distribution PJT) contains information about the 
statistical properties of the light source. We consider what this information is, 
and how it can be extracted from the results of a photon-counting experiment. 

The photoelectric emission rate is proportional to thejbeam intensity, de¬ 
termined by the mean value of the operator product £“£ + as in eqn (5.100). 
It has been mentioned that the quantum-mechanical observable intensity 
operator (5.99) is analogous to the cycle-averaged classical intensity /(f) 
defined in eqn (3.15). It is convenient to begin with a calculation of the photon- 
count distribution that uses the classical beam intensity. The corresponding 
quantum-mechanical result is considered later in the chapter. Let p(t ) be the 
probability that the light beam causes an atom in the phototube to emit an 
electron and register a single count on the meter during the time interval 
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between t and t-fdt. Then, according to eqns (5.89) or (5.92), we may write 
p(t ) d t = (!{t) d t, (6.50) 

where d£ is assumed sufficiently large for transition probability theory to be 
valid (see the discussion that precedes eqn (2,49)), but sufficiently small for the 
probability of emission of electrons by more than one atom during the period 
to be negligible, The constant of proportionality (represents the efficiency of 
the phototube, It includes the matrix elements for the photoelectric process 
discussed in Chapter 5 and factors that depend on the density and positions of 
the ionizable atoms in the phototube: 

Consider a particular period of counting that extends from t to t+T and let 
PJt, T) be the probability that m photons are counted in this time interval. 
The required distribution PJT ) is determined by a subsequent average over a 
large number of different starting times t. 

Let t + 1' be a time that lies within the interval between t and t+T as shown 
in Fig. 6.5, and let dr' be a short period of time similar to that used in eqn (6.50). 
The probability that m photons are counted between t and £+£'+d£' is by 
definition 

PJy'+dt'), (6.51) 

There are, however, two distinct ways in which m photons can be counted 

during the given time interval. Either 

(1) m photons are counted between £ and t + 1! and none in the interval d£', 
with total probability 

F ffl (£,0(l-p(t')dt'), M 

or (2) m -1 photons are counted between t and £+(' and one photon is 

counted in the interval dt', with total probability 

P m _ i(£, £')p(£') dt'. (6.53) 

The probability of more than one photon being counted during the time 
interval dt' is negligible by hypothesis. 



Fig, 6,5, Time intervals used in the calculation of PJt, T) showing the two ways in which m 
photons can be counted in the period between t and t+t'+dt'. 
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The two ways of computing the probability that m photons are counted 
between t and £+t'+dt' must be equivalent, so from eqns (6.51), (6.52), and 
(6.53), 

PJt,t'+dt') = F w (f, £')(1 -p(t') d£')+P„._ i(i, f')p(r') df'. (6.54) 

With the use of eqn (6.50) and the definition of differentiation, this can be 
rearranged to give 

dP m (£,£')/d£' = m(P m -M-P m (t,t')). (6.55) 

The probabilities PJt, £') for the different values of m are thus related by a 
chain of differential equations. The first equation in the chain, for m = 0, 
differs from the general result in that the term in P m . l is, of course, absent and 

dT 0 (£,£')/d£' = -Cr(£')P 0 (£,t'). (6.56) 

The chain of equations for PJt, £') can be solved by recursion, beginning 
with m = 0. The probability P 0 (£,£') is subjected to the boundary condition 
that certainly no photons are counted in a time interval of zero, 

PoM) = 1. (6.57) 

With this boundary condition, eqn (6.56) can be integrated to give 

t+T 

Po(t,T) = exp^-cj r(t')dt'j. (6,58) 

It is convenient to define I(t, T) as the mean intensity at the phototube during 
the counting period, 

t+T 

T(t,T) = (l/T)j IMdt', (6,59) 


in terms of which eqn (6.58) becomes 

P 0 (£,T) = exp(-C7(£,T)T). (6.60) 

The remaining PJt, T ) can be determined from eqn (6.55), beginning with 
m = 1 and proceeding to the higher values of m, The boundary condition 
complementary to eqn (6,57) is 

PJt, 0) - 0 for m # 0. (6,61) 

Problem 6.13, Prove that the general solution of eqn (6.55) subject to eqn 
(6.61) is 



ml 


(6.62) 
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The probability PJtJ) represents the distribution of readings of the 
photon count obtained in a series of experiments all of which begin at the same 
time f. It is normally possible in practice to conduct only one counting 
measurement at a time, and successive counting periods run consecutively 
rather than simultaneously. The intensity T(t, T) in general fluctuates between 
one period and the next, as discussed in Chapter 3 for chaotic light, and the 
measured photon-count distribution PJT) is an average of PJtJ) over a 
large number of different starting times t. We can write 14 

PJT) = <P„(t, T)> = exp ( _Cr| '’ T|T >)' f6,63) 

where, consistent with the notation of Chapter 3, the angle brackets denote an 
average over t. 

6.7. Photon-count distributions for coherent and chaotic light 

The distribution shown in eqn (6.63) for PJT), which applies generally to 
any variety of stationary light source, contains a time average that can be 
explicitly evaluated for some special cases, Consider first the simplest case in 
which J(t) is independent of t. It follows from eqn (6.59) that I(t, T) is then 
independent of both t and T and we can put 

7(f,T) = I. (6.64) 

The quantity to be averaged in eqn (6.63) is thus independent of the averaging 
parameter t, and the angle brackets can be ignored, to give 

P»(T) = ^exp(-m), (6.65) 

where we have introduced the quantity 

m = (IT. (6,66) 

The photon distribution PJT) for the constant-intensity case is thus a 
Poisson distribution similar to eqn (4.196), with a mean number m of counted 
photons given by eqn (6,66), The counting statistics are the same as those 
found for the arrival of raindrops in a ‘steady’ downpour, or for the arrival of 
particles emitted during radioactive decay of a long-lived isotope. 

The form of the Poisson distribution is illustrated in Fig. 6.6 for three values 
of the mean number of counts m. The size of the fluctuations in the photon 
count about the mean is determined by the root-mean-square deviation Am of 
the distribution. The calculation of Am is algebraically the same as that given 
in eqns (4.192)-(4.194) but with |«| 2 replaced by m, and the result is 

(Am) 2 = m, (6.67) 



m 


Fig. 6 .6. The Poisson form of the photon-count distribution for light beams of constant intensity. 
The values of m are the mean numbers of photons counted during the period T. 


The fluctuations that occur for a beam of constant intensity are called particle 
fluctuations. They are due to the discrete, random nature of the photoelectric 
process, in which energy can be removed from the light only in whole photons. 
It is seen from eqns (6.66) and (6.67) that the particle fluctuation Am is 
proportional to the square root of the beam intensity. 

The above results for a beam of constant intensity are clearly appropriate 
for the classical stable wave of eqn (3.46) and Fig. 3.8, and it is shown in §6.8 
that the same distribution is valid for the quantum-mechanical coherent state. 

The other important case for which the distribution shown in eqn (6,65) 
holds follows from the fact that I(t, T) can be a constant even if T(t) is a 
fluctuating intensity. Thus, for a chaotic light beam with coherence time t„ it is 
seen from eqn (6.59) that J(t, T) is independent of t if T is very large compared 
to t c , so that all the fluctuations are averaged out during the long counting 
period T. The equality shown in eqn (6.64) is therefore valid for chaotic light 
when T » t c , and the Poisson distribution holds in this limit. 

The photon-count distribution can also be simply derived for chaotic light 
in the opposite extreme of a counting time T which is short compared to the 
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coherence time, that is T « t 0 , For this limit the instantaneous intensity J[t) is 
essentially a constant during a single counting period, and eqn (6,59) becomes 

J{tJ) = J{t) (T«t c ). (6.68) 

The probability distribution p[J(r)] for the instantaneous intensity of 
chaotic light is given by eqn (3.68). With the usual ergodic hypothesis, assumed 
valid for a stationary light source, the time average in eqn (6.63) can be 
converted to an ensemble average over the distribution p[7(t)], leading to 



m 


Fig, 6,7, The photon-couni distributions for chaotic light with m = 4 and the indicated values of 
T/t c . The graphs for T/t { equal to 0 and oo are plotted from eqns (6.69) and (6.65). The data for 
intermediate values of T/t, are taken from E. Jakeman and E. R, Pike (ref. 15.) 
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where m is defined by eqn (6.66). Thus for short counting times, the photon- 
count distribution for chaotic light is similar to that of the photon distribution 
in a single mode of a thermal source given by eqn (1.36) and illustrated in 
Fig. 1.7. However, the result (6.69) for the photon-count distribution is not 
restricted to excitation of a single mode but applies generally to any chaotic 
light. 

The form of the photon-count distribution is much more difficult to 
evaluate for counting times T that are neither long nor short compared to the 
coherence time t c of chaotic light. We do not give the details of such 
calculations here but show in Fig. 6.7 some computed 15 photon-count 
distributions for a fixed mean number of counted photons in = 4. The graphs 
show how the probability distribution changes continuously from the form 
(6.69) for T « t c to the form (6.65) for T » t c . 

It is clear from Fig. 6.7 that the photon-count distribution is sensitive to the 
coherence time x B for counting times T that are comparable to i e . Thus a 
measurement of P m {T) for chaotic light can be used to determine the 
coherence time by fitting the experimental distribution to the theoretical 
curves. Fig. 6.8 shows an example of a measured photon-count distribution 16 . 
The experiment was carried out on a beam of laser light after scattering by a 
suspension of spherical particles in water at room temperature, The theory of 
Brownian motion shows that such scattered light has a Lorentzian frequency 



m 


FlO. 6.8. Experimental photon-count distribution for laser light after scattering by a suspension of 
spherical particles in water. The counting timeTis 10" 1 s and the mean count m is equal to 3. 
(After E. Jakeman et at,, ref. 16,) 
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distribution 17 , The random motion imposes on the scattered laser light 
temporal properties characteristic of a chaotic source and the experimental 
distribution of Fig. 6,8 is similar to those of Fig. 6,7. The complete experiment 
involved a series of counting times ranging from 10" 2 to 2 x 10" 1 s, and the 
coherence time r c obtained from a comparison of theory and experiment is 
10" 1 s. The corresponding angular-frequency linewidth of 20 s' 1 could not, 
of course, be measured by conventional frequency spectroscopy. 

Although the complete distribution function requires a lengthy calculation 
for general values of T, it is not difficult to evaluate the size of the fluctuations 
in the number of counted photons for chaotic light. From eqn (6.63) the mean 
number of counted photons is 

m= £ mPJT) = mt> T ) T > = PT, (6.70) 

m = 0 

where the definition of / as the long-time-averaged intensity has been used, 
together with the normalization of the probability distribution, 

E fJT) =1. (Ml) 

m = 0 

The mean count agrees with eqn (6,66), derived under more restrictive 
conditions. 

In a similar way, the second moment of the distribution is 

i? = I m%(T) = <(/(!, T)T> + <(ff(t,T)T) 2 > 

m =0 

= m+{(£/(£, T)T) 2 ). (6.72) 

The mean-square deviation, or variance, of the distribution can be written 
(Am) 2 = np-m 2 = mH 2 T 2 ((I(tJ) 2 )-P). (6.73) 

The first term represents the same particle fluctuations as the result (6.67) for a 
beam of constant intensity. The additional fluctuations represented by the 
second term in eqn (6,73) arise from the random variations in the instanta¬ 
neous intensity and are known as wave fluctuations. The wave fluctuations 
clearly depend upon the properties of the light beam under investigation, 
unlike the constant particle-fluctuation component. The more general result 
(6.73) reduces to eqn (6,67) for the constant-intensity case. 

The wave-fluctuation contribution in eqn (6.73) involves the same kind of 
average over squared intensities as the Hanbury Brown and Twiss correlation 
in eqn (3.103), Conversely the measured response in the Hanbury Brown and 
Twiss experiment is entirely controlled by the size of the wave fluctuations. 
The rejected particle-fluctuation contribution contains no information on the 
light under investigation, and its presence would otherwise tend to obscure the 
more informative wave fluctuations, 
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The wave fluctuation in eqn (6.73) can be evaluated for a chaotic beam of 
Lorentzian frequency profile with linewidth parameter y' related to the 
coherence time by 

/ = lAc. (6.74) 

as in eqn (3.27). The integral required to evaluate the average in eqn (6.73) has 
already been performed in eqn (3.106), except that i r must be replaced by T. 
The variance is 

(Am) 2 = m+(m 2 /2y' 2 T 2 ){exp(-2y'T)-l+2y'T}. (6,75) 

Fig. 6.9 shows how the mean-square deviation varies with the counting time T. 
The constant-intensity particle fluctuation from eqn (6.67) is included for 
comparison. 

For a counting time T short compared to the coherence time t c , eqn (6.75) 
reduces to 

(Am) 2 = m+m 2 [y'T« 1). (6.76) 

In this limit all chaotic sources produce the same counting statistics given by 
eqn (6.69), and the variance is the same as that found in eqn (1.41) for single¬ 
mode thermally-excited photons, We have noted that the average to be 
evaluated in eqn (6.73) is similar to that which controls the Hanbury Brown 
and Twiss correlations. The variance depends upon second-order coherence 
properties of the light and consequently the result for chaotic light in the limit 
of infinite coherence time differs from the coherent-light result, as shown in 
Fig. 6.9, and by eqns (6.67) and (6.76). 


20 


(Am) 2 

10 


0 

Fig. 6.9. Variance of the number of counted photons for chaotic light of coherence time x c . The 
mean count is maintained at hi = 4 independent of the counting time T. The horizontal line shows 
the constant level of particle fluctuations, 
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For a counting time T that is long compared to t c> the general result (6.75) 
becomes 

(Am) 2 = m+{m 2 /y'T) (y'T » 1), (6.77) 

and reduces to eqn (6.67) for very long counting times, where the photon-count 
distribution has the Poisson form (eqn (6.65)), as discussed above. 


6.8. Quantum-mechanical photon-count distribution 

The photon-count distributions derived above are based on the semiclas- 
sical expression (6.63). A more general theory of the photon-count distribution 
is provided by a fully quantum-mechanical formulation of the problem. The 
more general theory can handle field excitations that are not describable in 
classical terms, and it provides the definitive results for all types of excitation, 

The quantum-mechanical theory of the photon-count distribution pro¬ 
ceeds, like the semiclassical theory, by considering the sequence of photo¬ 
electric processes that are involved in the detection of a series of photons by 
a phototube. The calculations are similar to those described above for the 
derivation of the quantum-mechanical degrees of coherence except that the 
photon-count distribution is more complicated owing to the appearance of 
all powers of the intensity in the probability of a count of m, as in the 
semiclassical result (6.63). 

The quantum-mechanical photon-count distribution was first derived 
by Kelley and Kleiner, 18 and their paper can be consulted for details of 
the somewhat lengthy derivation. For the case in which the dimensions of the 
phototube cathode are small compared with the coherence length of the 
radiation, their result can be written 

PJT) = Tr(^®^exp(-U(T)T)j. (6.78) 

The intensity operator that appears in this expression is an average of the 
usual operator (5.99) over the counting time, 
r r 

f(T) = (l/7 , )|f(rt)dls(l/T)|2e 0 c£-(n)l + (rt)dt, (6.79) 

0 0 

where r is the detector position, and the light beam is assumed plane polarized 
and parallel. 

The quantum-mechanical distribution bears a clear resemblance to the 
semiclassical result (6.63), but care must be taken with the order of operators in 
the quantum-mechanical formula. The operator ./ imposes normal ordering 
on the electric-field operators that follow it. That is, if the exponential in 
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eqn (6,78) is expanded in a power series, then for each term in the series, the 
electric-field operators must be ordered with all the £ + operators to the right 
of the £~ operators. The normal ordering of field operators ensures a correct 
representation of the detection process in terms of photon destruction. Use of 
the normal-ordering operator Jt allows the distribution to be written in the 
compact form shown in eqn (6.78), but the E~ and E + factors of 7(T) become 
separated when the exponential is expanded. 

The quantum-mechanical form of the photon-count distribution can be 
evaluated for the same cases as considered above in the discussion of the 
semiclassical expression (6.63). It is quite simple to evaluate the distribution for 
a pure coherent-state excitation |{a k }>. The coherent state is an eigenstate of 
£ + (rf) with eigenvalue given in eqn (5.103). Thus in eqn (6.78) each £ + 
operator can be replaced by the eigenvalue and each E~ operator by the 
complex conjugate. The distribution therefore simplifies to a Poisson dis¬ 
tribution similar to eqn (6.65). The quantum-mechanical results also sub¬ 
stantiate the semiclassical calculations for chaotic light. 18 

The physical significance of the quantum-mechanical distribution is 
however most transparent for photon-counting experiments on light beams 
whose photons are restricted to a single mode, and we consider only this case 
in detail. The product of field operators in eqn (6.79) then reduces to a simple 
form, with the use of eqns (5.84) and (5.85), and the photon-count distribution 
can be written 

P m (T) = Trjpi" pp- expKa^j, (6.80) 

where Jf now orders the single-mode photon creation operators to the left 
of the corresponding destruction operators a, and 

{ = C chwT/V (6.81) 

is known as the quantum efficiency of the detector. Note that the product of 
field operators in eqn (6.79) is independent of the time in the single-mode case, 
as in the analogous products that occur in the quantum degrees of coherence. 

The operator whose ensemble average is to be evaluated in eqn (6.80) has 
only diagonal matrix elements for the number states |n>. Let the density 
operator for the photon excitation have diagonal matrix elements P„, 

P n = < n\p\n >. (6.82) 

Thus P„ specifies (completely or partially depending on whether p is or is not 
diagonal for the states |n» the probability distribution of the single-mode 
excitation amongst the various number states |n>; we seek the connection 
between P„ and the photon-count distribution to which the excitation gives 
rise. 
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If the exponential is expanded in eqn (6,80) and the number states are used 
to evaluate the trace, we have 

PJT) = EJX/m!)<n| £ (- 1)1{'/W)’ + W I N>. (6.83) 

n 1-0 

The matrix element is evaluated by the normal rules (4.91) and (4.92) to give 


The l-summation is equivalent to a binomial expansion and can be expressed 
in closed form to yield 


'• (T) ^/'UF- r 


\mj m m!(n-m)!' 

This form 19,20 of the photon-count distribution is equivalent to eqn (6.78) 
for a single-mode excitation. It is known as a Bernoulli distribution, and has a 
simple physical interpretation as the probability that m photons are counted 
and rc-m photons escape detection, the probability of an individual photon 
being detected during the counting period being & The factor (6.86) takes care 
of our lack of interest in which m photons are counted, and the sum over n 
allows for the possible numbers of photons excited in the single mode. The 
mean number of counted photons for the distribution (6.85) is 


It is seen from the definition of £ in eqn (6.81) that m increases linearly with 
the counting time T. This behaviour is expected for experiments in which 
a steady beam of photons travels from a source to the detector. It cannot 
however be correct for detection in a closed cavity, where the number of 
counts cannot exceed the initial number of photons, In addition, the 
probability (6.85) takes negative values for sufficiently long counting times T. 
The difficulties arise from the neglect of the quantum effects of the measure¬ 
ment process on the measured system. The photon detections attenuate the 
light beam, and more accurate treatments 19 " 22 show that the photon-count 
distribution (6.85) must be modified by making the replacement 

^1-expR) (6.88) 


PJM” E PJ {I-expf-^expi-ffi-m)^ (6.89) 
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with a mean count of 

m = {l-exp(-£)}«. (6.90) 

The distribution (6.85) and the mean count (6.87) are recovered in the limit 
l « 1, but the new results are well behaved for long counting times when £ 
may be much larger than unity. 

It is clear from eqn (6.89) that the photon-count distribution is the same as 
the photon distribution P n only in the case of very large c, when 

K(T) = P„<L K-co). (6.91) 

For smaller quantum efficiencies, the distributions PJT ) and P„ are different, 
and an experimental photon-count distribution yields only indirect infor¬ 
mation on the photon excitation. Practical quantum efficiencies are usually 
much smaller than unity and it is not necessary to make the replacement (6.88) 
in such cases. 

We assume for simplicity that {is indeed much smaller than unity, and there 
are two important photon distributions P n for which the summation in 
eqn (6.85) can be carried out. 

Problem 6.14, Consider single-mode coherent light where eqns (4.192) and 
(4.231) give 

P„ =-exp(-n). (6.92) 


Use eqn (6.85) to prove that 

Problem 6,15. Consider filtered single-mode chaotic light as in problem 6.8, 
where eqn (4.240) gives 


'■-iwp (6 ' 94) 


Prove that 


These results agree with eqns (6.65) and (6,69) calculated by the semiclassical 
method. In both examples, the mean number m of counted photons is given by 
eqn (6.87), and the distributions P„ and PJT) have the same mathematical 
form. This is, however, not a general property of the photon-count distribu¬ 
tion, which can differ in form from the photon distribution P„. A simple case in 
which the two distributions are different is provided by a photon number-state 
light beam where the photon-count distribution is nonzero for all m less than 
or equal to the number of photons in the beam. The normalized second 
factorial moments of the two distributions are however the same in all cases. 
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Problem 6.16 , Prove from eqn (6,85) or (6,89) that for all forms of photon 
distribution in a single mode 

l m(m -1 )P„(T)/m 2 = J>(«- W 2 ■ (6.96) 

m it 

The degree of second-order coherence of the light is therefore directly 
obtainable from the photon-count distribution, without any dependence on 
the quantum efficiency of the detector, For multimode light beams, there 
exists 23 a more complicated relation between the degree of second-order 
coherence and the second factorial moment of the general photon-count 
distribution. It follows from eqn (6,96) and the properties of g i2 \x) discussed 
in §6.3 that the variance of the quantum-mechanical photon-count distribu¬ 
tion can take any non-negative value, unlike the semiclassical variance of 
eqn (6.73) which can never be smaller than w, 

All of the detailed derivations in the present section refer to light beams that 
interact only with the detection equipment, More general photon-count 
distributions can be derived 22 for light beams whose photon numbers 
fluctuate during the detection period T because of absorption and emission by 
atoms, as for example in a laser cavity or other light source, The more general 
distributions reduce to the results discussed above when T is much shorter 
than the characteristic fluctuation times of the photon numbers, 

6,9. Photon counting in the Michelson interferometer 

Interference experiments provide examples of the application of the 
quantum-mechanical photon-count distribution. We consider the Michelson 
interferometer and determine how the photon-count statistics of the output 
light are related to the photon probability distribution P„ of the input light, 
The Michelson interferometer is represented schematically in Fig, 6.10. 
The input light beam is split in the usual way by a semitransparent mirror 
inclined at 45° to the axes. The mirrors in arms 1 and 2 of the interferometer, 
inclined at 90° to each other, return the split beams to the semitransparent 
mirror, and thence to the phototube detector. The beam splittings are assumed 
to be perfectly symmetrical and the incident light is assumed to be in a plane 
parallel beam, With these conditions, the field of view of the detector is 
uniformly illuminated, For given choices Jzj, and jz 2 of the arm lengths, there 
are no spatial variations of intensity at the detector to complicate the theory of 
photon counting. This feature makes the Michelson interferometer more 
convenient than Young’s interference experiment for the application of 
photon-counting theory. 

The properties of the light at the phototube are however described by a 
theory very similar to that presented for Young’s experiment in §6,1. Thus the 
photon creation and destruction operators d f and d for the input light are 
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Fig. 6,10, Schematic Michelson interferometer, 


related by eqn (6.5) to the operators $f and d, for photons in the modes 
corresponding to arms i = 1 and 2 of the interferometer. It is assumed that 
the two arms are excited with the same phase, and with only one mode of 
wavevector k in each, 

The light that falls on the phototube consists of a superposition of con¬ 
tributions from arms 1 and 2, and the electric field operator has a form similar 
to eqn (6.10). With only a single mode excited, it is simpler to use the 
corresponding photon creation and destruction operators defined by 

$ = {dj expHfoJ+djl exp(~ifo 2 )}/2* 

1= {dj exptihj+da exp(ikz 2 )}/2* (6.97) 

for the detector arm of the interferometer, In these expressions, the phase 
factors included are those for which there is a difference between arms 1 and 2, 
remembering that the optical paths are twice the arm lengths; the additional 
phase factors that result from the common stretches of the optical paths make 
no contributions to the final results and they are set equal to unity in eqn (6.97). 
The effects of phase changes caused by the mirrors are assumed to be included 
in the optical path lengths z { and z 2 . With the same commutation relations, 

[di,dl] = M = 1 (6.98) 

and 

[<Mfl = [Ml = 0 (6.99) 

as used in §6.1, it is easily shown that 

[<U] * I- 


( 6 . 100 ) 
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The photon-count distribution at the detector obtained from eqn (6.80) is 

P„(T) = Tr h / { ^- exp(-{«)|. (6.101) 

The main goal of the present section is the connection between this photon- 
count distribution and the photon-number distribution P„ of the light incident 
from the source. Thus we need to evaluate the trace in eqn (6.101) for input 
light of given statistical properties specified by p, and we therefore need the 
relations between the input operators d f and a of eqn (6.5) and the output 
operators d 1 and i of eqn (6.97), 

Define another creation-destruction pair of operators 

= (il-^/2 1 

S = (a 1 -o 2 )/2 i , ( 6 ' 1E > 

It is verified with the use of eqns (6.98) and (6.99) that 

[M f ] = [&>] = 1 (6.103) 

and 

[a,P] = [M f ] = o. (6.104) 

The operators for arms 1 and 2 are expressible as 

fl{ = (<M*)/2* d\ = {tf-W 

d x = (d+b)/ 2 i a 2 = (a-S)/2* ( 6 - 105 ) 

and hence the output operators of eqn (6.97) are related to input operators by 
d f = i{« t [exp(-ife 1 )+exp(-i/cz 2 )]+^ t [exp(-ih 1 )“exp(-ife 2 )]} 
i = ^{fltexpPzJ+exp^b^+^exppIcz^-exppz^]}. (6.106) 

The density operator p for the input light is based on the number states |n), 
related to the vacuum state |0> by eqn ( 6 . 6 ). Since h commutes with as in 
eqn (6.104), it follows from the ground-state condition of the h operator that 

6 |n> = 0. (6.107) 

Thus when eqn (6.106) is inserted into eqn (6,101) and the normal ordering is 
carried out, it follows that the parts of d f and i that involve P and t make zero 
contributions to the trace. The relations (6.101) can therefore be reduced to 

d 1 = jfl t [exp(-i/cz 1 )+exp(-ikz 2 )] 
d = ^a[exp(ifcz 1 )+exp(ifcz 2 )], (^) 

provided that their use is restricted to the evaluation of |n) matrix elements of 
normally-ordered products. The m and £ operators are thus removed from the 
calculation, and eqn (6.108) provides the required relation between input and 
output operators. 
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With these substitutions, the photon-count distribution (6.101) can be 
developed straightforwardly into a Bernoulli form analogous to eqn (6.85), 

UT) = !/.("){«cos a [|t( Zl - Z! )]}-{l-{ cos a Bfc( Zl - Zj )]}"--, 


with a mean number of counted photons 

m = ^ncos 2 [{k(z 1 -z 2 )]. 


(6.109) 

( 6 . 110 ) 


This result reproduces the usual variation in output with the difference 
between the optical path lengths in the two arms of the Michelson 
interferometer. 

The spread of the photon counts about the mean is determined by the 
variance, which can be written 


(Am ) 2 = m(m~l)+m-m 2 , ( 6 . 111 ) 

The equality (6.96) between the second factorial moments of P m (T) and P n 
remains valid, and the variance can be expressed in the forms 


(Am ) 2 = m 2 [ 0 ( 2 ) (T)-l]+m 


where p ( 2 ) (r) is the degree of second-order coherence (6.28) of the input light 
and (An ) 2 is its photon-number variance. The photon count thus inherits the 
scaled photon-number fluctuations of the input light, but in addition acquires 
fluctuations generated by the random division of photons between the two 
arms of the interferometer in accordance with the probability distribution 
(6.13). 

The expressions (6.109) and (6.110) for the photon-count distribution and its 
mean can be corrected for high detection efficiency by the replacement ( 6 , 88 ). 
We assume in what follows that all of the output photons are detected, 
equivalent to setting tf equal to unity in eqns (6.109) and (6.110), Fig. 6.11 
shows some calculated variations of photon count with optical path difference 
in the vicinity of equal path lengths, The heavy curve in each part of the figure 
is the mean count from eqn (6.110), The shading shows the variation of the 
deviations +Am from the mean value, obtained from eqn (6.112) for the 
different kinds of input light as 


#[l-(m/n)]* (number state) 

Am =' m* (coherent) (6,113) 

.mtyn+l)* (chaotic), 


246 Photon optics 




|^(Z|-Z 2 ) 


Fig. 6.11, Variations of photon count with optical path difference in a Michelson interferometer 
for perfect detection, The shading shows the root-mean-square uncertainties in the count. The 
nature of the single-mode input light is (a) number state, (b) coherent, and (c) chaotic, 

The above derivation is restricted to single-mode input light. The treatment 
of multimode light requires a generalization in which the various kinds of | 
creation and destruction operator are summed over all the excited modes k. 

The principles of the calculation are unchanged but the equations are 
algebraically more complicated, In the case of chaotic input light with 
Lorentzian line broadening, the oscillations in mean photon count given by 
eqn (6.110) are damped out for large path differences | z x - z 2 1, similar to the off- 
axis fringe blurring in Young’s interference experiment. For small path 
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differences, where eqn (6.110) remains valid, and for counting times T much 
longer than the difference in transit times via arms 1 and 2, the variance in 
photon count is identical to eqn (6.75). The photon-count pattern is similar to 
the single-mode chaotic result of Fig. 6,11(c) when T is much smaller than the 
coherence time t c , but is similar to the single-mode coherent result of 
Fig. 6.11(b) when T is much larger than t c . 

These results apply for the photon-count distributions of individual, well- 
separated detection periods. More general expressions 24 apply for the 
predicted variance in series of measurements where the separation between 
adjacent counting periods may be comparable to or smaller than the 
coherence time. In the usual way, the uncertainty in a determination of the 
mean count m becomes inversely proportional to iV* when the measurements 
from a large number N of counting periods are combined. Interest in the use of 
Michelson interferometers with photon-counting detection has been stimu¬ 
lated by their potential use in the detection of gravitational waves 25 , where the 
small changes in relative path length z x -z 2 caused by gravitational displace¬ 
ments of the mirrors may be detectable by the resulting changes in mean 
photon count. 

The Michelson interferometer becomes similar to the apparatus of Hanbury 
Brown and Twiss when the mirrors are replaced by phototubes, and the 
analysis of the two experiments makes some use of the same properties of the 
input light. Note however that the mean photon count in the Michelson 
experiment depends only on the mean photon number in the input, whereas 
the average correlation measured by Hanbury Brown and Twiss is governed 
by the degree of second-order coherence of the input light. Second-order 
properties such as the coherence or variance of the input light enter the theory 
of the Michelson interferometer only in the evaluation of the scatter of data 
about the mean count. An analogous treatment of the scatter of measurements 
of the Hanbury Brown and Twiss correlation about its average value would 
show a dependence on the degree of fourth-order coherence of the incident 
light. 

6.10. Higher-order coherence and polarization effects 

The quantum-mechanical version of the classical degree of rth-order 
coherence defined in eqn (3.112) is 

0 w (irHit r+ 1 ,..., l 2 rhr) 

(E-Qr^). £-(r f t r )£ + (r +1 f f+1 ).£ + (r 2r t 2f )> 

Kr(r 1 f 1 )inrit 1 )>...<£^ 2r )£ + (r^ 2f )>^ ' 

The first and second-order degrees of coherence given in eqns (6.14) and (6.23) 
are special cases of this more general definition. 
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The degree of rth-order coherence determines the measured response in 
experiments where r photons are simultaneously detected in some way. An 
example is to be found in §9.5, where it is shown that the rate of simultaneous 
absorption of three photons from a light beam, accompanied by emission of a 
single third-harmonic photon, is proportional to g m . 

There are two simple properties of the rth-order coherence, analogous to 
the classical results (3.113) and (3.114). We consider first a multimode coherent 
state |{a k }>, this being an eigenstate of t as in eqn (5.103). Thus, for the pure 
state |{a k }> the numerator and denominator of the expression (6.114) for g (r> 
both involve products of factors similar to the eigenvalue in eqn (5.103) and its 
complex conjugate. A closer inspection shows that the numerator and de¬ 
nominator are in fact identical when pairs of space-time points are the same, 
and we have the result 

g lr) (riti,...,r r t r ;r r t r ,.r^) « 1 for all r. (6.115) 

The quantum-mechanical coherent state therefore has exactly the same 
coherence properties as the classical stable wave and is coherent in all orders, 
In any interference experiment, however complicated, the quantum mechani¬ 
cal coherent state produces the same interference fringes and field correlations 
as would be calculated for the classical stable wave. It is this property of the 
basic states |«> that causes them to be called the coherent states. 

For the opposite extreme of a multimode chaotic state, with density 
operator given by eqn (4.244), it is not difficult to evaluate g {r} for the special 
case where all the space-time points in eqn (6.114) are the same. The result is a 
degree of rth-order coherence equal to rl, as in the classical result (3.114). 
Indeed, all the quantum-mechanical properties of chaotic light are identical to 
those derived in classical coherence theory. The theories of interference 
experiments that use chaotic light can be treated equally well by the two 
theories. 

It is not difficult to generalize the relation (6.96) between the degree of 
second-order coherence and the second factorial moment of the photon-count 
distribution of single-mode light, and it can be shown that the degree of rth- 
order coherence is equal to the normalized rth factorial moment of the 
photon-count distribution. Photon-counting experiments thus provide a 
means of measuring the degrees of coherence of arbitrary orders. 

The light beams treated in the present chapter have so far been assumed 
plane polarized. Some of the results can be generalized without difficulty to 
apply to partially-polarized beams. Consider a light beam propagated parallel 
to the 2 -axis made up of two independent beams, one with mean photon 
number h x polarized parallel to the x-axis, and one of mean photon number h y 
polarized parallel to the y-axis, The total mean photon number is 

n = h x +h y 


(6.116) 
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and the degree of polarization is 


where the x-axis is chosen to be that with the larger mean photon number. 
Thus 

n x = i(l+P)« (6.118) 

and 

h y = i(l~P)h. (6.119) 

For chaotic light, the two independent beams have photon distributions 
given by the same function as in eqn (6.94). The photon distribution for the 
combined beams 26 is then found by a procedure analogous to that used for 
the classical calculation of eqns (3.118)-(3.120). 

Problem 6.17. Prove that the photon distribution for chaotic light with mean 
photon number n and degree of polarization P is 


where h x and h y are given by eqns (6,118) and (6.119), 

This expression is the quantum analogue of the classical result (3.120). It 
reduces to eqn (6.94) in the limit of a plane polarized beam (P = 1). 

Problem 6.18. Prove that in the limit P -+ 0 of an unpolarized beam eqn 
(6.120) gives 


Problem 6.19. Prove that the zero time-delay degree of second-order 
coherence of the light with photon distribution (6.120) is 

0 (2) (O) = i(3+P 2 ), (6.122) 

identical to the classical result (3.122). 
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7. Generation and amplification of light 


The present chapter considers the properties of the light emitted by various 
kinds of source. The simplest property is of course the intensity or mean- 
photon number of the light but it is often necessary to calculate more detailed 
properties such as the degree of second-order coherence or the complete 
photon probability distribution. 

The earlier sections of the chapter are devoted to sources in which the light 
excites only a single mode of an optical cavity. We begin with an account of the 
statistical and coherence properties of the light emitted by two-level atoms. 
The equations employed in the analysis can also be used to deduce the changes 
from the initial properties of a light beam subjected to interaction with a gas of 
two-level atoms; the cases of attenuation and amplification of the incident 
light are both treated. 

The theory is subsequently generalized to apply to a single-mode three-level 
laser system. In contrast to the semiclassical laser theory of §1.12, which strictly 
applies only to the amplification of radiation supplied externally, the fully- 
quantized theory of the present chapter includes spontaneous emission and 
thus describes the self-initiating operation of the normal laser light source, The 
steady-state fluctuation and coherence properties of single-mode laser light 
are discussed in some detail. 

The single-mode restriction is dropped in the final section of the chapter, 
which describes the emission of radiation in all spatial directions, and hence 
into all modes, by a single driven two-level atom. This system is important in 
connection with the basic theory since the light has nonclassical coherence 
properties of the kind described in Chapter 6. 

The light-emitting atoms covered by the present chapter are restricted to 
those with time-dependent level populations that can be adequately described 
by rate equations. The discussion of emission by driven atoms is continued in 
Chapter 8, where the optical Bloch equations for the atomic density matrix are 
used to obtain the characteristics of the fluorescent light for more general 
experimental conditions. 

7.1. Single-mode photon rate equations 

Suppose that a large number N of identical two-level atoms with transition 
frequency co 0 is contained in a volume V. We treat the interaction of the atoms 
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with radiation in a single mode k of an optical cavity, and omit the k subscripts 
from the radiation field variables, The atomic transition is assumed to be 
collision broadened, with a linewidth parameter / whose collisional part 
greatly exceeds the radiative part y. The interaction of light with the atoms is 
then well described by rate equations, as discussed in §2.14. 

The photon absorption rate obtained from eqn (2.169) is converted to 
quantum-mechanical notation as in eqn (5.215) to give 

2/yV[K-«) 2 +A M 

where _ 

/ = (e 2 w/2e 0 ftF)(E.D 12 ) 2 = e 2 coDj 2 / 6 e 0 ^F, (7.2) 

with the usual angular average to allow for random atomic orientations. Thus 
the absorption rate is 


e 2 a)D 2 12 j 
3 € 0 hV (£o 0 -co ) 2 +/ 2 


(7.3) 


The same expression for the probability per unit time of photon absorption is 
obtained from eqn (5.65) if the delta function is replaced by a normalized 
collision-broadened lineshape. Note that, with the Einstein B coefficient taken 
from eqns ( 2 , 55 ) or (5.69), the absorption rate can be expressed as 


n ihf 

V (fl > 0 -®) 2 +/ 2 ’ 


(7.4) 


namely a product of B coefficient, photon energy density, and normalized 
lineshape function, 

Suppose that the frequency cd of the chosen cavity mode coincides with the 
peak of the atomic absorption line at co 0 and define 


_ e 2 o) 0 D 2 l2 _ 2nc 3 y , 7 r\ 

le Q hVf Vali' 

where eqn (5.75) has been used. The absorption probability becomes simply 
fn. (7.6) 

Note that this quantity is proportional to the photon spatial density n/K. 

The probability of emission of a photon of frequency co = co 0 by an excited 
atom is obtained by replacing n by n+1 in eqn (7.6) (compare eqns (5.65) and 
(5.70)) to give 

«f(n+l).. (7.7) 

The two terms n and 1 correspond to stimulated and spontaneous emission; ^ 
is the rate of spontaneous emission into the particular cavity mode considered, 
whereas the Einstein A coefficient or 1 /t r given by eqn (5.75) is the total rate of 
spontaneous emission into all modes. 
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The state of the radiation field in the single cavity mode is determined by the 
photon density operator p discussed in Chapter 4 . We characterize the photon 
state by the values of the diagonal number-state matrix elements P n of p 

defined in eqn (6.82). According to eqns (6.92) and (6.94) 

P„ = ^ex p(-n) ( 7 . 8 ) 

for a single-mode coherent photon excitation, and 


(1 +n) 1+ " 


(7.9) 


for single-mode chaotic light. The P„ are sufficient to describe the main 
statistical features of the radiation but it must be remembered that the 
description is incomplete for photon states whose off-diagonal matrix 
elements <n|p|n') are not all zero. The corresponding degrees of second-order 
coherence are 


0 ( 2 ) (t) = 1 (coherent) 

(7.10) 

g (2 \t) = 2 (chaotic), 

(7.H) 


taken from eqns (6.30) and (6.31). 

The effect of photon absorption and emission by the two-level atoms is to 
cause changes in the photon distribution P„. The time-dependent changes in 
the P„ can be described by rate equations. Rate equations have been used for 
the occupation probabilities of the atomic states in Chapter 1. The rate 
equations for the photon probabilities can be derived analogously, 

Fig. 7.1 shows the energy-level diagram for the cavity mode, and is similar to 
Fig. 1.3. The quantity P„ is the probability that the photon field is in its nth 
excited state. We suppose that the mean numbers of atoms in the ground and 
excited states are JV t and N 2 . The radiative transitions clearly tend to change 
both the P n and the atomic excitation probability. We shall however assume 
that some external influence maintains and JV 2 at fixed values. Thus only 
the photon distribution P n is subject to change with time, and the fluctuations 
in N 2 and JV 2 are excluded from consideration. 

There are four types of transition that contribute to the rate of change of P n . 
If n photons are indeed present in the mode, the Afi atoms in their ground states 
each absorb photons at the rate shown in eqn (7.6), and the N 2 excited atoms 
each emit photons at the rate given in eqn (7.7). Both processes decrease P„, at a 
combined rate of 

-N^nP„-N^(n+l)P„. (7.12) 


There are also two positive contributions to dPJdt. If n-1 photons are 
excited, the probability of this excitation being P n - U the N 2 excited atoms can 
emit a photon to excite the field into its nth state. The rate of this process is 
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AW«+l)P l+ i 

N 2 (#(n+\)P„ 


yv 2 r#«p,_, 

N x Sn P„ 



P o -—- 0 

Fig. 7.1. Energy-level diagram for photons in the selected mode. The transition rates indicated are 
the contributions to dP„/dt. The energy interval is hco Q . 

obtained from eqn (7,7) with n replaced by n-1 to give 

N 2 <$nP n -. v (7.13) 

Similarly, if n +1 photons are present, with probability P n+1 , the N l ground- 
state atoms can absorb a photon to drop the field into its nth excited state and 
thus increase P n . The rate is obtained from eqn (7.6) with n replaced by n+1 to 
give 

N^(n+\)P m . (7.14) 

The contributions of eqns (7.12), (7.13), and (7.14) combine to give a total 
rate 

dP„/dt = -N 2 y{n+\)P„ J rN 1 y{n+\)P n+l ~NiynP„+N 2 ( $nP n - v (7.15) 

The four transitions that contribute to d PJdt are illustrated in Fig. 7.1. Note 
that for n = 0, where only two types of transition contribute to dP 0 /dt, 
eqn (7.15) becomes 

dP 0 /dt = -N 2 ^P 0 +N^P v (7.16) 


7.2. Steady-state solutions 


Consider first the steady-state solution for the photon distribution, where 
the right-hand sides of eqns (7.15) and (7.16) must be set equal to zero. The 
resulting chain of equations for the different values of n is solved by starting 
with the steady-state solution of eqn (7.16). This is then used to simplify 
eqn (7.15) for the n = 1 case, which can in turn be used to simplify eqn (7.15) 
for n = 2, and so on. The general condition for a steady state is 

N&nP^-N&nP, = 0. (7.17) 

This result is an example of the principle of detailed balance in steady-state 
conditions. It can be shown in general 1 that states connected by weak non¬ 
vanishing transition probabilities must have the same probabilities of 
occupation in the steady state. The occupation probabilities are N 2 P n ~i and 
N 2 P n in the present problem. 

The solution of the chain of equations (7.17) is 


P« = (N2lN 1 )P n „ i = (N 2 /N l TP Q . (7.18) 


The remaining unknown P 0 is determined by the normalization condition 


%Pn = 1, (7.19) 

n 

and the final result is 

P. = (W{I-W»,)}. (7.20) 

The photon distribution is the same as eqn (7.9) with 

n = NM-NJ, (7.21) 


The steady-state photon distribution is therefore that of chaotic light, It is the 
same as that determined in eqn (1.60) as the photon distribution for light in 
interaction with atoms in thermal equilibrium. The more general proof given 
here shows that the light generated by a source in which the atoms are 
maintained at some excitation level different from that in thermal equilibrium 
has the same chaotic nature as thermal light. 

It is also possible 2 ' 3 to calculate the degree of second-order coherence in the 
steady state. According to the form given in eqn (6.46),, 


d g%) 
dr 


1 



(7,22) 


and a differential equation for g l2> ( r) is obtained if the right-hand side can be 
related to <n(r)n(0)>, This is accomplished with the help of the equation of 
motion (7.15) evaluated at time r, It is seen by reference to Fig. 7.1 that if n 
photons are present at time r, then the only elements of the photon probability 
distribution that change linearly over a short time dr are P n -fi r), P„(r), and 
P fl+1 (r). The rates of change are attached to the two arrows on the right of 
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Fig. 7.1, and they lead to 

^ = i|» 1 »<n( t )(n(.)-l)n(0)> 

-»<[Nin{T)+W 2 (n(T)+l)]n(x)n(0)> 

+JV 2 »<(n(t)+l) i n{0)>J, (7.23) 

which reduces after cancellations and rearrangement to 

dg^mt = {-iV^<n(r)n(0)>+lV#<(n(T)+l) n (0)>}/n 2 

= (7.24) 

where <n(0)> is set equal to the steady-state mean photon number h given by 
eqn (7.21). 

The zero time-delay degree of second-order coherence of chaotic light is 


always equal to 2, and with this boundary condition the solution of eqn (7.24) 

can be written 


S (2 \ t) = 1 +exp(— t/t p ). 

(7.25) 

where 


l/-r P = (iV 1 -JV 2 )^ = N 2 m 

(7.26) 


The rate at which the degree of second-order coherence decays from its t = 0 
value is thus equal to the rate of spontaneous emission into the mode by the iV 2 
excited atoms divided by the mean number of photons in the mode. The 
spontaneous emissions produce random phase changes in the light, similar to 
the effect of collisions in the model that leads to the degrees of coherence (3.26) 
and (3,94). 

The steady-state degree of second-order coherence (7.25) tends to unity for 
long time delays t, and clearly differs from the time-independent result (7.11) 
expected for single-mode chaotic light. The apparent discrepancy arises 
because the photons in the single mode postulated here take part in absorption 
and emission processes that limit their undisturbed existence. The light thus 
acquires a finite coherence time of order 2t P , and its degree of first-order 
coherence has the standard chaotic form of eqn (3.26) with f replaced by 1/2 t p . 
The spectrum of the light is Lorentzian with a very modest width of order 1 /t p , 
and the frequencies in the light are therefore no longer strictly confined to a 
single mode. With this interpretation, eqn (7.25) has the form expected from 
the general degree of second-order coherence (3.94) for Lorentzian chaotic 
light. An analogous line broadening occurs in the theory of the ‘single-mode’ 
laser given in §7,9, The degree of second-order coherence of the light emitted by 
an atom radiating into all modes, calculated in §§7.10,8.3, and 8,4, has a decay 
rate quite different from eqn (7,26). 
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7.3. Photon statistics of attenuated light 

The photon rate equations (7.15) can also be used to determine the effect of 
the atomic absorption and emission processes on the statistical properties of 
| an incident beam of arbitrary photon distribution. The beam is attenuated if 
> N 2 and amplified if N t < N 2 . We treat the attenuator and amplifier in 
the present and following sections respectively, 

A particularly simple case is that in which all iV atoms in the cavity are in 
; their ground states. Then only absorption processes occur and eqn (7.15) 
reduces to 

j dPJdt = N^{n+l)P n+1 -N^nP„. (7.27) 

1 The physical situation is very similar to the quantum-mechanical photon- 
| counting experiment considered in §6.8. The probability that an individual 
photon present in the cavity at time 0 still remains at time t is exp(-Af^r). 

; Thus if I photons are present at time 0, there remain n at time t if l - n photons 
are absorbed and n photons are not absorbed. We therefore expect 4 the 
solution of eqn (7,27) to be a Bernoulli distribution similar to eqn (6,89), 

I p n {t) = ^Fi(0)Qexp(-niV^t){l-exp(-JV^)} ,_ ". (7.28) 

i Note that with l given by eqn (6.81), eqns (6,89) and (7,28) have almost 

j identical forms except that the photon-counting problem requires the 

j distribution of absorbed photons whereas our present concern is the sta tistical 

■ distribution of nonabsorbed photons. 

i 

j Problem 7.1. Prove that eqn (7.28) is indeed the solution of eqn (7.27). 

The effect of the absorption on the statistical properties of an incident beam 

■ is determined by insertion of the initial photon distribution into eqn (7.28). For 
j initially coherent or chaotic light, with photon distributions (7.8) and (7.9), the 
1 calculations are essentially the same as in problems 6,14 and 6.15. The light 

remains respectively coherent and chaotic in these cases with a diminishing 
1 mean photon number 

; h = h 0 exp(-JV0f). (7.29) 

j This expression is valid for all kinds of incident light, but the preservation of 

j the initial statistical properties does not occur in general. A simple example of 

incident light whose photon distribution changes its form as a result of the 
f absorption is again provided by the photon number state. 

!• The solution of the rate equations (7,15) in the more general case where some 

of the atoms are in their excited states is more complicated, 2 and we do not 

■ consider the complete photon distribution. However, much can be learnt 
about the time development of the photon distribution by study of its first and 
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second moments, defined as 

« = InP, (7.30) 

fl 

and _ 

n 2 =l«% (7.31) 

n 

Simple differential equations for h and n 2 can be obtained by multiplication 
of both sides of eqn (7.15) by n or n 2 and summation over n. For h we obtain, 

dn/df = Zy{-N 2 n{n+l)P n +NXn+l)P n+ i-NyP„+N 2 n 2 P n ^ 

= £ 9 {- N 2 n{n+\)+N l (n-l)n-N 1 n 2 +N 2 [n +1) 2 }P„ 

n 

= {N 2 -N i Wfi+N 2 9, (7.32) 

where eqns (7.19) and (7.30) have been used. The solution is 
- WWi-NJ-Afjlespf-W-lV^lJ+Af, 

" = - 1PW, -' m 

where n 0 is the initial value of the mean photon number h at time t = 0. 
The differential equation for the mean-square photon number is 

di?/dt = 2(N 2 -N 1 )&n 2 t(3N 2 +N l )m+N 2 &. (7.34) 

The equation can be solved straightforwardly with substitution of the 
expression (7.33) for n, but the solution is somewhat lengthy. The result can be 
written in a more compact form in terms of the zero time-delay degree of 
second-order coherence defined as in eqn (6.28), 

n 2 {0< 2, (O)-2} = n 2 {^)(0)-2}exp{-2(JV 1 -JV 2 )^t}. (7.35) 

Note that unlike the previous calculations of the degree of second-order 
coherence, which referred to steady-state situations, the quantity is here time- 
dependent, ^ 2) (0) being the initial value and g f2, (0) the value at time t. 

Eqns (7.33) and (7.35) determine the time development of the statistical 
properties of the light produced by its interaction with the atoms. 5 Fig. 7.2 
shows the time dependences of the mean photon numbers given by eqn (7.33) 
for various initial numbers of photons. Note that the mean number of photons 
at long times always tends to N 2 /{N t - N 2 ) in agreement with eqn (7.21). 

The properties of the degree of second-order coherence are best appreciated 
by consideration of some simple cases. The simplest cases of all are those 
where either there are no photons initially present in the cavity (h 0 = 0) or the 
initial photon distribution is chaotic (g ( 0 2 \0) = 2). For both these initial states, 
eqn (7.35) gives 


0 IJ| (O) = 2, 


(7.36) 
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Fig. 7.2. Time dependence of the mean photon number in a cavity mode interacting with atoms, 
most of which are in their ground states (N { > jV 2 ). The three curves correspond to the initial 
values n 0 of the mean photon number indicated, 


and the degree of second-order coherence has the chaotic value at all times t. 
The same value is obtained more generally in the long time limit of eqn (7,35), 
irrespective of the nature of the initial photon distribution. 

Now suppose that the initial photon distribution is coherent with g ( 0 2, (Q) = 
1. It is convenient to separate n into two contributions and rewrite 
eqn (7.33) as 


where 

and 


h = h c +h- v 

h c = h 0 Mp{-(N l -N 2 )&l} 

rk = WW-iVJlfl-expi-^-JV^t}]. 


(7.37) 

(7.38) 

(7.39) 


With these definitions eqn (7.35) can be written 



The two contributions to the photons present in the cavity mode at time t 
are interpreted as follows. The part n { is that which remains in the absence of 
any initial photon excitation (h 0 = 0). We have seen that the light in this case 
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has chaotic properties at all times, and eqn (7,41) reproduces the chaotic result 
(7.36) when n c is set equal to zero. More generally hi represents a chaotic (or 
incoherent) contribution to the total photon number, irrespective of the initial 
conditions. 

The contribution n c on the other hand represents coherent light. Thus, the 
degree of second-order coherence (7.41) takes the coherent value of unity if 
is set equal to zero, and indeed it can be proved 6 that this is the correct 
expression for an arbitrary superposition of coherent light of mean photon 
number h 0 and chaotic light of mean photon number n,. The coherent light 
present initially thus provides a coherent component at later times, which is 
attenuated in accordance with eqn (7.38). This component is completely 
removed at large times when only the chaotic component remains. Fig, 7.3 
shows the time development of the two mean photon numbers and of the 
degree of second-order coherence for an initial average excitation of 10 



Fig. 7,3, Time development of an initial excitation of coherent light showing the mean photon 
numbers of the chaotic and coherent components and the degree of second-order coherence ofthe 
superposition. 
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coherent photons and a steady-state average excitation of one chaotic photon. 
It should be emphasized that at intermediate times t the photons cannot be 
individually characterized as either chaotic or coherent; the numbers H { and h 0 
merely specify the weights of the two contributions to the superposition. 

The above calculation of the statistical properties is incomplete since only 
the first and second moments of the photon distribution are evaluated. This 
procedure should be treated with caution since different distributions can have 
the same low-order moments. For example, in the absorption-only case 
treated at the beginning of the section, an initial photon number-state has its 
distribution changed while its degree of second-order coherence remains 
constant (compare problem 6.16). However, in the case considered here, 
evaluation 2 of the complete time-dependent photon distribution P„(t) shows 
that the light is indeed a superposition of chaotic and coherent components at 
all times t. 


7.4. Photon statistics of amplified light 

Many of the results of the previous section remain valid for the case of 
atomic population inversion, where iVj < JV 2 . Thus the mean photon number 
and degree of second-order coherence are given by eqns (7,33) and (7.35), with 
the exponents in these equations now positive, giving exponentials that 
increase with time. 

The simplest examples are again those where there is either no light at all, or 
purely chaotic light present initially, when eqn (7.36) holds at all subsequent 
times. The light is always chaotic and the mean photon number n now grows 
without limit. Atomic population inversion is one ingredient of a laser system, 
but a realistic theory of the laser requires some additional features described 
later in the chapter. The more realistic theory predicts quite different statistical 
properties for the light generated by the inverted atomic population. 

Now suppose that the initial photon distribution is coherent with 0 ( o 2 ) (O)=1, 
The solutions (7.37)-(7.41) continue to hold for the case of atomic popu¬ 
lation inversion, but eqns (7.38) and (7.39) can be rewritten to emphasize the 
exponential growth that now occurs for both n c and h b 

n 0 = » 0 exp{(JV 2 -Wt} (7.42) 

and 

n-i = m 

The strength of the chaotic contribution h { remains independent of the initial 
strength of the coherent component, The time dependence of the chaotic 
component is illustrated by the curve labelled h in Fig. 7.4. 

The statistical properties of the light at large times depend on the relative 
magnitudes of h 0 and N 2 /(N 2 - N t ). For a feeble initial excitation of coherent 
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light, where 
that is, 


h 0 « NM-W 


Wi-NJ « N 2 , 


(7.44) 

(7.45) 


the spontaneous emission of photons, at a rate proportional to JV 2 , dominates 
the net result of the absorption and stimulated emission, at a combined rate 
proportional to h 0 (N 2 -N,). The result at large times is a predominance of 
chaotic light. 

On the other hand, for a strong initial excitation of coherent light, where 


n 0 (JV 2 -ATi) »JV 2 , (7.46) 


the stimulated emission dominates, and leads to predominantly coherent light 
at large times, Fig, 7.4 includes representative curves for the two cases of h 0 
greater of smaller than N 2 /(N 2 - Nf), For large times, the ratio of coherent to 


! 



Fig. 7,4, Growth in the mean photon number for atomic population inversion where N 2 >N,. 
The curve labelled ii, shows the time dependence of the chaotic component. The other curves 
show the time dependence of the coherent component n„ for values of the initial number n 0 of 
■ coherent photons greater than (upper curve) or less than (lower curve) N 2 /(N 2 - IV,). 


chaotic photon numbers is 


he _ h Q (N 2 -N 1 ) 
hi N 2 


(N 2 -Ntft » 1, 


(7.47) 


where eqns (7.42) and (7.43) have been used. 

These results show that stimulated emission by a collection of atoms tends 
to conserve the coherence properties of the stimulating light. Thus the 
exponential terms in eqns (7.42) and (7.43) correspond, respectively, to the 
production of more coherent light by the stimulating coherent light, and more 
chaotic light by the stimulating chaotic light. Spontaneous emission on the 
other hand generates chaotic light. The random phase of the spontaneous 
emission is the cause of the decay rate (7.26) and of the analogous linewidth of 
the single-mode laser described in §7.9. These properties of stimulated and 
spontaneous emission 7 were mentioned in §1.8. They must be used with 
caution because the two kinds of emission always occur together in the 
quantum theory and their separate characterization requires a careful 
discussion. 8 The above statements do not apply to emission by a single atom. 


Problem 7,2 . Show that, to a good approximation, the degree of second-order 
coherence of incident light of arbitrary statistical properties is 
unchanged by interaction with two-level atoms provided that 
either 

N 2 «JV, 

or 

JV 2 >iV 1 and » N 2 . 

The first case, that of absorption processes alone, was mentioned 
in the previous section. 


7.5. Laser threshold condition 

The next few sections present a calculation of the properties of single-mode 
laser light. Laser physics is an extensive field of study 9 and the discussion given 
here is restricted to a simple idealized model of a gas laser. We treat mainly the 
statistical and fluctuation properties of the light. 

The preceding theory requires some extensions before it can be used to 
describe the operation of a laser in a realistic way. It has been pointed out that 
it is not normally possible to achieve population inversion by the excitation of 
transitions restricted to only two levels of an atom. The simplest laser model 
employs three levels, similar to the scheme envisaged in the elementary laser 
theory of §1.12. We study the statistical properties of a beam of light in 
interaction with a gas of similar atoms in which three levels are significantly 
populated. 



Fig, 7.5. Atomic energy-level scheme of a three-level laser showing the important transition rates, 



The atomic energy-level scheme is shown in Fig. 7.5 and it is the same as 
that of Fig, 1.14. The three levels are assumed to be non-degenerate and the 
relevant transition rates are marked on the figure. The types of transition that 
must be considered are the same as those of Fig. 1.14, but the notations for the 
transition rates have been changed. The laser action is initiated by an external 
light beam which pumps atoms from the ground state |3) to the upper excited 
state j2> at a steady rate Nr, where r is defined in eqn (1.110). The total 
spontaneous decay rates for the two upper levels are denoted 2y 2 and 2y 2 . 

We consider specifically the interaction between the atoms and the photons 
in a single mode of an optical cavity, As in the two-level case, we assume that 
the cavity-mode frequency resonates with the peak of the emission or 
absorption line for the atomic transition between states |1> and |2>. The 
interaction between the atom and the selected cavity mode is expressed in 
terms of the quantity 0 as in the two-level calculation. However, since level |1> 
is no longer the atomic ground state but has a finite lifetime, / in eqn (7.5) must 
be replaced by the total linewidth parameter y 2 +y 2 for the transition, and the 
modified $ for the three-level atom is 


e 2 co 0 Dj 2 _ 2nc 3 y 

’3eofcj4"+y 2 ) ~ M-h+Va’ 


(7.48) 


where y is again the spontaneous decay rate from level 2 to level 1. 
The condition (1.113) for laser action becomes 


r < iu 


(7.49) 


and we assume this to be satisfied. Rate equations can be used when y is much 
smaller than the total linewidth y { +y 2 of the transition. The photon 
absorption and emission rates in the presence of n photons in the mode are 
then as given in eqns (7.6) and (7.7) with $ taken from eqn (7.48). Note that only 
spontaneous emission into the chosen cavity mode is considered explicitly, the 
line-broadening effects of emission into the other modes being included in the 
parameter y 2 . 
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In a practical laser, the number of photons in the cavity is affected not only 
by interaction with the atoms but also by several loss mechanisms associated 
with the cavity itself. The steady extraction of photons from the cavity to form 
the usable output beam of the laser is one of the sources of loss. The loss of 
photons is represented in the theory by the introduction of a probability C per 
unit time that a photon is removed from the cavity mode. Consider a one¬ 
dimensional laser cavity of length L whose ends are made of highly-reflecting 
mirrors. The interval between successive reflections of the light in the cavity is 
L/c, and at each reflection a fraction \—0t of the beam intensity escapes from 
the cavity, where 01 is the reflection coefficient of the mirrors. The correspond¬ 
ing loss rate is 

C = c{\-0t)!L, (7.50) 

and the average power output of the laser is hhw 0 C , where n is the mean 
number of photons in the mode. The minimum decay rate (7.50) of the 
photons in the cavity is augmented by the rates of any other loss processes, 
excepting those associated with coupling to the atomic transitions between 
levels 1 and 2. 

In order for a substantial number of photons to build up in the cavity mode, 
it is necessary for the atoms to emit photons at a sufficiently high rate to 
overcome the cavity loss. When the pumping rate r is just sufficient for the rate 
of photon production to balance the loss rate C, the laser is said to be at 
threshold. We determine the laser threshold condition that expresses this 
minimum pumping rate for the build-up of photons in the cavity mode. 

Consider a laser below threshold where the number n of photons in the 
cavity mode is small, The main decay of level 2 is by spontaneous emission at a 
rate 2y 2 , The mean number of atoms JV 2 in state |2> is determined by the 
interplay of the excitation rate r and the decay rate 2y 2 , and hence 

N 2 = Nr/2y 2 (below threshold). (7,51) 

This relation is in fact valid even when a fairly large number of photons is 
excited (see eqn (7.74)). Note that the same result follows from eqn (1,115) if W 
is neglected below threshold and a suitable change of notation is made. The 
rate at which photons are emitted into the chosen cavity mode is thus 

N 2 V = Nr9/ ly 2 (below threshold), (7.52) 

where stimulated emission is neglected. 

The quantity on the right of eqn (7,52) occurs frequently in the equations of 
laser theory and it is convenient to define 

« = Nr<§lly v (7.53) 

For a given type of atom, all the quantities in the definition of a are fixed 
except for the pumping rate r and the atomic density. In the theory that 
follows, we examine the behaviour of the laser as a function of r or, 
equivalently, a. 
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Laser oscillation occurs when the spontaneous emission rate (eqn (7,52)) 
exceeds the photon loss rate, or when a is greater than C, and the laser 
threshold condition is 

a = C (threshold). (7.54) 

The laser is above or below threshold when a is greater or smaller than C, 
respectively, 

The numerical orders of magnitude of the laser parameters are important in 
suggesting methods of approximation in laser theory. We make no attempt in 
the remainder of the chapter to produce a theory that is applicable to all types 
of laser, but instead we assume some particular numerical magnitudes that 
enable the statistical properties of the laser light to be calculated in a simple 
approximation. 

The numerical values are appropriate to certain types of gas laser that 
operate in the visible region of the spectrum 10 , for example the helium-neon 
laser. The linewidth parameters are equal to Einstein A coefficients, whose 
values for hydrogen are shown in Fig. 2.4, We assume the representative values 

2y t « 2y 2 « 3xl0 7 s" 1 . (7.55) 

The total number of atoms is taken to be 

N « 2 x 10 20 (7.56) 

in an active volume V of 2 x 10“ 5 m 3 , The quantity c fi defined in eqn (7.48) is 
then approximately 

STwMs- 1 , (7.57) 

where a visible frequency (eqn (1.65)) has been assumed and the inequality 
(7,49) has been taken into account. 

We assume a cavity length of order 1 m and a mirror reflectivity of 99*5 per 
cent, leading to a minimum cavity loss rate (7.50) of order 

■■C*10 6 s-\ (7.58) 

which corresponds to a cavity quality factor o)JC of order 3 x 10 9 . At 
threshold, eqns (7.53) and (7,54) show that 

Nr = 2y 2 C/0 «6xl0 13 s" 1 (threshold), (7.59) 

where eqns (7.55), (7.57), and (7,58) have been used. With the use of eqn (7,56), 
the threshold pumping rate is 

r« 3x10" 7 s' 1 (threshold). (7.60) 

Thus for the numerical values assumed here, threshold is achieved by the 
excitation to the upper state in one second of only about one part in a million 
of the total number of atoms in the cavity. 
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7.6. Rate equations for the atoms 

The external influence that drives the laser in the model described above is 
the pumping of atoms into the upper excited state. In a practical laser system 
the pumping can be achieved by an external light beam or by an electrical 
discharge, The magnitude of r, or equivalently a, can, in practice, be varied to 
examine the dependence of the laser characteristics on pumping rate. The two- 
level atom calculations presented earlier in the chapter assumed that the level 
populations and iV 2 could be fixed by some external influence. Such an 
assumption makes the calculations much simpler to carry out, but does not 
provide a realistic model of a laser, where it is not in practice possible to fix JVj 
and N 2 . 

The theoretical problem presented by the laser is quite complicated, even 
when the treatment is restricted to the steady state. The probability 
distribution P n of the photons in the cavity mode is determined by the 
equilibrium achieved between their generation by the atomic transitions and 
their loss from the cavity, described by the damping rate C. The steady-state 
values of the atomic level populations are themselves determined by the given 
pumping rate r and by the photon probability distribution. The laser system 
thus involves the coupled motions of the atoms and photons. The equations of 
motion are in general very difficult to solve, 

The problem is made tractable, however, by the relative magnitudes of the 
laser parameters assumed above, It is seen from eqns (7.55) and (7.58) that the 
atomic radiative transition rates are one or two orders of magnitude faster 
than the rate of loss of photons from the cavity mode, These two rates control 
the speed of movement of the atomic and photon parts of the laser system, and 
all the rates that govern the number of photons in the cavity mode are about 
10 or 100 times slower than the atomic transition rates. 

This feature enables an adiabatic decoupling of the atomic and photon 
systems to be made, As the photon distribution develops in time, the more 
rapid atomic system adjusts its level populations to attain equilibrium with the 
instantaneous photon distribution. It is therefore appropriate to carry out 
the calculation in two stages. In the first stage we set up rate equations for 
the atomic populations in the presence of a stationary photon distribution P„. 
The steady-state solution of these equations determines the atomic popula¬ 
tions for a given P n , In the second stage we treat the much slower time 
development of the photon distribution itself, as determined by interaction 
with the atoms and by the cavity loss rate. 

The approximation depends on the relative magnitudes of y^.and C, and 
would not be valid if C were comparable to or greater than the ys. It is very 
similar to the adiabatic approximation in the theory of crystal lattice 
dynamics. 11 The electrons in a crystal move much more rapidly than the 
nuclei, and one first solves for the electronic motion, assuming the nuclei to be 
fixed. The nuclear motion is determined in the second stage of the calculation, 
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where the electronic wavefunctions play a role in determining the effective 
potential in which the nuclei move, 

The rate-equation method used here is a simple technique for determining 
the laser photon distribution P„. It is not so general or so rigorous as other 
techniques 9,12,13 that have been used to find P„. It is, however, equivalent to 
some of the more sophisticated calculations for the particular results that it 
yields, including the detailed form of the photon distribution. 14 

To carry out the first stage of the calculation, we must determine the atomic 
populations in the presence of a given photon distribution. We work only with 
the mean numbers of atoms in states 1 and 2 and do not investigate fluc¬ 
tuations in the atomic populations. Let us define JR 1 to be the probability 
of simultaneously finding n photons in the cavity mode and finding an 
arbitrary atom in state 1, That is, NR 1 /P„ is the mean number of atoms in state 
1 in the presence of n photons. Since the probability of finding an atom to be in 
state 1, irrespective of the number of photons present, is NJN we have 

IK = NJN. (7.61) 

If jRj is defined analogously for state 2, we have 

IK = NJN. (7.62) 

The photon distribution is effectively frozen for the first stage of the 
calculation and only the atomic parts of the joint probability functions vary 
with time. It is not possible to factorize the P 1 and P 2 , for example, 

Pi * ( NJN)P n (7.63) 

because the atomic probabilities depend on the number of photons excited 
and are not fixed as in the two-level atom calculations earlier in the chapter. 

Consider the rates of change of R 2 and R l n+1 . Fig. 7.6 shows the combined 
energy levels of the atom-photon system with the transition rates that affect 
R 2 and R l n+l indicated. Since the pump generates atoms in state 2 at a rate 
independent of the number of atoms already in that state and of the photon 
distribution, its contribution to P 2 is a rate of increase rP„. The remaining 
rates are all proportional to P 2 or R l n+l> and by inspection of Fig. 7.6 the rate 
equations are 

dJ!, 2 /dt = rP,+R, 1 . 1 »(n+l)-J!. ! »(n+l)-2y 2 R» ! , (7.64) 

dRj*,/dr = -R; + ,»(«+1)+R^n+ t)-2y,Ri + ,. (7.65) 

These equations are a more detailed version of the rate equations (1.107) and 

(1,108), which represent the radiation only by a mean energy density W and 
take no account of the photon distribution, 

In time spans that are long compared with the atomic decay times of order 
10" 7 to 10" 8 s, but short compared with the cavity-mode decay time of order 
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10 6 s, the atomic system reaches equilibrium with the comparatively static 
photon distribution. In this steady state P 2 and R} +1 are time-independent, 
and the rates given in eqns (7.64) and (7.65) can be set equal to zero, 

rP„+RU^{n+l)-Rl^{n+[)-2 h R 2 n = 0 (7.66) 

and 

- P«+ 1 ^( n +1)+P 2 $(n+l)-2y 1 P 1 +1 = 0. (7.67) 

Addition of eqns (7.66) and (7.67) gives 

rP, = 2y ! R» J +2yA\ 1 . (7.68) 

With the use of eqns (7.19), (7.61), and (7.62), summation of both sides over n 
gives 

rN = 2y 2 N 2 +2y l N u (7.69) 

where we note that Pj is zero for the transition scheme of Fig, 7.6. The result 
(7.69) expresses the equality of the transition rates into and out of the ground 
state 3, and is equivalent to eqn (1.112). 

The atom-photon probability functions are obtained straightforwardly by 
solution of eqns (7.66) and (7.67), 


and 


rf„{^(n+l)+2y 1 } 
4)'ih+2(y 1 +y 2 )0(n+l) 


(7.70) 


rf„ff(w+l) 

4yiy 2 +2(y 1 +y 2 )f(n+l)' 


(7.71) 


These are the main results of the first stage of the calculation. Note that the 
expressions (7.70) and (7.71) have a similar structure to eqns (1,115) and (1.114). 

The relative magnitudes of the various terms in eqns (7.70) and (7,71) can be 
estimated from the parameter values given earlier. Consider the two terms in 
the denominators. It is convenient to define a new quantity 


From eqns (7.55) and (7,57) 



(7.72) 

(7.73) 


It is seen from eqns (7.70) and (7.71) that for photon number n much smaller 
than ft, the first term in the denominators is much larger than the second and 
the second term in the numerator is much larger than the first, giving 


R 2 n » rPJlh 


(7.74) 



Fig, 7,6, Combined energy levels of a three-level atom and the photons, showing the kinds of 
transition that influence the probabilities R 2 „ and **+,. The corresponding rates of change of the 
probabilities are shown against the arrows. 


and 

Rj+i * rP$[n+Whfi ~ R^(n+l)/2yi [n « /?), (7.75) 

The atomic population in state 2 is much larger than in state 1. Summation of 
both sides of eqn (7.74) over n shows that N 2 is approximately equal to 
Nr/ 2y 2 , the expression derived in eqn (7.51) by more qualitative arguments. 
On the other hand, for a photon number n much larger than /?, the terms 
. 9(n + 1) dominate in eqns (7.70) and (7.71), to give 

Rl xRt H xrPJ2( ri+yj (n» j8). (7.76) 

The atomic populations in the two excited states are now almost identical and 
equal to JVr/2(yHfy 2 ). This is the saturation effect described in Chapter 1, 
which will be shown to be important in determining the statistical properties 
of the laser photons, 
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7.7, Rate equations for the laser photons 

In the second stage of the laser calculation, we now treat the influence of 
the atomic transitions on the state of the photons in the cavity mode, Con¬ 
sider the effect on the photon number of the transitions shown in Fig. 7,6, Only 
the two horizontal transitions directly affect P n> to produce a rate of increase 
Rl +i y{n+\) and a rate of decrease R 2 J{n+\) for each of the N atoms in 
the cavity. Since according to eqns (7.70) and (7.71) 

Rl > (7.77) 

the net effect of the two types of transition is a negative contribution 

(dP B /di) M+ 1 = N{Rl +l ~ R^(n+ 1), (7.78) 

The photon probability P n is also influenced by the horizontal transitions 
between the next lower pair of levels in Fig, 7,6. By analogy with the above 



Fig. 7.7. Photon energy-level diagram showing the rates of growth and decay of P„ produced by 
the atomic transitions and the cavity loss process. 
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result, such transitions produce a positive contribution 

(7.79) 

The four types of atomic transition that influence P„ have their con¬ 
tributions entered on the photon energy-level diagram in Fig, 7.7. The diagram 
is similar to Fig. 7.1, but the transition rates are now given by the more general 
expressions that allow for the role played by the photon distribution in 
determining the atomic excitation levels. 

The generation of photons by the atomic transitions is opposed by the loss 
rate C. The loss of photons produces descending transitions only in Fig. 7.7, 
and two such transitions affect the nth photon energy level, to give a rate of 
change 

(d/ydfU = "C«P,+C(n+l)P,+i. (7.80) 

The total rate of change of P n is given by the sum of eqns (7.78), (7.79), and 
(7.80). With the joint probabilities taken from eqns (7.70) and (7.71), and use 
of the quantities a and (I defined in eqns (7.53) and (7.72), the result is 


dP. 

dt 


+C(«+ l)P„,. (7.81) 

/i+tt+1 (i+n 


It is seen that the dynamical properties of the photon distribution are 
governed by the three parametersa, ft and C. The same equation (7.81) for the 
photon distribution is obtained by more rigorous calculations 15 that use 
density-operator techniques, 

The set of coupled equations for the P„ is difficult to solve. Even the 
moments of the photon distribution are difficult to evaluate as functions of 
time, unlike the corresponding calculation based on the somewhat similar 
cqn (7.15) for the two-level atom. The occurrence of n in the denominators of 
the first two terms on the right of eqn (7.81) prevents the formation of simple 
equations of motion for the moments. The time development of the laser 
photon distribution has been investigated 16 by numerical computer in¬ 
tegration of eqn (7,81) but we do not consider such calculations here. 

It is, however, easily possible to obtain the steady-state photon distribution, 
for which the rate or change shown in eqn (7,81) is set equal to zero. As in the 
steady-state solution of eqn (7.15), the net rate of transition between any pair 
of photon energy levels must be zero, and for the levels n and n -1 in Fig, 7.7 
we have 

NRjj fin-NRlpn-CnP,,** 0. (7.82) 

With the use of eqns (7.53), (7.70), (7.71), and (7.72), this can be written 


*$!£ 

(J+n 



(7.83) 
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The value of P„ is expressed in terms of P 0 by iteration 

P _ wm 

' (/*+»)(/»+»- \).„(p+2)(fi+\) 

W+4 ' { 1 

The photon distribution P n is therefore determined apart from P 0 , the 
probability of finding no photons in the cavity mode. The remaining unknown 
is determined by the normalization condition (7.19), 


The n summation can be expressed in terms of a standard confluent 
hypergeometric function, defined by the usual power-series expansion 17 

(7 ' 86) 

n(b+n~ l)!(a—1)1 n! 

Comparison of eqns (7.85) and (7.86) shows that the former equation can be 
written 

^(U+ft^/QPo-l. (7.87) 

The complete solution for the photon distribution 18 from eqn (7.84) is thus 

P mi , 788 ) 

■ (/J+n)! Ml, 1+M/C)' [ ’ 


7.8. The laser photon distribution 

The most important characteristic of the laser to be obtained from the 
above theory is the mean number of photons generated for a given pumping 
rate, The pumping rate is proportional to a, and it is seen from eqn (7.88) that 
P n depends on a only in the combination a/C. The photon distribution can thus 
be investigated as a function of a/C for given ft With the help of eqn (7.84), the 
mean photon number is 

B -O £n(4m\Po 


M ® 


■ («0/CH(l -Po), 


(7.89) 
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Fig. 7,8, Mean number n of photons in a single-mode laser as a function of the pumping rate, 
proportional to «/C, for /? = 3 x 10 7 . 

where the normalization condition has been used, and P 0 is determined by 
eqn (7.87). These results are not very explicit because of the presence of P 0 
expressed as a confluent hypergeometric function. However, it is possible to 
cast this function into simpler forms, and we consider in turn the regions below 
and above threshold. 

The analysis that follows is anticipated in Fig. 7.8 which Shows the mean 
photon number n as a function of a/C for the value of fi given in eqn (7.73). 
Note the extremely sharp rise in n at the laser threshold a/C = 1, followed by a 
slower increase for higher rates of pumping. 

(1) laser below threshold , a/C < 1. The simplifications that can be made in 
the expression for the laser photon distribution depend on approximations to 
the confluent hypergeometric function which are valid for the different ranges 
of a/C. The parameter (1 is a very large number and it is appropriate to expand 
the confluent hypergeometric function in inverse powers of fi, The expansions 
are standard 17 and we do not give any details of their mathematical jus¬ 
tification, 
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Below threshold, the second argument of jf, is larger than the third, and the 
appropriatejexpansion is 


' l-(«/C)|_ /J{l~(a/C)} 2 ^ ^ 

If terms of order /T 2 are ignored, substitution in eqn (7.87) gives 

p ° = 0 _ c) + P{I-(«/C)}’ m) 

and the mean number of photons from eqn (7.89) is 

S = TW) wc<1) - < 792 > 

Except when a/C is very close to unity, the number of photons in the cavity 
mode is always small compared to and we make the approximation 

(/?+«)! = filfi” (p»n). (7.93) 

With this result and with P 0 approximated by the first term in eqn (7.91), the 
photon distribution of eqn (7,84) becomes 


" \CJ\ CJ (1+n) 1+ " 

where h is given by eqn (7.92). The photon distribution is identical to eqn (7.9), 
and the light is therefore chaotic below threshold. Fig, 7.9(a) shows a plot of 
eqn (7.94) for the case a/C = 

(2) Laser above threshold, a/C > 1, The third argument in the confluent 
hypergeometric function is now larger than the second, and the appropriate 
expansion in powers of fi ~ 1 is 17 

4lQ = fi\ exp(a^/C)(ai?/C)^{l+0(C/a^)}. (7,95) 

This number is much larger than unity, and P 0 is accordingly negligible. 
The mean number of photons from eqn (7.89) is therefore 

n = j%/C)-l} (a/C > 1). (7.96) 

This result does not hold very close to threshold. 

If only the leading term in eqn (7.95) is retained, the photon distribution 
shown in eqn (7,88) becomes 

_ (<xfi/C) fl+n exp(-a/?/C) 

(Ml 

(a/C >l), (7,97) 

(Ml 

where eqn (7,96) has been used. 
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Fig. 7.9, The photon distributions P„ for a laser respectively below and above threshold. The 
distributions are drawn as continuous curves although P n is strictly defined only for integer n. The 
vertical markers indicate the mean photon numbers it, With J3 = 3 xlO 7 , the numerical data are 

(a) a/C = in = 1> P 0 = 0-5 

(b) a/C = 2,» = 3 x 10 7 ,P fl — 5*3 x 10“ 3 . 


The properties of the photon distribution above threshold depend on the 
relative magnitudes of ft and it, We note from eqn (7.96) that 

it = /} for a/C — 2. (7.98) 

Values of n greater than f correspond to pumping rates where the active 
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atomic excited states approach saturation, as mentioned in the discussion of 
eqn (7.76). For ti very much larger than fi, P„ reduces approximately to 


P n = 


n" exp(-n) 
n\ 


(a/C » 2). 


(7.99) 


This is the same as the photon distribution (eqn (7.8)) for coherent light. It is 
seen that the laser must be operated at a pumping rate well above twice the 
threshold value before the output becomes coherent. The form of the photon 
distribution for a/C = 2 is illustrated in Fig. 7.9(b). 

There is clearly a range of values of a/C close to unity in which the 
approximations given in (1) and (2) above are invalid. However, it can be 
shown that this threshold region extends only over values of a/C that differ 
from unity by a few times fi~K The threshold region is therefore so small as to 
be invisible on the scale of Fig, 7.8 and we do not consider the nature of the 
photon distribution there. 

The graph of n as a function of a/C in Fig. 7.8 is constructed by using the 
approximations given in eqns (7.92) and (7,96) below and above threshold, The 
rapid increase in photon number by about five orders of magnitude in the 
threshold region is the most striking feature of the figure. 

The coherent' photon distribution in a laser operating well above threshold 
arises in the theory because of the presence, in the first two terms of eqn (7.81), 
of denominators that vary linearly with the photon number n, If the factors 
n and n+1 are neglected in the two denominators, the chaotic photon 
distribution (eqn (7.94)) is obtained for all values of a/C. The denominators in 
eqn (7.81) result in turn from the denominators in the atomic probability 
functions R 2 n and R l n+{ given by eqns (7,70) and (7.71). It has been pointed out 
above that the role of these denominators is to allow for saturation of the two 
atomic level populations at the value Nr/2(y l +y 2 ), The presence of atomic 
saturation is thus an essential factor in determining the laser photon 
distribution, and particularly in producing the approach to a coherent beam 
of light at high pumping rates, 

The photon distributions derived above are investigated most directly by 
means of photon-counting experiments of the kind described in Chapter 6. As 
has been pointed out, the photon-count distribution differs from the photon 
distribution even for single-mode light, and the former is obtained for laser 
light by substitution of eqn (7,88) into eqn (6.85) or eqn (6.89). The results of 
photon-counting experiments 19-21 are in very good agreement with the 
theory. The transition between the two kinds of distribution shown in Fig. 7.9 
at the laser threshold has been particularly carefully studied. 

Problem 73. Prove that the degree of second-order coherence of the laser • 
beam described above is 


(7.100) 


fn=2 
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below threshold, and 

0<2>(O)= 1+(p 2 ) (7.101) 

above threshold. These results are again invalid in the very 
narrow threshold region. The second term on the right of 
eqn (7.101) represents fluctuations additional to those of 
coherent light, but their importance diminishes rapidly above 
threshold. 

Problem 7.4. Prove that the laser photon-count distribution is related to the 
photon distribution by 22 

PJT ) = P m {l-exp(-^)} m 1 F 1 (m+l,rn+l+^; afi exp(-£)/C), 

(7.102) 

where P m is given by eqn (7.88) and £ by eqn (6.81). 


7.9. Fluctuations in laser light 

The light emitted by a laser operated below threshold has the chaotic 
character discussed in detail in earlier parts of the book, The probability 
distribution for the electric field amplitude of the light beam in the classical 
picture is illustrated in Fig. 3.10. The most probable amplitude is zero, and the 
probability has a Gaussian dependence on the amplitude. The correspond¬ 
ing exponential probability distribution for the beam intensity is given in 
eqn (3.68). In photon terms, the equivalent behaviour is the exponential fall-olf 
of P„ as a function of the photon number n shown in Fig, 7.9(a). The coherence 
properties of the light are the same as derived earlier in the present chapter for 
the steady state of a cavity mode in interaction with two-level atoms. 

Now consider a laser operated above threshold, where the photon 
probability distribution is given by eqn (7.97). For the parameters chosen in 
Fig. 7.9(b), the distribution is peaked at a large mean photon number n, and the 
width of the distribution is about three orders of magnitude smaller than h. 
The mean photon number is thus quite Sharply defined, with only small 
fluctuations about the mean. These features of the photon distribution can be 
represented in a qualitative picture of the probability distribution for the 
electric field in the laser beam, similar to the analogous distribution for chaotic 
light in Fig. 3.10. For a beam that contains n photons of frequency co 0 » the 
electric field amplitude obtained from eqns (5.84) and (5.85) is 

E = (E~Ey = (ftm 0 /2e 0 F)¥. (7.103) 

The root-mean-square spread in photon number given by eqn (7.101) with the 
use of eqn (6.28) is __ 

An = (n 2 -n 2 )* = (»+$*• (7.104) 
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The spread in total field amplitude well above threshold (n » fl) is of order 
A E * (tm 0 J 2c 0 F)*, (7.105) 

in agreement with eqn (4.208), All values of the phase ^ of the electric field are 
equally probable, as in the field distribution for chaotic light. The field 
distribution for a laser above threshold thus has the qualitative form shown in 
Fig. 7.10. 

The basic differences between the field distributions for chaotic and laser 
light, Figs. 3.10 and 7.10, arise from the predominance of coherence- 
conserving stimulated-emission processes in the generation of laser light. It 
has been shown in §7.4 that coherent light has its coherence maintained by 
photons that are produced by stimulated emission, but not by photons 
produced by spontaneous emission. The same state of affairs applies to a good 
approximation for laser light, with some slight differences due to the departure 
of the laser photon distribution shown in eqn (7.97) from the perfectly coherent 
form. Thus, at any instant of time, the photons that contribute to the laser field 
are mainly coherent in their phase. The common phase is maintained by the 
new stimulated photons, which dominate the new spontaneous photons in the 
ratio h: 1. The mean number of photons of course remains constant at h due to 
the steady loss of photons from the laser cavity. 

The effect of spontaneous emission on the field can be represented 
graphically on the Argand diagram in Fig. 7.10. Suppose that the electric field 
at some instant is as indicated by the large arrow. If a spontaneous photon is 
now produced, its addition to the field is represented by a small vector of 
length (hcoo/leoVfi oriented in a random direction. The repeated emission 
of spontaneous photons causes the point of the large arrow in Fig. 7.10 to 
move across the shaded area in accordance with the calculated probability 
distribution. 

The spontaneous emission fluctuations can be resolved into two compo¬ 
nents, (a) amplitude fluctuations, which change the length of the field vector 
but not the angle <f>, and (b) phase fluctuations, which change the phase angle (f) 
but leave the length of the field vector unchanged. The amplitude fluctuations 
alone cause a relatively small random modulation of the field amplitude about 
its mean value E. The phase fluctuations produce a more drastic effect on the 
field vector, causing the phase angle <f to sample all values between 0 and 2n. 
The ensemble average of the real electric field amplitude E cos (j) is therefore 
equal to zero, and with the usual ergodic assumption, the time-averaged field 
for a single laser is also zero. 

The theory of the laser photon distribution given in the previous section 
determines only the diagonal matrix elements P n of the photon density 
operator, whereas the quantum-mechanical electric-field expectation value 
(4.233) is proportional to the off-diagonal matrix elements. However, the 
above argument leads one to expect that the off-diagonal elements vanish, and 
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Fig. 7.10. Probability distribution for the amplitude and phase of the electric field in the light 
beam of a laser operating above threshold. The magnitude of the probability is proportional to the 
density of shading. The amplitude £ and spread AE of the distribution are defined by eqns (7,103) 
and (7.105). The relative spread A E/E, of order h _i ,is greatly exaggerated for ease of drawing. 

this is substantiated by more rigorous calculations. 9 By contrast, the coherent- 
state density operator has non-zero off-diagonal matrix elements given by 
eqn (4.234), The laser photon distribution P„ approaches that of coherent light 
at high pumping rates, but the off-diagonal matrix elements of the density 
operator are quite different. 

Despite these basic differences between laser light and coherent light, the 
properties of the two types of light beam are often almost indistinguishable. 
What makes the output beam of the laser very similar to a coherent photon 
state is the very slow rate at which the phase of the electric field of the laser 
beam drifts away from its value at some instant of time. We show below that 
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the characteristic decay time for the phase is of order 100 s or longer. Thus for 
quite long periods of time, the laser beam has a steady phase and its electric- 
field variation is similar to that of coherent light. 

The rate of change of the phase angle (j> of the electric field owing to 
spontaneous emission can be determined by a simple calculation based on the 
pictorial representation of Fig. 7.10, The rate at which photons escape from 
the cavity is nC, and in the steady state this must equal the rate of production 
of photons by the atoms. Since the ratio of stimulated to spontaneous 
emission must be h: 1, the rate of photon production can be divided into its 
spontaneous and stimulated contributions as 

K = (jh + ihh < 7 - ,06 > 

The rate of spontaneous emission of photons is therefore 

» C for n » 1. (7,107) 

1+n 

The spontaneous contribution is independent of h and its relative importance 
diminishes with increasing h. 

Consider the effect on the field vector E in Fig. 7.10 of the spontaneous 
emission. The change 6 in the phase angle 0 that occurs after a time duration r 
can be related to the distance ( through which the point of the field vector is 
moved, 

Ed = t, (7.108) 

where E is given by eqn (7.103). Since the contribution of each spontaneous 
photon is a small vector of length (k) 0 /2e 0 F)* oriented in random direction, 
the mean-square contribution to the distance l is 

T 1 = ftfta) 0 / 2e 0 K). (7.109) 

The mean change in phase angle owing to a single spontaneous photon can be 
obtained from eqns (7.108) and (7,109); the change in <j> has equal probability 
of being positive or negative. 

We require the change in phase angle produced by the Cx spontaneous 
emissions that occur in a time t The calculation is equivalent to that of a 
random walk by the point of the field vector around a circle of radius E. 
According to standard one-dimensional random-walk theory, 23 the normal¬ 
ized probability that a distance l is travelled after Cx steps of mean-square 
length t 1 is 

p{£) = (InfiCt)-* exp (7.110) 

By means of eqns (7,103), (7.108), and (7.109), this probability distribution for { 




282 Generation and amplification of light 

can be transformed into an equivalent distribution for the change 9 in phase 

angle after a time t, 

p{9) = (n/nCxfi exp {-9 2 h/Cx\ (7.111) 

The probability distribution for the phase angle satisfies a one-dimensional 
diffusion equation 

dp/d x = ®(d 2 p/d9\ (7.112) 

where the diffusion constant 9 must be 

§ = C/4n (7.113) 

in order for p(9) in eqn (7.111) to be a solution. The phase angle thus diffuses 
away from its initial value at a rate inversely proportional to the mean number 
of laser photons. 

The effect of phase diffusion on the electric field can best be displayed by 
evaluation of the average projection of the field at time x on to the field at time 
zero, 

<£-(0)£ + (t)> = E 2 exp(-iM<cos 0), (7.114) 

where the angle brackets denote averages over the phase distribution. The 
theory given here represents the electric fields by classical variables, but the 
quantum-mechanical notation is used on the left of eqn (7.114) because 
the same results are obtained by a more rigorous calculation 9 that solves 
the equation of motion for the photon density operator. With the use of 
a standard integral, 24 we find 


(cos 9) - | p(0)cos 9 d9 - exp(~Cx/4n). 

(7.115) 

If the phase diffusion time t p is defined by 


1/t p = C/2h, 

(7.116) 

then eqn (7,114) can be written 


(I"(0)£ + (t)> = E 2 ap{-i(t) 0 x-(x/2x P )}. 

(7.117) 


Note the similarity of the phase-diffusion rate (7.116) to the phase decay rate 
(7.26) for light interacting with two-level atoms whose populations are not 
inverted; both are equal to a spontaneous emission rate divided by a mean 
photon number. 

The most striking feature of x? is its large magnitude; with C taken from 
eqn (7.58) and a mean photon number n equal to f given by eqn (7.73), the 
phase diffusion time is 60 s, Times larger than this are readily accessible at 
higher n, corresponding to faster pumping rates. The phase diffusion rate is 
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therefore about seven orders of magnitude slower than the cavity loss rate C, 
which in turn is slow compared to the atomic radiative transition rates. The 
phase of the laser beam is almost constant over times shorter than x P , and for 
such periods the beam has an electric-field variation similar to that of a 
classical stable wave, Experimentally, the period of stability of the laser beam 
is several orders of magnitude shorter than t p owing to effects not considered 
here, for example, mechanical vibrations of the cavity. However, the 
theoretical limitation on the beam stability is determined by the phase 
diffusion time. 

The correlation function (7.117) is very similar to that obtained for collision- 
broadened chaotic light, given by eqn (3.20), The frequency distribution of the 
light, obtained by Fourier transformation in the usual way, has a Lorentzian 
lineshape centred on co 0) similar to eqns (2.112) or (3.22). The linewidth, equal 
to 1/xp given by eqn (7,116), is exceedingly small for a laser operating well 
above threshold, but in practice the mechanical stability of the system limits 
the order of obtainable linewidths to 10 5 Hz or more. The minimum linewidth 
(7.116) is essentially set by the uncertainty principle 25 This expression for the 
width is one way of writing a more general result known as the Schawlow- 
Townes formula; 26 its most important feature is the inverse dependence on the 
laser power output, 

The similarity of the first-order correlation function of the phase-diffusing 
laser beam above threshold to that of chaotic light does not extend to higher- 
order correlations. Thus for example, the overall phase of the beam cancels 
when the fields are squared to form intensity correlation functions, and the 
phase fluctuations make no additional contribution to the degree of second- 
order coherence given by eqn (7.101). This contrasts with the situation below 
threshold where the theory of §7.2 applies, and the degree of second-order 
coherence (7.25) has the usual chaotic relationship of eqn (3.90) to the degree 
of first-order coherence. 

The laser threshold has close analogies with a second-order phase tran¬ 
sition, for example the ferromagnetic phase transition in a magnetic crys¬ 
tal. 9 In the latter case, the magnetic moments of paramagnetic ions in the 
crystal align parallel to each other as the temperature is lowered through the 
Curie temperature. For an isotropic Heisenberg ferromagnet, the direction in 
which the magnetic moments align is not determined by the Hamiltonian 
of the system, and all directions are equally likely. However, despite the 
equivalences of different directions, the state of the crystal in which the total 
magnetization points a certain way diffuses only very slowly into a state in 
which the magnetization points in a different direction. Indeed, in a real 
ferromagnetic crystal there is always some surface or volume inhomogeneity 
which pins the magnetization in a direction that is effectively fixed. 

The electric field in the laser beam has a property similar to the mag¬ 
netization in a ferromagnet, of diffusing only very slowly from a given 
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phase angle, even though all phases are equally likely in principle. In the 
phase-transition analogy, the laser pumping rate plays the role of temper¬ 
ature, and the threshold pumping rate is the analogue of the transition 
temperature. 


7.10. Multimode emission by a driven atom 


All of the analysis carried out so far in the present chapter applies to single¬ 
mode light interacting with large numbers of two- or three-level atoms. It is of 
course common practice to construct single-mode laser systems and such light 
sources are used in experiments where it is advantageous to employ light of the 
highest coherence and spectral purity. However, the excited atoms in light 
sources often radiate freely into all modes of some optical cavity. We conclude 
the chapter by considering the multimode emission by a single driven atom in 
a fairly general way. The topic is continued in the following chapter, which 
treats the specific problem of resonance fluorescence, that is, reradiation by 
atoms excited by light whose frequency co lies close to the atomic transition 
frequency co 0 . 

The electric field operators obtained by integration over all modes of the 
radiation from a two-level atom at position R are given by eqn (5.191) and the 
conjugate expression. We consider only field measurements for polarization in 
the x-direction so that the field operators can be treated as scalars. The degrees 
of first and second-order coherence defined in eqns (6.14) and (6.23) can then 
be expressed in the forms 


(1) _ <£~(rt)£ + (rf+i)> _ 

9 [X} " <r(rt)£ + (rr)> <tf(i)*0)> 


(7.118) 


and 


<£~(rt)^~(rt+T)£ + (rt+T)£ H '(rf)) 

9 (t) = (E-(rt)E f (rt)) 2 


(n f (t)n f (t+T)n(t+r)n(t)) 

mm )) 2 


(7.119) 


where the time delay t is assumed to be a positive quantity. Note that the 
normal-ordering requirement for the validity of eqn (5.191) is satisfied by the 
expectation values in the degrees of coherence. The time t in the above 
relations is assumed sufficiently long for the atoms and the field to have arrived 
at steady states. The degrees of coherence are then independent of t and in 
addition the fixed retardation time difference |r—Rj/c between the field and 
atomic operators in eqn (5.191) can be ignored. The prefactors of the atomic 
operators in eqn (5.191) and its conjugate conveniently cancel in the degrees of 
coherence, 
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The calculation of the field coherence properties of the emitted light is thus 
converted to a problem of determining steady-state expectation values of 
products of atomic transition operators. The zero time-delay degrees of co¬ 
herence are simply obtained. From eqn (7.118) it is obvious that 

0 (1> (O) = 1. (7.120) 

For the degree of second-order coherence, we use the properties (5.126) and 
(5.127), which apply for any products of like transition operators evaluated at 
common times, 

rcW(0 = fr(t)7t(0 = 0. (7.121) 

Thus from eqn (7.119) 

g i2) ( 0) = 0, (7.122) 

and the light emitted by a single driven atom is always antibunched in 
accordance with the criterion (6.48). 

The atomic expectation values needed for the complete time dependences of 
the degrees of coherence are most conveniently calculated in the interaction 
representation. It follows from eqns (5.207)-(5.209) that 

<£(*)> = PziMexpHay) = M)expH<nr) (7.123) 

m t)> = p u (r)exp(iftV) = p 12 (t)exp(icot) (7,124) 

and 

<*W0> = Pn(t), (7.125) 

where 

P 12 W = Pi 2 (£)exp{i(co 0 -®)f} and p 2 i {t) = p 21 (f)exp{-i(co 0 -co)f} 

(7,126) 

are the modified off-diagonal density matrix elements defined in eqn (2.160). 
The time dependences of the density matrix elements can in principle be 
calculated, using where appropriate rate equations or the interaction- 
representation Bloch equations. However, the above expectation values 
involve only a single time t, whereas the degrees of coherence involve 
expectation values of products of operators evaluated at different times t and 
t-K It is necessary to generalize the results of the present paragraph, 
Consider first the relation between density matrix elements at different 
times. Since all three independent elements are coupled by the equations of 
motion, the elements at time t+x can be expressed in the general forms 

p 2 i(t+r) = «iW+a 2 (r)p 21 (£)+a 3 (r)p 12 (t)+a 4 (r)/> 22 (t), (7.127) 

with the complex conjugate expression for p u [t -Ft), and 


p 22 (t+r) = /? 1 (T)+j? 2 (# 21 (t)+ J 83(T)p 12 (t)+/? 4 (r)p 22 (t), (7.128) 
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where the coefficients oq( t) and ^(t) are to be obtained by solution of the equa¬ 
tions of motion. They must clearly satisfy the initial conditions 

« 2 (0) = m = i 

ai (0) - <x 3 (0) = a 4 (0) = m = m = m = 0. (7.129) 

In addition, it can be assumed that the density matrix elements after a very 
long time delay t are independent of their values at time t, so that 

« 2 (oo) = a 3 (co) = a 4 (oo) = ^ 2 (°°) = W 00 ) = /U 00 ) = ^ (7-130) 

The forms of solution (7.127) and (7.128) for the density matrix elements can 
be re-expressed in terms of atomic-operator expectation values with the use of 
eqns (7.123)-(7.125), 

< 7 r(£+T))exp{ico(£+T)} = ai(T)+a 2 (T)<7t(t)>exp(ia>t) 
+a 3 (T)<7t t (£)>exp(-i£0f) 

+a 4 (T)<jt t (£)7E(£)> (7.131) 

(n i (tH)n(t+'t)) = ^(T)+^(T)<7c(£)>exp(im£) 
+ J 8 3 (T)<7£ t (£)>exp(-imt) 

+^)<^P(t)>. (7.132) 

In view of eqn (7.130), the steady-state expectation values can be written 

Lt <£?(£) >exp(icot) = a^co) (7.133) 

M CO 

and 

(^(oo^oo) > = ^(oo). (7,134). 

The results (7.131) and (7.132) are used to obtain the expectation values 
required for the degrees of coherence with the help of the quantum regression 
theorem, 27,28 which is stated as follows. Suppose that the expectation value of 
any operator 1 at time t+t is related to the expectation values of a set of 
operators at an earlier time t according to 

<.I(£+t)> = £ot,(T)<4(t)>. (7.135) 

Then the regression theorem proves that 

<j§(t)l(t+r)^(£)> - £a J (T)<ito^(0£(t)>i (7.136) 

where the capital letters denote any operators, The theorem thus expresses 
double-time expectation values in terms of single-time expectation values in a 
manner that can be applied immediately to the present problem. It follows 
from eqns (7.131) and (7.132) with the use of eqn (7.121) that 

(^(t^t+r)) = exp {- ico(£+ t)} {a 1 (t)< 7 c t (£)> 

4- a 2 (r)(7f t (£)jr(£)>exp(ico£)} 


(7.137) 
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and 

<^(0^(1 +t)tt(£+t)jt(£)> = ^(T)(i\t)n{t)), (7.138) 

where the first terms on the right-hand sides of eqns (7.131) and (7.132) 
correspond in eqn (7,135) to contributions in which the operator A ( is simply a 
numerical quantity, 

The degrees of coherence are now obtained by substitution in eqns (7.118) 
and (7.119). Since £ is assumed sufficiently large for steady-state conditions to 
be established, the expressions (7.133) (and its conjugate) and (7.134) should be 
used for the single-time expectation values. Thus 

0 (1, (r) = exp(-ia)T)|^|^+a 2 (r)| (7.139) 

and 

0 |2| M = M(7.140) 

The infinite time-delay degrees of coherence obtained with the help of 
eqn (7.130) are 

\9 {i M = l«iMI 2 //?i(°o) (7.141) 

and 

i 2 ) (co) = l. (7.142) 

For the complete time dependence of the degrees of coherence it is necessary to 
calculate a^r), a 2 (r), and ^(t), The remaining coefficients in eqns (7.127) and 
(7.128) are not needed. Thus p 21 must be calculated for an arbitrary value of 
p 2l (t), but p n (t) can be set equal to zero, while p 22 need only be calculated for 
the condition 

Piiit) = M 0 = P22W = (7-143) 

A simple example of the methods of calculation described above is pro¬ 

vided by physical situations where the atomic motion can be adequately 
described by a rate equation of the kind shown in eqn (2.170), 

dp 22 /d£ ~ r-lyp 22 . (7.144) 

As explained in §2.14, such a simple equation of motion is valid for broad-band 
incident light and for large collision- or Doppler-broadening. It may also be 
appropriate for methods of atomic excitation other than illumination, such as 
electron bombardment. Only the diagonal density matrix element appears in 
the rate equation and we consider only the degree of second-order coher¬ 
ence of the emitted light. The general solution of eqn (7.144) in the form of 
eqn.(7.128) is 

p 22 (f+r) = (r/2y)[l -exp(-2yr)]+p 22 (t)exp( - 2yr). (7.145) 


Thus 


j?i(r) = (r/2y)[l-exp(-2yr)], 


(7.146) 
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Fig. 7.11. Dependence on the time delay z of the degree of second-order coherence of the light 
emitted by a single two-level atom. 



and the degree of second-order coherence given by eqn (7.140) is 

g (2 \ t) = l~exp(~2yT). (7.147) 

This function is plotted in Fig. 7.11; it clearly violates the classical inequalities 
(3.76) and (3.81) and the emitted light is antibunched with a photon dis¬ 
tribution similar to Fig. 6.4(c). 

The zero value of the degree of second-order coherence at zero time delay, 
established in general in eqn (7.122), shows that the light emitted by a single 
driven atom is always antibunched, irrespective of the method of atomic 
excitation. In qualitative terms the phenomenon reflects the inability of a 
single two-level atom to emit a pair of photons simultaneously. 29,30 Suc¬ 
cessive photon emissions are separated by the time required for the atom 
arriving in its ground state after photon emission to be re-excited and emit a 
second photon. The emitted photons are thus ‘spaced out’ in the manner of 
Fig. 6.4(c). 

The most favourable conditions for experimental observation of anti¬ 
bunched light occur for illumination of atoms by narrow-band light where the 
rate-equation example treated above does not apply. It is also necessary to 
consider the effects of interference between the radiation from all illuminated 
atoms in an experimental sample. These topics form the subject matter of the 
account of resonance fluorescence given in the following chapter, 
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8. Resonance fluorescence and light 
scattering 



The basic components of a light-scattering experiment include a scattering 
region with the atoms of interest illuminated by a parallel beam of light, and a 
detector that measures the scattered intensity at some finite angle to the 
direction of the incident beam. The scattering at small angles is usually 
difficult to resolve from the transmitted incident beam itself, and it is 
convenient in many experiments to measure the light scattered at right angles. 
In high-resolution studies, the atoms may be supplied to the scattering region 
in the form of a beam directed in the third mutually perpendicular direction, to 
minimize Doppler broadening of the scattered light. 

In terms of the quantum theory of light, the scattering involves the de¬ 
struction of a photon of energy hco from the incident beam and the creation of 
a photon of energy hco s in the scattered beam, The light scattering is thus a 
second-order process since two interactions of the radiation field and the 
atomic electrons take place. Scattering occurs for all values of the incident 
frequency relative to the transition frequencies of the scattering atoms. The 
intensity of the scattering is however particularly strong in resonance 
conditions where the incident frequency lies close to an atomic transition 
frequency, 

' Fig, 8,1 shows some atomic energy levels with the magnitude of the incident 
frequency co represented by the arrow on the left. The remaining arrows repre¬ 
sent the kinds of component that occur in the scattered frequencies w 5 . 
The spectrum of the scattered light generally contains an elastic contribu¬ 
tion, where the scattered frequency w s equals the incident frequency to, to¬ 
gether with several inelastic components, where co s differs from co. The 
elastic component is known as Rayleigh scattering. The inelastic compo¬ 
nents are subdivided according to whether or not the atom makes a transition 
to a final state that differs from its initial state before the scattering process. 
We consider only atoms that are initially in their ground states. 

Suppose first that the atom is again in its ground state after the scattering 
event, Energy conservation suggests that the scattered photon must have 
co s = co and must therefore contribute to the elastic or Rayleigh component. 
However, when co is close to resonance with an atomic excitation frequency a); 
that suffers collision broadening, the scattered light has an additional inelastic 
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component with the same central frequency and linewidth as the atomic 
transition concerned. This is a fluorescent contribution in which the atom 
reradiates by ordinary emission after excitation by the incident light; the 
energy difference between ha) and hco s is taken up within the energy 
uncertainty associated with the line-broadening process, These Rayleigh and 
fluorescent components are represented by the two arrows on the left of the 
energy-level diagram in Fig, 8.1. 


Elastic Inelastic 



Fig. 8.1. Schematic energy-level diagram showing the incident frequency w close to resonance 
with an atomic transition co, and the four kinds of contribution to the scattered frequencies co,, 

Now suppose that the atom is left in an excited state of energy hco f after the 
scattering. The scattering is entirely inelastic, and the component whose fre¬ 
quency co s satisfies the energy-conservation equality with co-co f is known as 
Raman scattering. There is in addition a further resonance fluorescence 
component associated with the radiative decay to the final-state energy level 
ho)f when the incident frequency lies close to an atomic excitation frequency 
ft),. These Raman and excited-state fluorescent components are represented by 
the two arrows on the right of Fig. 8.1, There are similar pairs of contributions 
for each atomic energy level whose excitation frequency w f lies below the 
incident frequency co, 

The calculations presented below fall into two main parts. We first con¬ 
sider the scattering by a two-level atom where the atomic state after the scat¬ 
tering can only be the same as the initial ground state; it is possible to give a 
detailed theory of the spectral and coherence properties of the light gen¬ 
erated in resonance fluorescence. The second main calculation refers to 
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the light scattering by a multilevel atom; the resonance fluorescence is not in¬ 
cluded, but it is possible in this case to obtain the intensities of the Rayleigh 
and Raman components in the scattered spectrum. 


8.1. The scattering cross-section 

It is convenient to preface the more specific calculations by some general 
remarks concerning light scattering that apply irrespective of the distribution 
of scattered frequencies a v Classical electromagnetic theory is used in the 
present section, but the definitions and main results apply to the quantum 
calculations of the remainder of the chapter. 

Consider first the geometrical arrangement of a scattering experiment. The 
coordinate system to be used here is shown in Fig. 8.2. The scattering atom is 
placed at the origin of coordinates in a parallel beam of incident light having 
its electric vector E parallel to the x-axis and its propagation direction parallel 
to the z-axis. The cycle-averaged Poynting vector of the incident light beam is 

7 - ME\\ ( 8 . 1 ) 

where E is the magnitude of the complex field vector. 

The scattered light is normally distributed overall directions in space. We 
consider the scattered light with electric vector E„ at position r. Its cyclc- 


x 



Fig, 8,2, Geometrical arrangement of a light-scattering experiment. The scattered photon has two 
independent polarization directions. 
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averaged Poynting vector is 

7 S = ie 0 c|E s | 2 . ( 8 . 2 ) 

The total rate at which scattered electromagnetic energy is produced by the 
atom is determined by an integration of 7 S over a sphere surrounding the 
origin. The result can be written 

(8.3) 

where df2 is an elementary solid angle, and the integration runs over the 
complete 4 n solid angle. The total scattered energy must include the 
contributions of the two independent polarizations of the scattered light at 
each position r. 

The strength of the scattering is conveniently expressed in terms of the 
scattering cross-section a, defined in a similar way to the photoelectric cross- 
section of eqn (5.93), as the rate at which energy is removed from the incident 
beam by the scattering, divided by the rate at which energy in the incident 
photon beam crosses a unit area perpendicular to its propagation direction. 
For elastic scattering the rate of removal of energy from the incident beam is 
equal to the rate of production of scattered energy given by eqn (8,3). This is 
not the case for inelastic scattering, where some of the energy removed from 
the incident beam is given to the atom, and only a fraction ojeo of the energy 
appears in the form of scattered photons at frequency co,. Thus, in general, the 
cross-section is 

o = W« s J)jj> 2 da (8.4) 

The cross-section clearly has the dimensions of area and it is independent of r 
since 7, falls off with the inverse square of the distance from the atom, 

The differential cross-section is defined analogously to eqn (5,94) and refers 
to that part of the scattered light within the elementary solid angle d£), It is 
obtained by differentiation of both sides of eqn (8.4) with respect to Q, 

dcr/dQ - cqI//(j)J. (8,5) 

It should be noted that, in comparison with the photoelectric cross-section, the 
light-scattering cross-section involves the additional step of summing the 
contributions of the two independent photon polarizations for each direction 
of scattering. 

The cross-section a defined above refers to light scattering by a single atom. 
Some experiments on atomic beams do observe the scattering by very small 
numbers of atoms, but many light-scattering experiments use an atomic gas 
where the scattered beam is produced by a large number N of atoms, and one 
must consider how to add the contributions of the individual atoms, For the 
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scattering of visible light by a gas of atoms, the mean separation between 
atoms is very small compared with the wavelength of the radiation, provided 
that the gas pressure at room temperature is greater than about 100 Pa. The 
total electric vector of the scattered light at position r is given by a linear 
superposition of the contributions of the N atoms. 

Consider first the scattering by a homogeneous distribution of atoms. We 
assume the incident light to be a classical electromagnetic wave of well defined 
amplitude and phase. The components of the scattered field that arise from the 
atoms contained within a half-wavelength of the incident radiation are in 
phase with each other, but are out of phase with the fields arising from the 
atoms that lie within adjacent half-wavelengths. For a uniform distribution of 
scattering atoms, the contributions to the scattered field from the groups of 
atoms in the different half-wavelengths exactly cancel, except for the forward 
direction, 0 = 0, and no scattering occurs. There is, for example, no scattering 
of light by a perfect crystal in which the atoms are rigidly fixed on regularly 
spaced lattice sites. 

Scattering of light can occur only as a result of inhomogeneities in the 
distribution of the scattering atoms. For the case of a crystal, light scattering 
can occur if the atoms are allowed to vibrate around the regularly spaced 
lattice sites, For the case of a gas, to which the subsequent discussion is 
restricted, the light scattering is a result of the fluctuations in the gas density 
owing to atomic motions. It is not difficult to evaluate the total scattered 
intensity that is caused by the density fluctuations. 

Problem 8.1, Consider a gas of N atoms confined to a volume V. The total 
volume can be divided into smaller volumes v such that all the. 
atoms in volume v produce a scattered field of the same phase, 
but adjacent volumes produce scattered fields of alternating 
sign. Prove that if the scattered intensity arising from a single 
atom is given by the right-hand side of eqn (8.2), then the total 
scattered intensity arising from all the atoms in the gas is 

r. = ivl£,l ! (WM 2 . I 8 - 6 * 

where (Av) 2 is the mean-square deviation in the number of 
atoms in a volume v. 

The distribution of the N atoms between the different volumes v is governed 
by random atomic motions, The probability of finding v atoms in a given 
volume is related to the mean number v in a volume v by a Poisson 
distribution similar to eqn (6.65). Thus by analogy with eqn (6.67) 

(A v) 2 = v = MVK (8<7) 

and eqn (8,6) can be written 

T, = -ME/N. (8-8) 
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The scattering cross-section for the N atoms is thus equal to the cross-section 
for a single atom multiplied by N. It is assumed that the refractive indices of the 
gas at frequencies co and co s are close to unity and need not appear in the 
Poynting vectors. The result (8,8) is analogous to eqn (3.18), which shows that 
the average intensity of the light radiated by v atoms is equal to v times the 
average intensity from a single atom. The coherence properties of the light 
scattered by arbitrary numbers of atoms are considered in §8.5. 

It is emphasized in §1.8 that the absorption and scattering of light are 
different aspects of the same process; the light removed from a beam by 
absorption reappears as the scattered radiation, From the point of view of 
absorption, the rate of removal of energy from the incident beam in a volume V 
is given by eqns (1.90) and (1.96) to be 

-VdW/dt = -Vdl/dz = VKl, (8.9) 

where K is the absorption coefficient for a light beam sufficiently weak to avoid 
saturation. From the point of view of scattering, the cross-section a is defined 
by eqn (8.4) in such a way that the rate of removal of energy from the beam by 
scattering from a single atom is crl Thus the rate of energy removal by N atoms 
is 

Nal (8.10) 

The expressions (8.9) and (8.10) describe the same physical quantity, so 

a = {V/N)K = {2Vo)/Nc)k, (8.11) 

where eqn (1.91) has been used. Of course, the cross-section, absorption 
coefficient, and extinction coefficient must all be evaluated at the same 
frequency co. 

This result is known as the optical theorem . It is derived on the basis of 
general considerations of energy conservation, and it is valid for both 
quantum-mechanical and classical treatments of light scattering. Similar 
optical theorems hold for a wide variety of scattering problems. 1 The 
application of the theorem (8.11) is discussed in §§8.7 and 8,8, 


8.2. Single-atom resonance fluorescence 

The simplest scattering system is a two-level atom illuminated by single¬ 
mode coherent incident light. The two-level theory developed below 2,3 also 
applies to the Rayleigh and ground-state fluorescent scattering by real 
multilevel atoms when the exciting frequency co lies close to only a single 
atomic transition frequency. However, multilevel atoms show the additional 
excited-state scattering represented on the right of Fig. 8.1. It is possible to 
treat the two-level scattering with a greater degree of detail than can easily be 
achieved for scattering by multilevel atoms, We use the methods outlined in 
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§§5.13 and 7,10 to relate the properties of the emitted light to the time 

development of the atomic states. 

The behaviour of two-level atoms subjected to coherent incident light is 
described by the interaction-representation optical Bloch equations, identi¬ 
cal to the semiclassical equations (2.161) and (2.162), 

dp22 fit = 'P21~tyP22 $.12) 

dp 12 /dt = iir'(pn~P22)+['( a} Q~ ( o)-f}Pi2’ (8d3) 

where f *, taken to be real throughout, is the Rabi frequency. The remaining 
density matrix elements are determined as usual from 

p U +P22 = ^ P2i = Pi 2' M 

If the time dependence of the density matrix elements is known, then the 
motion of the expectation values of the atomic transition operators can be 
obtained from eqns (5.207)-(5.209), and the expectation values of the radiated- 
field operators are determined by eqn (5.191). The required connections 
between field expectation values and atomic density matrix elements are thus 


<& + (r t)> = - 


efflo< s .D 

47re 0 c 2 






(8.15) 


with the conjugate relation for E ~, and 




P l2 i 
[ 4jt€ 0 c 2 r ' 



(8.16) 


where the atom is placed at the origin, s subscripts distinguish scattered-field 
quantities, and «, is the polarization vector of the scattered light (parallel to 
the x-axis in Fig. 5.4). These relations are used to determine the intensity, spec¬ 
tral properties and coherence of the scattered field. We consider only steady- 
state properties where t is taken infinite and the retardation time r/c can be 
neglected, 

The steady-state scattered intensity obtained from eqn (8.16) is 

l = {e 2 n4(8 s .D 12 ) 2 /87c 2 6 0 c 3 / ,2 }/) 22 (co). (8.17) 

This is essentially the same as the quantity integrated over solid angle in 
eqn (5.192). The steady-state degree of atomic excitation given by eqn (2.136) is 


p 22 (co) 


itiW 1 

{o) 0 -u)) 2 +y l2 +W/y)f r 


(8.18) 


The mean intensity of the single-mode coherent incident light obtained from 
eqn (5,104) is 


I = cko\a\ 2 /V. 


(8.19) 
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The differential cross-section (8.5) is thus 

d<r _ efl(a\ (« s .Di 2 ) 2 (8.D 12 )V/y 

dO I6n 2 e 2 0 h 2 c 4 {w 0 -w) 2 +y l ' l ^{y l jy)r 2, ^ 

where eqns (5.59) and (5.214) have been used to express the Rabi frequency 1 r 
in the numerator of eqn (8.18) in terms of the transition matrix element D 12 , 
and e is the polarization vector of the incident light. 

It is seen that the cross-section has a Lorentzian dependence on the incident 
frequency co, centred on the atomic transition frequency co 0 and with a width 
that combines the effects of radiative-, power-, and collision-broadening in 
the same manner as eqn (2.139). The cross-section is essentially independent 
of intensity for low incident intensities where the Rabi frequency is small. 
However, the cross-section falls off inversely with the intensity for high 
incident intensities, where the term in i rl dominates the denominator of eqn 
(8.20). This is the scattering analogue of the saturation effect on the absorption 
coefficient discussed in §1.11, 

Some information on the coherence properties of the scattered light is 
obtained from the expectation values of £ s + and £ s ~, given by eqn (8.15) and its 
conjugate. The sum of these expectation values has a sinusoidal variation with 
position and time, similar to the electric field (4.205) associated with a coherent 
single-mode excitation. The ratio of the part of the scattered intensity that has 
this coherent behaviour to the total scattered intensity is expressed by 2,4 

7-“ _<£;(«)><£,<■(«)> 

T, = <«;«(«» ’ (8 ' 21) 

It is easy to show that the ratio is equal to unity for a purely coherent excitation 
of the scattered field, but the ratio is zero for chaotic light. For the expectation 
values given in eqns (8.15) and (8,16) the steady-state ratio is 

- IftiMP/taM- (8-22) 

Problem 8,2. Prove by considering the most general form of density operator 
for a two-level atom that 

P 11 P 22 > hil 2 . (8.23) 

and hence that the ratio in eqn (8,22) is less than or equal to 
unity. 

The coherent fraction (8.22) can be expressed in various forms. With the use 
of eqns (7.127) and (7.128) and the properties (7.130), we find 

/r hertnt // 8 = |«i(oo)| 2 /i»i(Qo) - | 0 ( 1 ) (co)|, (8.24) 

where the infinite time-delay degree of first-order coherence is taken from eqn 
(7.141). Alternatively, with the steady-state solutions of the optical Bloch 
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equations from eqns (1136) and (2,137), eqn (8.22) becomes 

7f herent [K -a?+fW /g 25 ) 

T s = K-oj) 2 +T' 2 +i(7'/T)^' 

The scattered light is therefore almost entirely coherent when the collision 
broadening is small (/ « y) and the incident beam is weak (t « y). In the 
opposite limits of large collision broadening (/ » y) or an intense incident 
beam [t » y), the coherent part of the scattered light falls to a very small 

fraction, . , ,,. 1± , , . 

More complete information on the nature of the light produced in 
resonance scattering conditions is obtained from the degrees of first and 
second-order coherence, These are determined from the solutions of the 
optical Bloch equations by the procedure described in §7.10. The complete 
time dependences of the degrees of coherence have useful explicit forms only 
when the Bloch equations have reasonably simple solutions; the cases of a 
weak incident beam and of zero detuning are treated in §§8.3 and 8.4 
respectively. Only the limiting values 

0 <‘>(O) = 1 (8-26) 

g {2) ( 0) — 0, 0 ( 2 ) (oo) - 1 (8.27) 

derived in §7.10 apply quite generally. 

The spectrum of the scattered light is obtained from the degree of first-order 
coherence by eqn (3.7) or eqn (3.11), 

F(w s ) = i [ ^)( T )exp(im s T) dr = - Re j g ( 1 ) (x)exp(im s r) dr. (8.28) 

2% ! ft J 

4 o 

The spectrum calculated in this way is automatically normalized since use of 
eqn (8.26) with the delta-function representation (2.64) gives 

| F(co s ) dco s = g ( 1 ) (0) = 1. (8.29) 

-OQ 

The spectrum contains two distinct kinds of contribution corresponding to the 
parts of g {l) [i) that decay to zero as r tends to infinity and to the constant- 
amplitude part 

exp(-iwr)| 0 { 1 ) (oo)| (8.30) 

that remains at infinite time delay. In the expression (7.139) for the degree of 
first-order coherence, the part cqfoo) of oci(r) gives the constant contribution, 
while « 2 (r) and the remainder of a^r) give the exponentially decaying 
contributions. 
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The Fourier transform of the decaying parts of the degree of first-order 
coherence produces a spectrum at frequencies co s that differ from the frequency 
co of the incident light; this is the inelastic or fluorescent part of the scattered 
light. On the other hand, substitution of the constant-amplitude part (8,30) of 
the degree of first-order coherence into eqn (8.28) gives the elastic or Rayleigh 
part of the scattered spectrum, 

F(a&mk = lf? (1) MI «K-4 (8.31) 

It is seen by comparison with eqn (8.24) that the strength of the elastic part of 
the spectrum is equal to the coherent fraction of the scattered light, and the 
elastic and inelastic contributions are sometimes called the coherent and 
incoherent parts, respectively, The explicit expression given in eqn (8.25) shows 
that the elastic contribution is significant only when the incident beam is weak 
and the collision broadening is small. 

8.3. Weak incident beam 

The incident beam is assumed in the present section to be so weak that the 
Rabi frequency is much smaller than the radiative decay rate, 

t«y, (8.32) 

Then eqns (8.24) and (8,25) give 

= l^ooJI = yh'\ (8.33) 

the scattered light is entirely coherent and elastic in the absence of any collision 
broadening. The complete cross-section, including the elastic and inelastic 
contributions, is given by eqn ( 8 , 20 ) with the final term in the denominator 
neglected. 

The solutions of the optical Bloch equations (8.12) and (8.13) in the limit of a 
weak incident beam are given by eqns (2.164) and (2.165). Then following the 
method of § 7.10 for determining the degrees of coherence of the emitted light, 
we identify the required coefficients in the off-diagonal matrix element of 
eqn (7.127) as 

h«ir 

Mr) = (exp {~ [i(co 0 - co)+/] t} -1) (8.34) 

and 

a 2 (r) = exp {—[i(ca 0 ~ oo) + (8.35) 

while the coefficient flflx) in the diagonal element (7.128) is given by the entire 
expression (2.164). 

The degree of first-order coherence obtained from eqn (7.139) is 
0 (l) (r) = eX p(—ico 0 r— y'x) T -7 exp(-icor). 

y y 


(8.36) 
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The exponential in the first term is identical to the normal degree of first-order 
coherence for collision-broadened chaotic light centred on the atomic 
transition frequency co 0 . The second exponential is the same as the degree of 
first-order coherence for coherent light of frequency co, 

The spectrum derived from the degree of first-order coherence by means of 
eqn (8.28) is 5 - 6 


JW = 


i (o) 0 ~" s ) +y i 


y-i 


(8.37) 


This simple form of scattered spectrum is illustrated in Fig. 8.3. It includes 
an inelastic part whose strength is directly proportional to the collision¬ 
broadening decay rate y Mll defined in eqn (2.133). This part of the spectrum has 
the same lineshape as the absorption spectrum of the atom, and the scatter¬ 
ing can be regarded as caused by absorption of incident light followed by 
fluorescent emission. The difference between the energies of the incident and 
scattered photons lies within the energy uncertainty of the excited state that 
results from the collisions, as described by eqn (2.159); the effect is sometimes 
called collisional redistribution of energy. The remainder of the scattered in- 
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tensity lies in the Rayleigh elastic part represented by the delta-function term 
in eqn (8.37). Both contributions to the spectrum are observed, for example, in 
the light scattering by strontium vapour . 7 

The above results suggest that the scattered light can be represented as a 
sum of ordinary chaotic and coherent components. This picture is however 
based on a consideration only of the first-order coherence properties, and the 
simple model does not embrace the second-order coherence of the scattered 
light. The degree of second-order coherence obtained from eqns (2.164) and 
(7.140) is 


0 (2, (r) = 1 + 


(2y-/)[(cu 0 -m) 2 +/ 2 ]/y' 

(eo 0 -m) 2 +(2y-y') 2 


exp(- 2 yr) 


2y[(m 0 - ft)) 2 +y'(2y - y')] cos [(fl ) 0 - cq)t]+ 4y(co 0 - cn)(y'-y )sin [(a ) 0 - apt] 
y'[(a) 0 -cu) 2 +( 2 y-y < ) 2 ] 


x exp(-y'-r). (8.38) 

This rather complicated result is best appreciated by considering a couple of 
limiting cases. 

Suppose first that there is no collision broadening, when the spectrum 
contains only the elastic Rayleigh component and eqn (8.38) reduces to 


0 ( 2 , (t) = 14-exp(-2yr)—2 cos[(co 0 - co)t] exp(~yr) (y' = y). (8.39) 

The simplest possible case is that of zero detuning where 8 

g (2) ( t) = [l-exp(-yt )] 2 (y' = y ,ca = w 0 ). (8.40) 


The variations of the degree of second-order coherence for different values of 
the detuning are shown by the full curves of Fig, 8.4. For comparison, the 
appropriate limit of eqn (8.36) gives, 

g {l \t) = exp(-iflJt) (y' = y), (8.41) 

the ordinary result for coherent light. The degree of second-order coherence of 
coherent light is ordinarily equal to unity for all t, unlike the expression (8.39) 
obtained for the light scattered in resonance fluorescence. As is clear from 
Fig. 8.4 the fluorescent light has a degree of second-order coherence that vio¬ 
lates the classical inequalities (3.76) and (3.81), The scattered light is anti¬ 
bunched for the qualitative reasons discussed after eqn (7.147). 

The second simple limit is that of very large collision broadening when the 
spectrum contains only the inelastic fluorescent component. The second ex¬ 
ponential in eqn (8.38) now decays to zero at much shorter time delays t than 
does the first exponential. Thus for t sufficiently large that the final term can be 
neglected, eqn (8.38) reduces to 

0 ( 2 ) (t) = 1 -exp(- 2 yr) (y' » y,y'r » 1 ). 


(8.42) 
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Fig. 8.4. Dependence of the degree of second-order coherence on the time delay t. Full curves: the 
weak-beam, zero collision broadening case for values of the detuning K~w| indicated against 
the curves, Broken curve: the case of large collision broadening. 


The conditions assumed here are those in which the diagonal elements of the 
atomic density matrix have a time dependence described by rate equations, as 
discussed in §2,14. The result (8.42), illustrated by the broken curve in Fig. 8.4, 
is the same as that derived in eqn (7.147) and illustrated in Fig. 7.11. The 
corresponding degree of first-order coherence obtained from eqn (8.36) is 

0 ( 1 ) (t) = exp(-iw 0 T~/r) (y' » y), (8.43) 

the ordinary result for chaotic light. However, the degree of first-order co¬ 
herence reduces to zero for the time-scale assumed in eqn (8.42), 

The special cases treated in the two previous paragraphs illustrate the 
general antibunched characteristics of the light emitted by a single atom. They 
show that the time delay t needed for the degree of second-order coherence to 
increase significantly from its zero initial value is of the order of the radiative 
lifetime of the atomic transition concerned. The experimental observation of 
antibunched light is discussed in §8.5. 

As is explained above, the inelastic conversion of some of the incident 
photons of frequency w into scattered photons of different frequencies co s 
depends upon the collisional uncertainty in the atomic excited state energy, 
Doppler broadening results from the thermal distribution of atomic velocities, 
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and it causes no additional uncertainty in the energy of a particular atom with 
a given velocity. The Doppler effect changes the spectral distribution of the 
inelastically-scattered light but it does not affect its total strength. We ignore 
the effect of Doppler broadening on the inelastic lineshape. 


8.4. Exactly-resonant incident beam 

It is assumed throughout the present section that the frequency co of the 
incident beam equals the atomic transition frequency co 0 . The optical Bloch 
equations can be solved analytically in this zero-detuning case. However, a 
great simplification in the solutions occurs if the collision broadening is 
ignored, so we also set y' = y throughout the section. Then eqns (8,24) and 
(8.25) give 

/coherent 1„,2 

(M) 

The coherent fraction of the scattered light depends solely on the strength of 
the incident light. The calculations that follow are concerned with the ways in 
which the scattered spectrum and the detailed coherence properties vary with 
incident beam strength. 

The optical Bloch equations (8,12) and (8.13) in the limit of zero collision 
broadening and zero detuning are partially solved in eqn (2.126). It is not 
difficult to obtain the corresponding solution for the off-diagonal density 
matrix elements. 


Problem 8.3. Show that solution of the optical Bloch equations for the case 
y' = y and co=o) 0 gives an off-diagonal element of the form 
shown in eqn (7.127) with 


«i(t) = 


and 


if | exp(—3yr/2) 
2 y 2 +t 2 16U 

x [(4(}'+i2) 2 -} ,2 )exp(i/r) 

- (4(y - iA ) 2 - y 2 )exp( - Ut)] 


(8.45) 


« 2 (t) = iexp(-yr) (8.46) 

+ eXP ^~^ T - 2 - {(y+ 2 U)exp(Ur)-(y - 2iA)exp( - Ur)} 
where 

l = (r'-tff. (8.47) 
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The coefficient ^(t) in the diagonal element (7.128) is given by the entire 
expression (2.126). 

The degree of first-order coherence given by eqn (7.139) is 8 
rt) = exp(-it«)|^T+lap(-n) 

(y_-2U) 2 exp[-UT-(3yi/2)] _ J M 

+ 8i2(3y+2U) v J 

where the fourth term in the large bracket is the same as the third term with the 
sign of 2 reversed. The spectrum given by eqn (8.28) is then 2 

2y 2 y/27t 

3 yX{r 2 - 2y 2 )+y(5^ 2 - 2y 2 )(o)+2 - o) 5 ) 

+ 8i W+^ ! )[(»+ 1 - a, s ) 2+ W 2 ) J ] 

+(A -> -A) for f>b' M 

We do not write down the detailed expression for the spectrum for weaker 
incident beams where f <\ y and X is purely imaginary. However, it is seen 
from the form of eqn (8,48) that in this case the spectrum consists of the usual 
elastic contribution together with three inelastic Lorentzian components all 
centred on the frequency w. For very weak incident beams, f « \i the 
results of the previous section apply, and with the zero collision broadening 
assumed here, there remains only the elastic delta-function contribution in 
eqn (8,37), 

The main interest in the results for an exactly-resonant beam lies in the 
region of strong beams, where the spectrum (8.49) applies. The four 
contributions consist of an elastic delta-function peak at a) s = co and three 
inelastic Lorentzian-type contributions centred on the frequencies w B = a), 
m+2, and co-2 respectively, The degree of first-order coherence (8.48) 
correspondingly consists of the sum of a contribution with the usual coherent 
time dependence and three contributions with chaotic-light time dependences. 
Fig, 8.5 shows how the central frequencies of the Lorentzians vary with the 
Rabi frequency f , proportional to the electric field of the incident beam. For 
f > y t the separations between the three frequencies are very close to f . The 
integrated strengths of the four contributions in eqn (8,49) are respectively 

2y 2 1 f 2 -1f t 2 - 2y 2 , m 

2y 2 +t 2> 2’ 4(2y 2 +r 2 )’4(2y 2 +r 2 )’ 

these quantities add to give unity in accordance with eqn (8.29). 

The spectral contributions in eqn (8.49) overlap to give a complicated 
dependence on frequency co s when f is only a little larger than {y, The 
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Fig. 8.5. Variation with Rabi frequency f of the central frequencies of the inelastic spectral lines. 

spectrum takes on a much simpler form for very large T when the elastic 
Rayleigh contribution is negligible and the inelastic contributions reduce to 

F(o)) = 3y/8n i y/2n i 3y/87r 

s {(D-f -co s ) 2 +(3y/2) 2 (cu-( 0 s ) 2 +y 2 («+y"-w s ) 2 +(3y/2) 2 ’ 

(8,51) 

now written in order of ascending central frequency. The three peaks have 
integrated strengths of and and radiative linewidths of 3y, 2y, and 3y 
respectively. Fig, 8.6(a) shows the spectrum of scattered light predicted by 
eqn (8.51) for the case f - 15-6y and Fig. 8.6(b) shows a measured 
spectrum 9 for the appropriate strength of incident light beam. The experiment 
utilized sodium-atom energy levels from the 3 2 S i ground state and 3 2 P, 
excited state in such a way that two-level theory is valid for interpretation of 
the results. 

The occurrence of triple-peaked spectra in the light scattered by a two-level 
atom at high incident intensities can be understood qualitatively 8,10 in terms 
of the dynamic Stark splitting mentioned in §2,7. Consider a state of the 
coupled atom and incident radiation field in which n+1 quanta are excited. 
There are two possible states of this kind; either the atom is in its ground state 
and n+1 photons are present, or the atom is in its excited state and n photons 
are present. The coupled system oscillates between the two states in the 
manner shown in Fig. 2.5. In terms of stationary states, the effect of the 
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Fig, 8 . 6 . Resonance fluorescence spectrum of Na for the transition between the levels 3 J S t j 

(F = 2 ,m F - 2) and 3 J P,(F * 3,% - 3) with f = 7.8x 10 V 1 and y - 5x 10‘s ' 1 showing j 

(a) theory and (b) the experiment compared to a convolution of the instrumental response with | 

the theoretical lineshape. (After R. E. Grove et al„ ref. 9.) 

coupling is to split the two n +1 quantum states by an energy hf, as shown in 
Fig. 8.7. The n-quantum states are also split in a similar fashion. When the [ 
n +1 -quantum states decay into n-quantum states by fluorescent emission of a | 

photon into the scattered beam, the four downward transitions indicated in j 

the figure occur. There are clearly three distinct transition frequencies j 

separated by the Rabi frequency f , and the intensity of the central peak j 

acquires contributions from two kinds of transition, thus gaining twice the 
strength of the outer peaks. 

The degree of second-order coherence of the scattered light obtained from f 
eqns (2,126) and (7,140) is 8 

x) = 1 -[cos At+(3y/2A)sin AT]exp(-3yr/2). (8.52) j 

This expression reduces to eqn (8.40) in the limit of a weak incident beam, .| 
where the degree of second-order coherence shows a monotonic increase from j 
0 to 1 as t increases from 0 to oo, For f greater than where 2 is real, | 
the degree of second-order coherence shows an oscillatory dependence on t, | 
Fig. 8.8 shows the dependence of the degree of second-order coherence on time ( 
delay fort" = 5y and fort" very much smaller than y, where the curve repeats | 
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Fig, 8.7. Illustration of the formation of a three-peaked emission spectrum by radiative decay 
between atomic levels split by the dynamic Stark effect, 



Fig, 8.8, Dependence of the degree of second-order coherence on the time delay r for zero 
detuning, zero collision broadening, and the values of Rabi frequency indicated. 
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the zero-detuning trace in Fig. 8.4. The degree of second-order coherence again 
violates the classical inequalities, and the scattered light is antibunched, There 
exist measurements of the degree of second-order coherence for light emitted 
in resonance fluorescence but before comparing experiment with theory it is 
necessary to consider the effects of combining the emissions from several 
atoms. 

8.5. Multiatom resonance fluorescence 

The preceding sections give a detailed account of the properties of the light 
scattered by a single atom in conditions of resonance between the frequency of ; 

the incident light and an atomic transition. It is not usually feasible to make 
observations of resonance fluorescence by a single atom. A common ex¬ 
perimental arrangement uses an atomic beam sent at right angles through the 
beam of incident light, and the scattered light is collected in the third mutually 
perpendicular direction. The number of atoms simultaneously in the ob¬ 
servation region depends upon the strength of the atomic beam, and the 
number fluctuates because of nonuniformities in the atomic density. 

Suppose first that scattered light is collected from a fixed number v of atoms, j 

The effect on the degrees of coherence of the superposition of light from several 
different atoms is considered in Chapter 3 and a very similar discussion applies j 

here. The relative phases of the light waves from different atoms are randomly 
distributed and in all electric-field correlation functions, only those terms 
contribute where pairs of field operators and £ ( + for the same atom i 
appear multiplied together. Thus analogous to eqns (3.18) and (3.88) we have 

<E“(r)j6 + (r4-T)> ~ v<£f(f)£, + (t+ir)> (8.53) j 

and j 

<|-(I)£"(t+r)i! + (i+T)£ + (!)> = »<£r(^r«+t)l|*(i+t)^(<)> 

+v(v-i){<fr(i)i, t (o> 2 +i<ir(i)^(*+*)>i , l'(»- 54 > | 

The degrees of coherence of the combined emission from the v atoms are 
defined as in eqns (7.118) and (7.119), where the field correlation functions are j 
now the quantities on the left-hand sides of the above pair of equations. If the 
small letter g is retained for the single-atom degrees of coherence hut the j 
capital letter G is used for the v-atom degrees of coherence, the connections < 
obtained from eqns (8.53) and (8.54) are 11,12 f 

G ( 1 , (r) = />( t). (8.55) 

G ( 2 ) (i) = {3 < 2 ) (t)+(v-1)(1+|0 ( 1 , (t)| 2 )}/v. (8.56) ; 

The degree of first-order coherence, and hence also the spectral properties of | 
the scattered light, are unchanged by the superposition and the results of the | 
preceding sections remain valid. It is however necessary to consider the | 
modifications of the degree of second-order coherence described by eqn (8.56). | 
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Some limiting values of the v-atom degree of second-order coherence are 
easily found. Thus eqns (8.26) and (8.27) give 

G ( 2 ) (0) = 2(v~l)/y; ( 8 , 57 ) 

the classical inequality (3.76) is no longer violated when the fluorescence of two 
or more atoms is observed simultaneously, and the antibunched property of 
the single-atom fluorescent light is removed. In the limit of a long time delay 
eqn (8.27) gives 

G ( 2 , (co) = l + [(v-l)/v]|g ( 1 , (oo)| 2 . (8.58) 

If the collision broadening and the incident beam intensity are sufficiently 
small to make | 0 ( 1 ) (co)| given by eqns (8.24) and (8.25) close to its maximum 
value of unity, then for a small number of atoms G ( 2 ) (oo) is larger than G ( 2 , (0) in 
violation of the inequality (3.81). 

In the limit of a large number of atoms, v » 1 , eqn (8.56) reduces with the 
use of eqn (8.55) to 

G ( 2 ) (t) = 1+|G ( 1 ) (t )[ 2 (v » 1). (8.59) 

This is similar to the relation (3.90) between the degrees of first and second- 
order coherence of chaotic light, but eqn ( 8 . 59 ) applies in the present cal¬ 
culation irrespective of the nature of the scattered light. It gives 

G ( 2 ) (0) = 2 (v » 1 ) (8.60) 

for all values of the parameters. Its time dependence is illustrated by the 
example of a weak incident beam, where the degree of first-order coherence is 
given by eqn (8.36). If there is no collision broadening, then eqn (8.41) applies 
and 

G ( 2 ) (t) = 2 (v » 1 ,r « y,y' = y). (8.61) 

The scattered light in this case resembles a superposition, with random phases, 
of the coherent elastic Rayleigh contributions of the individual atoms, similar 
to the light considered in problems 3.1 and 3.6. If the collision broadening is 
large, then eqn (8.43) applies and 

G ( 2 ) (t) = 1 -f exp(— 2/t) (v » l.'f « y,y' » y). (8.62) 

This is the normal result (3.94) for chaotic light, and it is totally different from 
the single-atom degree of second-order coherence given by eqn (8.42). 

For an atomic beam experiment where the number of observed atoms 
fluctuates randomly about some mean number v, it is necessary to average the 
field correlation functions (8.53) and (8.54) over a Poisson distribution in 
v . 11 ’ 12 Rearrangement of eqn (8.7) shows that the second factorial moment of 
the distribution, required for eqn (8.54), is 

v(v-l) = V 2 . 


(8.63) 
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Thus eqn (8.56) is replaced by an averaged degree of second-order coherence 


= (/’M/vj+i+irwi 2 , 

(8.64) 

with limiting values 


G ( 2 ) (0) = 2 

(8.65) 

and 


G<» = (l/v)+l+| 0 <»| 2 . 

( 8 . 66 ) 


In view of eqn (8.65) there is no possibility of obtaining antibunched light from 
scattering by a fluctuating number of atoms. It is however possible to have 
G (2) (oo) larger than 2 for a sufficiently small mean number of atoms, thus 
violating the classical inequality (3.81). 

The complete time dependence of the degree of second-order coherence in 
an atomic beam experiment is obtained by substituting the appropriate single¬ 
atom degrees of coherence, for example the weak-beam expressions (8.36) and 
(8,38) or the zero-detuning results (8.48) and (8.52), into eqn (8.64), The 
resulting expressions are complicated and we do not write them down, In 
addition, the comparison of theory with experiment requires further develop¬ 
ment of the theory, to include for example spatial coherence effects, and the 
effects of the finite transit time of the atoms in the beam across the observation 
region , 12 With all these aspects taken into account, it is possible to extract 
0 ( 2 ) (t) from experimental data by fitting the more sophisticated version of 
eqn (8.64) to the measured degree of second-order coherence. Fig. 8.9 shows 
some single-atom degrees of second-order coherence determined in this 
way 12 -H jhe experiment used the same pair of sodium energy levels as the 



Fig, 8.9, Measured and theoretical time dependences of the degree of second-order coherence of 
the light scattered by a single sodium atom for zero detuning and two strengths of incident beam. 
(After M. Dagenais and L. Mandel, ref. 14.) 
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spectral measurements shown in Fig, 8 . 6 . The measured data in Fig. 8.9 refer to 
zero detuning and the theoretical curves are plotted from eqn (8.52). There is 
excellent agreement between theory and experiment; the single-atom degree of 
second-order coherence has all the properties predicted by the quantum 
theory of light, including the photon antibunching inherent in its zero value at 
zero time delay. The experiments also studied the resonance fluorescence for 
nonzero values of the detuning where there is a similarly good agreement with 
theoretical expressions 15 more general than those derived in the present 
treatment. 

8,6. The Kramers-Heisenberg formula 

The differential cross-section for light scattering into all modes by a single 
two-level atom is given by eqn (8.20). The spectral and coherence properties of 
the scattered light are discussed in some detail in the intervening sections. We 
now consider a more realistic model of the scattering atoms in which the 
theory allows for an unlimited number of atomic energy levels. It is however 
necessary to simplify other aspects of the model in order to keep the treatment 
reasonably compact. The incident beam is therefore assumed to be weak, with 
f « y, and the collision broadening is henceforth ignored. The two-level 
atom scattering derived above is extremely simple in this case, with all of the 
scattered intensity emitted in the elastic Rayleigh component with its fre¬ 
quency (o s equal to the incident frequency w. The treatment given below de¬ 
rives the total strengths of the various components in the scattered light but 
does not obtain their detailed spectral distributions or coherence properties. 
The required information is provided by transition rate theory and it is not 
necessary here to generalize the Bloch-equation method to multilevel atoms. 

The scattering cross-section for a multilevel atom is therefore calculated by 
time-dependent perturbation theory. We need the transition rate for a process 
in which an incident photon is destroyed and a scattered photon is created, 
The leading terms in the multipole expansion of the atom-radiation inter¬ 
action are given by eqn (5.39) and the subsequent equations. We make the 
electric-dipole approximation and neglect Jf EQ , an d terms of higher 
order in a 0 k. The electric-dipole interaction Jf ED is given by eqn (5.40) and it 
causes the scattering of light in second order. The nonlinear interaction Jt Nl 
given by eqn (5.46) is of second order in the photon creation and destruction 
operators. It therefore produces scattering of light in the first order of time- 
dependent perturbation theory and we retain it for the moment, although we 
shall show that its contribution is negligible. The interaction Hamiltonian for 
light scattering is thus 

= ^ed+^nl = eD. E t ( 0)+(e 2 /8m) £ (rj X B(0)) 2 , (8.67) 

J 

where D is the sura of the electron coordinates defined in eqn (5.13). 
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The geometry of the scattering process is shown in Fig. 8.2. The initial 
quantum-mechanical state consists of photons of fixed frequency co and 
wavevector k incident on the atom. The scattering can convert the initial state 
into a range of possible final states in which an incident photon has been 
replaced by a scattered photon of frequency m s and wavevector k s . The initial 
photon state is thus converted to the final state by a product of the photon 
operators d k and dj s or, in a briefer notation, a and d s f . Scattering experiments 
generally use a laser source for the incident light beam, which can thus be 
represented by a single-mode excitation. The frequencies co s present in the 
scattered light emerge from the quantum-mechanical calculation, which in¬ 
cludes both elastic and inelastic scattering. 

The atom is assumed to be in its ground state |1> at the beginning of the 
scattering event and is left in some state |/> at the end of the scattering. The 
atomic ground-state is taken as the zero of energy and the final-state energy of 
the atom is denoted h(D f . It is convenient to assume that a given number n of 
photons co are present before the scattering event. Any practical beam of light 
contains a statistical distribution of photon numbers, which could be re¬ 
presented by a density-matrix description of the incident beam. However the 
characteristics of the cross-section derived below are independent of the 
photon distribution. The effects of the coherence properties of the incident 
light on stimulated Raman scattering and other nonlinear optical processes 
are discussed in Chapter 9. 

The transition rate for the scattering is obtained by an adaptation of 
eqn (5.151) to the present problem where different parts of contribute to the 
first-and second-order terms, 


1 _ 


<n-l,l,/|iVM,l> 


Iv^-U/I^edI/X^edKO,!) 


nco-o). 




The first, second, and third entries in the bras and kets for the initial and final 
states refer to the photons k, the photons k s , and the atomic state, respectively. 
The I summation runs over all states of the combined atom and radiation 
systems. The sum over final states in front of the square modulus now takes 
separate account of the possible atomic states / and scattered photons k s . 

The contributions to the scattering matrix element are shown diagram- 
matically in Fig. 8.10. The conventions of the diagrams are the same as in 
Fig. 5.1. Diagram (a) shows the contribution of the first term in the square 
modulus of eqn (8.68). The single interaction ^ NL destroys a photon k and 
creates a photon k s , in accordance with its second-order character. 

The second term in the square modulus of eqn (8.68) generates two 
contributions, which differ in the type of intermediate state |/). The photon 
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(c) 


Fig. 8.10, Diagrammatic representations of the three kinds ofinteraction that contribute to light 
scattering. It is shown in the text that the contribution of the nonlinear interaction in diagram (a) is 
negligible. 



operators a and a\ must be chosen one each from the two appearances of # ED 
in this term, the explicit form of being given in eqn (5,114). There are 
clearly two possibilities; one of them produces the operators in the order a]a 
and is represented by diagram (b) in Fig, 8.10; the other choice produces the 
operators in the order <3$ and is represented by diagram (c) in the figure. The 
intermediate atomic state is denoted |i>; its energy is h(o t , Diagram (c) of 
Fig. 8.10 is a combination of diagrams (a) and (d) of Fig. 5.1; these dia¬ 
grams separately cannot represent energy-conserving processes, but it is pos¬ 
sible for their combination to conserve energy. The second term in the square 
modulus of eqn (8.68) is written more explicitly as 

l^f <n-l,l,/li ? ED |n-l,0,i)<n-l,0,i|# ED |n,0 i l) 

h i } CO-ft); 

-CO s -COi J 

The relative magnitudes of the contributions of the three diagrams can now 
be evaluated. Since the expectation value of B 2 is the same as that of E 2 /c 2 
in free space, and all the contributions contain e 2 and matrix elements of 
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tj squared, the main differences arise from the energy denominators, re¬ 
spectively, 8 me 2 , ho-hWi, and -hco s -h(Oi. Now 8 me 2 is of order 6 x 
1(T 13 J, whereas the atomic and photon energies for scattering of light are 
typically in the range 10~ 18 -10 " 19 J. The contribution of the first term in the 
square modulus of eqn ( 8 . 68 ) is, therefore, entirely negligible. The remaining 
two energy denominators differ considerably when co and co t are close in value, 
but they have the same order of magnitude in general, and both the terms in 
eqn (8.69) must be retained. 

The transition rate (eqn ( 8 . 68 )) can be simplified by omission of the 
nonlinear term, insertion of eqn (8,69) for the second-order contribution, and 
use of eqn (5.114) to evaluate the matrix elements of J^ ED , 


1 _ yy Tie%0) s n y 

x f t s leffiV 2 i 


CO,—CO C0j+C0 s J 


5(<o-(o t -a f ). (8.70) 


Here e and e s are again the unit polarization vectors of the incident and 
scattered photons. 

The transition rate is converted to a cross-section by the procedure used in 
eqn (5.93) for the photoelectric emission. In addition, the summation over k s 
can be converted to an integration, 



similar to eqn (5.91). Note that the transition rate (eqn (8.70)) refers to a 
scattered photon of given polarization s s and that eqn (8.71) accordingly takes 
account of a single polarization. 

The resulting differential cross-section is 


— = E-D/,e 5 .D a 

dQ 7 167 i 2 eoii 2 c 4 T\ + o) r o) f +co 

The summation over / is restricted because the delta function in eqn (8.70) can 
be satisfied only for atomic final states whose excitation energy is smaller than 
hco . The complete differential cross-section is obtained by adding the con¬ 
tributions of the two independent photon polarizations. 

Eqn (8.72) is the Kramers-Heisenberg formula for the differential cross- 
section, It is the basic expression of quantum-mechanical scattering theory. 
The cross-section includes both elastic Rayleigh scattering, corresponding to 
the case/ = l,G)y = 0, and inelastic Raman scattering, corresponding to all 
the remaining contributions in the summation over /. 



8.7. Elastic Rayleigh Scattering 

Consider first the elastic-scattering component, where the atom returns to 
its ground state jl) at the conclusion of the scattering event. If only this 
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contribution is retained, the differential cross-section shown in eqn (8.72) 
reduces to 

d<r _ eV 2 /«, 7 « 

dQ 167 t 2 eoft 2 c 4 j \ <u,—co cOj+co ) 

It is instructive to obtain the limiting forms of the cross-section for co very 
much larger or very much smaller than the atomic excitation frequencies (o t . 

Suppose first that co is very much larger than all the ca ; . The frequency 
denominators in eqn (8.73) can be expanded, 

' (8.74) 

COi-CO 0)\ (0 J 

J— = (8.75) 

(Oi+CO CQ\ Q) J 

The first terms in eqns (8.74) and (8.75) produce a zero contribution when 
inserted in eqn (8.73), leaving 

dcr e 4 2 

? ®i(e s -Di(a.D (1 +e.D u B s 3 n ) (© » co,). (8.76) 

The summation over i corresponds to one of the standard sum rules that can 
be proved for the energy levels and wavefunctions of any atom . 16 The result is 

l(O l e s .D u e.D n = (Zh/2m)e.8 s , (8.77) 


where Z is the number of electrons bound in the atom, and it converts 
eqn (8.76) to 

dff/dfl = Z 2 r 2 ( 8 . 8 s ) 2 (a » 4 (8.78) 

where 

r e = e 2 /4ne 0 mc 2 . (8,79) 

This quantity is called the classical electron radius and its magnitude is 
2-8 x 10" 15 m. 

The elastic scattering of high-frequency incident light, with differential 
cross-section given by eqn (8.78), is known as Thomson scattering, The cross- 
section does not depend upon the atomic wavefunctions or energy levels, and 
indeed the same result is obtained for scattering by free electrons, Note the 
proportionality of the cross-section to the square of the number of electrons, 
which contrasts with the tar dependence of scattered intensity on the 
number of scatterers proved in eqn ( 8 , 8 ), It is assumed in using the electric- 
dipole approximation in the present calculation that the wavelength of the 
incident light is much larger than the atomic dimensions, The Z electrons on 
the same atom then radiate with the same phase in the kind of classical 
calculation made in §8.1 to give a cross-section that is Z 2 times that for 
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a single-electron atom. The theory given here breaks down at incident 
frequencies so high that the electric-dipole approximation is invalid, and a 
more comprehensive breakdown occurs when ho is comparable to the 
relativistic rest-mass energy me 2 of the electrons. A significant amount of 
energy is then transferred to the electron, and the scattering process becomes 
inelastic, with a scattered quantum hw s smaller than ho. Such inelastic 
scattering of light by free electrons, not considered here, is known as the 
Compton effect. 17 

Consider now the opposite limit where o is much smaller than all the atomic 
excitation frequencies <u ( , and the elastic differential cross-section (eqn (8.73)) 
becomes 


dff _ e 4 m 4 
dfl 167t 2 £o/i 2 c 4 



(ft) « ft);). 

(8.80) 


The cross-section is proportional to the fourth power of the frequency; the 
Rayleigh scattering of visible light by atoms whose main absorption fre¬ 
quencies are in the ultraviolet is thus greatest at the violet end of the spec¬ 
trum and accounts for the blue colour of the sky and the red of the sunset. 

The summation in eqn (8.80) can be explicitly evaluated for a hydrogen 
atom. The P excited states of hydrogen are the only states that contribute in 
the sum over i, and for each P state only one Cartesian component of D 1( is 
non-zero. For each trio of P states, the matrix elements X lh Y u , and Z u are all 
equal, and eqn (8.80) can be written 


do c 4 g) 4 
dQ = 4 x 2 e 2 ft 2 c 4 



M 2 


(ft) « ft);). 


(8.81) 


The value of the summation is 16 


ydii = JL, 

T W; 16 ma)R ’ 


(8.82) 


where ho R is the hydrogen ground-state binding energy from eqn (2.29), 

ho R = me^nhoh 2 . (8.83) 


Thus eqn (8,81) becomes 

dfi 64 \o) R J s 


(ft) « ft);). 


(8.84) 


The general expression for the cross-section also takes on a simpler form 
when o is very close to one of the atomic excitation frequencies o)j, and 
a resonance peak occurs. It is clear that the first term in the large bracket of 
eqn (8.73) dominates the second term in the vicinity of a resonance and that 
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it is a good approximation to neglect all contributions in the first term except 
the one that corresponds to the resonating level. 

The cross-section becomes infinite exactly on resonance, o = eo,., Of 
course, no scattering process can have an infinite cross-section, and the di¬ 
vergence is a result of having neglected radiative damping in the derivation of 
eqn (8.72). A more rigorous calculation shows that inclusion of damping 
results in the addition of an imaginary part to o in the denominators of 
eqn (8.73), similar to the imaginary parts in the susceptibility expression 
(2.108). For a multilevel atom, spontaneous emission from a particular excited 
state can occur in transitions to all levels of lower energy, the transition rates 
being equal to the Einstein coefficients Ay. The coefficients are determined by 
a slight generalization of eqn (5.75), 

Ay = 2y y = e 2 (o t -Oj) 3 D?j/te6 0 hc 3 . (8.85) 

The total linewidth or damping parameter for level i is thus made up of a sum 
of the partial contributions y y , 

7 , = E ft. (8.86) 

j 

A word of caution is needed over the use of this expression to calculate the 
damping parameters for highly-excited atomic energy levels. It has been as¬ 
sumed throughout the book that all the transitions considered lie at suf¬ 
ficiently high frequencies for there to be no significant thermal excitation of 
radiation or atoms. While this assumption remains valid for the incident 
radiation and its resonant atomic state |i), some of the neighbouring states | j) 
that contribute to the damping y, in eqn (8.86) may be sufficiently close that 
ft(ft);-fl)j) is comparable to lc B T. This is particularly likely for highly-excited 
states where the levels tend to be closer together. There are then contributions 
to y t from the absorption and stimulated emission' associated with thermal 
radiation. For example, the room-temperature damping parameters of some 
highly-excited sodium states show a threefold increase over their values 
contributed by spontaneous emission alone. 18 Such effects are ignored here, 
but their possible importance should be kept in mind. 

With insertion of the damping, the resonant cross-section for level |/) given 
by eqn (8.73) is 

dft eX (yDtJVD,!) 2 „ 

dfi 167t 2 Co^ 2 c 4 (co;-w) 2 +y 2 ' U ' 

This agrees with the two-level cross-section (8,20) for the conditions of a weak 
incident beam and zero collision broadening assumed in the present analysis. 

The total resonant cross-section is obtained from the differential cross- 
section by integration over the wavevector directions of the scattered photon 
and summation of the contributions of its two independent polarizations. The 
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alculalion is similar «o the angular part of eqn (5,74) and the result is 

£ Ld i; ) 2 dfl = (87i/3)Dy. (8.88) 

polarization J 

, . . n en f , ir has envisaged scattering by a single atom, but in most 
Fhc calculation so < scattering atoms and their orientations are 


experiments tn ed convenient for comp ansons with experiment to 
random 1 d J £ cross-section that has been subjected to a further 
*** * ,th Swtotatkm The scattering by a large number N of 
3SSS- by multiplying the derived cross-section by N. The 
orientation average is the same as that in eqn (2.53), and gives 

= » m 

The total averaged cross-section is thus 

_ = _jV_-2 ‘ (8.90) 

187reo^ 2 c 4 (a> { —co) 2 +Vi 

Consider the special case where |f > is the first atomic excited state, which we 
denote P> The summation in eqn (8.86) reduces to a single term, and the 
damping constant h is the same as the quantity y defined in eqn (5.75). Thus 
eqn (8.90) can be written in the form 

_ e2a) o D ii 7 (b on 

3 e 0 hc (co 0 -co) 2 +y 2, ' ' 

where « 0 is the transition frequency of the first excited state. It is seen by 
comparison of the absorption coefficient (2.111) with the cross-section (8.91) 
that these expressions correctly satisfy the optical theorem (8.11). 

For exact resonance, co = co 0 , the cross-section reduces, with a further 
application of eqn (5,75) or eqn (8.85) to 

a = 2nc 2 lo) 2 = !>, (8.92) 

where k is the wavelength of the incident light. This strikingly simple result 
shows that the cross-section for resonance with the first excited state of an 
atom depends only on the transition frequency and is independent of all other 
properties of the atom, For a resonance in the visible region of the spectrum, ir 
given by eqn (8.92) is of order 6 x 10" 14 m 2 . Away from resonance, on the 
other hand, the earlier discussion shows that the cross-section is typically of 
order r 2 or 8 x 10” 30 m 2 . The resonant enhancement of the cross-section is 
thus of enormous proportions. 

Problem 8.4. If |i) is not the first excited state of an atom, prove that the 
resonant cross-section is given by a generalization of eqn (8.92), 
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where y (1 is a partial contribution to the linewidth, defined in 
eqn (8.85). The resonant cross-section thus becomes smaller for 
the more highly excited states. 


If the incident frequency co is neither very high, nor very low, nor close to 
one of the atomic excitation frequencies, it is not possible to approximate the 
cross-section and the complete expression (8.73) must be used. Numerical 
results are available for scattering by hydrogen 19 and these are shown in 
Figs. 8.11 and 8.12. The argument preceding eqn (8.81), which shows that 
the scattering matrix element is proportional to «,a s , holds good for all 
frequencies co, and the differential cross-section of eqn (8.73) can be written 

dcr/dQ = r.ViPM 2 , (8.94) 

where 


* _m(o 2 v 2(o i \X u \ 2 
1 ~ h irt-co 1 ' 


The frequency dependence of Jl v for frequencies co smaller than % is 
shown in Fig. 8.11. The vertical dashed lines indicate the positions of the 
excitation frequencies co { where Ji { diverges. When co is close to c%, the 
excitation frequencies crowd together, and the numerical results continue only 



Fig. 8,11. Frequency dependence of the dimensionless matrix element Jt x for elastic scattering of 
light by hydrogen for frequencies smaller than 24m R /25. The vertical dashed lines show the 
positions of the resonances with the n ~ 2, 3,4, and 5 excited states. The graph is based on the 
numerical results of M, Gavrila (ref. 19.) 
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Fig. 8.12, Frequency dependence offor hydrogen, The vertical dashed lines show the 
positions of the resonances and the horizontal line shows the limiting value of in the 
Thomson scattering region. The graph is based on the work of M. Gavrila (ref, 19.) 


up to the n = 5 excited state. Fig. 8.12 shows the frequency dependence of \ 

for values of co below and above co R , The region just below co R is again ; 

omitted, Note the strong resonant peaks and the zeros in the differential i 

cross-section, that occur between adjacent peaks. At high frequencies, j 

co » co R) I-#!I 2 approaches the value unity, and the differential cross-section 1 

has the usual magnitude for Thomson scattering. 

As discussed above, the insertion of radiative damping removes the in- j 

finities from the cross-section, and it also removes the zeros from between the 1 

infinities. However, on the scale of Figs. 8.11 and 8.12, the damping leads to j 

imperceptible changes. t 

Problem 8,5. Prove that, with inclusion of damping, the value of \M X \ 2 at the j 
peak of the n - 2 resonance in hydrogen is of order 10 14 . \ 

| 

8.8. Inelastic Raman scattering 1 

| 

If the incident frequency co is higher than the lowest atomic excitation I 

frequency, then scattering processes occur in which the final atomic state is j 

not the ground state. To treat such processes we must return to the gen- j 

eral expression (8.72) for the differential cross-section. The elastic scattering \ 
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discussed above corresponds to the term for / = 1. The remaining terms 
correspond to inelastic Raman scattering, since the scattered frequency, gov¬ 
erned by the delta function in eqn (8.70), is 

co s = (8,96) 

The scattered radiation generally has as many frequency components co s as 
there are distinct energy levels with frequency co f smaller than co. The situation 
is illustrated in Fig. 8.13. Since the initial and final states are connected in 
eqn (8.72) by a pair of electric-dipole matrix elements, the selection rules that 
govern such matrix elements (discussed in §5.3) restrict the possible final states 
for the scattering process. 20 For example, since D /; and D it can be non-zero 
only if |/) and |i) (and similarly |i) and |1» have opposite parity, it follows 
that the differential cross-section is non-vanishing only for atomic final states 
|/) that have the same parity as the ground state, 

The most striking feature of the inelastic cross-section is again the oc¬ 
currence of resonances when co is close to one of the transition frequencies co,.. 
The resonances arise from the first term in the large bracket of eqn (8.72). Let 
us consider the resonance arising from a particular atomic frequency, and 

---w 7 





Fig. 8.13. Possible scattered frequencies co, for a multilevel atom with the incident frequency co 
shown on the left, The left-hand scattered frequency is the Rayleigh component and the four 
remaining frequencies are Raman components. 
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retain only the corresponding resonant term. The total resonant cross-section 
is obtained in exactly the same way as the purely elastic contribution, by the 
introduction of the linewidth y, defined in eqn (8.86). The integration as in 
eqn (8.88) and the orientation average as in eqn (8.89) then produce a 
generalization of eqn (8.90) that includes inelastic scattering, 

_ ^ e^iicoj-eof) 3 DjtPfj 

G f 187teoh 2 c 4 (£0 ( -co) 2 -f-yf 

The elastic cross-section (eqn (8,90)) is the / = 1 term in this result. It is seen 
that enhancement of the cross-section for all scattered frequencies co s occurs 
when co resonates with an atomic excitation frequency. 

The total resonant cross-section can be written as a sum of contributions, 


» = (8.98) 

where a f is the cross-section for scattering in which light of frequency co-co f 
is emitted, corresponding to a particular atomic final state. According to 
eqn (8.97), and with the use of eqn (8.85), we find 


_ 2ttc 2 y n y if 
cof (ft>i -co) 2 +yt' 


(8.99) 


Thus, when the incident light is in resonance with state |i>, the intensity of 
scattered light of frequency co-co; is proportional to the radiative decay rate 
from state |/> to state |/>, For exact resonance, co = co h 



( 8 . 100 ) 


the ratio of damping parameters is less than unity in view of eqn (8.86), except 
when |i) is the first excited state. The resonance cross-section (8.100) is 
therefore in general smaller than the value given in eqn (8.92), but it is still 
usually greatly increased by comparison with the nonresonant cross-section. 

Summation of the cross-section (8.99) over / to form the total cross-section 
of eqn (8.98) gives 


where eqn (8.86) has been used. For exact resonance, co = coi, 



( 8 . 102 ) 


which again has its maximum value of A 2 /27c when | i) is the first excited state. 
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The above discussion of the inelastic cross-section is all concerned with the 
simplifications that occur in resonant conditions, The extremes of high and 
low incident frequencies also give simple results, 

Problem 8.6. Consider the analogue of the Thomson-scattering region for the 
case of inelastic scattering, Prove that the inelastic contributions 
to the cross-section all tend to zero in the limit of high incident 
frequencies, co » co h unlike the elastic contribution which tends 
to the finite high-frequency limit (eqn (8.78)). 

For the opposite extreme of low frequencies, co « oj it the cross-section is, of 
course, also zero because the incident frequency has to be greater than the 
smallest atomic excitation frequency for any inelastic scattering to occur (cf. 
Fig. 8,13). The cross-section at the onset of inelastic scattering for the special 
case of hydrogen is given below. 

Apart from the special cases where the cross-section expression can be 
simplified, it is generally the case that several states |f> in tire intermediate- 
state summation of eqn (8.72) make comparable contributions to the cross- 
section. The frequency dependence of the cross-section can then only be 
determined by a detailed calculation in terms of known atomic wavefunctions 
and eigenvalues. 

Numerical results for an atomic inelastic scattering cross-section are 
available for hydrogen. The contribution to the differential cross-section has 
been calculated for scattering in which the atom initially in its ground state is 
excited finally to its 2S state. 21 The differential cross-section (eqn (8.72)) for 
this process can be written 


dtr 

dfi 


(8.103) 


where 


mco[o)-co f ) 


lx fi xJ—+- 


and |/) is the 2S state. Note that J 2 reduces to £ i given by eqn (8,95) in the 
case of elastic scattering. 

The frequency dependence of J 2 for frequencies smaller than co R is shown 
in Fig. 8.14, Note that M 2 is finite at the onset of scattering when co = w f . 


Problem 8,7. Prove that the value of £ 2 > when the incident frequency w is 
equal to the frequency co f of the final 2S state, is 


J 2 = 16x2*/27 (co = co f = co 2S ). (8.105) 


Hint: The intermediate 2P state gives the only non-zero 
contribution to the matrix element. The hydrogen IS and 2P* 
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wavefunctions are given in eqns (2.25) and (2.26), and the 2S 
wavefunction is j 

i// 2S = 2-h~W{l~(rM™V(-r/2a 0 ), (8.106) i 

Fig. 8.15 shows the frequency dependence of the differential cross-section for 
values of o>, both below and above co R . Note the resonant peaks and zeros, 
similar to those of \Jlfl shown in Fig. 8.12. At high frequencies the cross- 
section approaches zero in accordance with the theorem of problem 8.6. It is 
seen that the differential cross-section is zero at and below o) = o) 2S , and 
increases linearly with co—co 2S in the frequency region just above the onset of 
inelastic scattering. 

The insertion of radiative damping removes the infinities and zeros from the 
cross-section but produces negligible changes on the scales of Figs 8.14 and 
8,15. The relative and absolute heights of the various resonant peaks in elastic 
and inelastic scattering by hydrogen can be obtained by the use of eqn (8,100) 
together with the data given in Fig. 2.4. For example, when the incident 
frequency resonates with the n = 3 level of hydrogen, it is seen that the peak 
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n =3 4 5 



Fig, 8.15. Frequency dependence of the differential cross-section for inelastic scattering by 
hydrogen with 2S as the final atomic state. The quantity plotted is (oj-w 2S )|.// 2 | 2 /w, except for 
to < ci) 2S where the cross-section is zero, (After W. M, Saslow and D. L. Mills, ref. 21.) 

cross-section for elastic scattering is a factor 160/22 greater than the peak 
cross-section for inelastic scattering, 

The optical theorem (8.11) applies generally to the absorption and 
scattering by a multilevel atom, where both the elastic and inelastic 
contributions to the cross-section must be included. It is not possible to 
demonstrate the theorem completely with results derived here because we 
do not have available a sufficiently general expression for the absorption 
coefficient that includes resonant, nonresonant, and cross-terms analogous 
to those in the square modulus contained in the cross-section (8.72). Absorp¬ 
tion coefficients are usually only measurable close to resonance between the 
frequencies of the incident light and an atomic transition, the attenuation of a 
transmitted beam far from resonance conditions being too small for detection. 
On the other hand, it is often possible to detect scattering of nonresonant light 
(as in a visual inspection of the blue sky!) since the effect produces light in 
directions where none would otherwise be present. Thus even an elementary 
theory of the scattering cross-section needs to include the resonant and 
f nonresonant contributions from the various excited states of a multilevel 
atom, as in eqn (8.72), whereas a useful expression for the absorption lineshape 
( often needs to include only the two states involved in a resonant transition, as 
I in eqn (2.111). 

I The calculations of the present section do not provide any detailed 

i information on the spectral distribution of the scattered light. We conclude the 

i discussion with a qualitative account of the spectral properties for resonance 
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scattering of a weak incident beam of coherent light by atoms subjected to 
radiative and collision broadening. Fig. 8,1 represents the kinds of component 
that occur when o is close to co f . An atom that returns to its ground state |1) at 
the end of the scattering process produces the two components represented on 
the left of the figure. The detailed form of the spectrum is expressed by eqn 
(8.37) and is illustrated in Fig. 8.3. There is an elastic Rayleigh line of zero 
width and an inelastic fluorescent line with the same Lorentzian frequency 
distribution of width 2y\ as ordinary absorption by the transition from |1> to 
|i), The strength of the inelastic component is proportional to the collision¬ 
broadening parameter of state |i). 

Qualitatively similar components, represented on the right of Fig. 8.1, occur 
for an atom that is left in an excited state |/> at the end of the scattering 
event. 22 The Raman component has a frequency given by eqn (8.96); however, 
because the final atomic state is now an excited one, with some damping 
parameter y' s , the Raman scattered light has a Lorentzian distribution around 
(o-(o f with a linewidth 2y' f . There is also a fluorescent component whose 
strength is proportional to the collision-broadening parameter of state |i> and 
whose linewidth 2yJ+ 2y' f includes contributions from both states involved in 
the transition. The combined spectrum of these two contributions is therefore 
similar to that shown in Fig, 8.3 except that the frequencies are reduced by <u, 
and both components gain an additional width 2y' f , The cross-sections 
calculated in the present section refer to sums of the two contributions. 


8.9. Two-photon cascade emission 

All of the discussion so far in the present chapter is concerned with processes 
in which a single scattered photon is created by excitation or virtual excitation 
of an atom by an incident light beam, It is not difficult to extend the discussion 
to more complicated processes in which an excited atom emits two photons in 
succession as it decays back to its initial state via an intermediate energy level. 
The process is called cascade emission and it can in principle occur by any 
number of steps. The treatment here is limited to two-photon cascade 
emission, which is an important process in distinguishing the predictions of 
the classical and quantum theories of light, 

Fig. 8,16 shows the energy-level scheme for two-photon emission. Atoms are 
excited into state |3), whence they decay to state |2> with emission of a photon 
of frequency w 2 at a spontaneous rate 2y 32 , and they subsequently decay to 
state |1) with emission of a second photon of frequency at a spontaneous 
rate 2y n , A gas of similar atoms emits detectable amounts of light at two 
distinct frequencies ©, and co 2 , and it is possible to investigate the intensity 
correlations or degrees of second-order coherence within and between the two 
beams. 
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Fig. 8.16, Atomic energy levels used in two-photon cascade emission showing transition 
frequencies, transition operators, and rates used in the analysis. The mercury-level designations 
refer to the experiment of ref, 23, 

The general theory of interactions of light beams with a three-level atom is 
complicated and we consider here only a special case, which not only leads to a 
simple calculation but also corresponds to the conditions of one of the main 
experiments 23 on two-photon emission, The experimental arrangement, 
shown in Fig, 8.17, consists of the two-photon light source surrounded by two 
distinct sets of detectors. The detectors are preceded by filters that remove one 
or other of the frequencies co : and co 2 . The detection system for each frequency 
consists of a half-silvered mirror and double phototube arrangement similar 
to that of Hanbury Brown and Twiss shown in Fig. 3,13, It is possible in 
the experiment to record correlations between the readings of any pair of the 
four phototubes in the complete detection system, Experimental results 
are available for cascade emission by mercury using the levels indicated on 
the right of Fig. 8.16. The atoms were excited by electron bombardment and 
the light of frequencies co t and co 2 was collected from large solid angles. 

The conditions in the light source, with large collision- and Doppler- 
broadening and the electron-bombardment excitation, are such that the time 
development of the matrix elements p y of the atomic density operator is 
adequately described by rate equations, similar to eqn (2.170) or eqn (7,144), If 
the excitation takes atoms from state 11 > to state |3> at a rate r, then an obvious 
generalization of the two-level rate equation gives 


dp 33 /dt = r-2y 32 p 33 

(8.107) 

dp22/dt = 2y 32 P33 — 2y 2 ip22 

(8.108) 

dpn/dt = 2 y 2l p 21 -r. 

(8,109) 
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Fig. 8,17. Experiment for measuring the beam correlations in two-photon cascade emission. 
Phototubes P, and P 3 detect the beam of frequency <»,, while phototubes P 2 and P 4 detect the 
beam of frequency co 2 , (After J. F. Clauser, ref. 23.) 


State |1> is not the atomic ground state for the mercury level scheme of 
Fig. 8,16 but we ignore transitions to other states, giving 

Pit‘hp22’i"P33 = constant, 

and it is only necessary to solve the rate equations for two of the density matrix 
elements. It is not difficult to obtain general solutions of the rate equations in 
forms analogous to eqn (7,145) and the results are 

p 33 (t+T) = (r/2y 3 2)Cl.-exp(-2y3 2 T)]+p33(0exp(-2y 3 aT) (8.110) 

and 

P 22 M = (^/2? 2 1 ) [ 1 ^ exp (- 2y 2 j t)] + p 2 2 (f ) exp( - 2y 2 j t) 

- [2} l 3 2P3 3(f) ~ r l t ex P( - 2?2 fi ) ~ ex P( ~ 2 y 3 2 T )]/ 2 () , 2 1 - T 32)- 

( 8 . 111 ) 

The off-diagonal elements of the density matrix decay at much faster rates 
determined by the Doppler- and collision-broadening. 

These solutions for the diagonal matrix elements determine the second- 
order coherence properties of the emitted light in precisely the same manner as 
used in §7.10 to treat single-photon emission by a two-level atom. Thus the 
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pairs of transition operators indicated in Fig. 8.16 are defined by 
*1 = |2)<1| Til = |3><2| 

*1 = |1><2| h = |2)<3|, ( 8 - 112 ) 

similar to eqns (5.121) and (5.122), and their products satisfy relations similar 
to eqns (5.123) to (5.127). Their expectation values in the interaction 
representation are given by 

= P 22 W and (n\{t)i 2 (t)) = PiM (8.113) 

similar to eqn (7.125). The field of the light radiated at frequency Wj is 
related to % as jn eqn (5.191) and the same relation connects n 2 to 
the field operator E 2 at frequency co 2 . 

With the two distinct frequencies of light emitted in the cascade decay, it is 
possible to define four degrees of second-order coherence, and a simple 
generalization of eqn (7.119) gives 

9,lU WvMWjWm 

It is assumed that t is sufficiently large for steady-state conditions to have been 
reached, and the delay time x is again taken to be positive. The symmetry 
property of eqn (3.72) is generalized to 

flfffX-t) = ff(r). (8.115) 

The light beams 1 and 2 are detected at different positions in the experiment of 
Fig. 8.17, but the four phototubes are taken to lie at equal linear distances from 
the source so that the retardation time differences between field and atomic 
operators in eqn (5.191) can be ignored. 

The correlation functions that appear in the numerator of eqn (8.114) are 
obtained from the preceding equations by use of the quantum regression 
theorem of eqns (7.135) and (7.136). The procedure is exactly the same as in the 
calculation for single-photon emission. 

Problem 8.8. Prove that the correlation functions 

«/> = <Jt)(0#(f+'#i(*+t)£j(0> 
are given by the following expressions 

<11) = {y al [l -exp(-2y 32 t)] 


-y 32 [l-exp(-2}«2 l t 


(8.116) 
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<22) = (r/2y 32 )<7fi(t)7c 2 (f))[l—exp(-2y 32 T)] (8.117) ' 

<21) = (r/2y32)<«tP 1 (0)[l-exp(-2y 3 2T)] (8.118) 

Kyfe(t) > , [i- e xp(-2 M) ] 

2y 2 i(y2i-h2) 

-y 32 [l-exp(-2y 21 T)]} 

+ <jt|(£)ji 2 (0>exp(-2y 21 T). (8.119) 1 

The required degrees of second-order coherence are now obtained from eqn j 
(8.114), With the appropriate steady-state limits inserted for the single-time ; 
expectation values, the results are ; 

gfflx) = {y 2 i[l -exp(-2y 32 T)] -y 32 [l —exp(-2v 21 r)]}/(y 21 -y 32 ) (8.120) > 

9 ifc) = 9n( x ) = 1 - e xp(-2y 32 T) (8.121) j 

0n(t) = 3 n ( T )+(2y 2 i/'') ex P ( _ 2'/ 2 1 r). (8.122) j 

These degrees of second-order coherence are similar to the expression (7.147) 
for single-photon emission in that the three in eqns (8.120) and (8.121) vanish at ’ 

t = 0 and increase towards unity for long times t. The two beams individually j 
show photon antibunching, ■ ! 

The main additional feature of the two-photon emission is the possibility of j 

measuring interbeam intensity correlations, and particular interest attaches to 
the degree of second-order coherence in eqn (8.122). This has a second ■ 

contribution on the right-hand side that does not vanish at x = 0. With t ' 

positive, refers to observations in which photon o) l follows photon co 2 . j- 

The final term in eqn (8,122) is the contribution of observations in which the ; 

two photons are produced in the same cascade emission; it can be much larger , 

than the first term, which arises from photons produced in different cascade | 

emissions, if the excitation rate r is sufficiently small. There is of course no i 

similar contribution to gfffc) in eqn (8,121) because, from the nature of a single ■ 

cascade emission, photon o 2 must precede photon a^. 

For comparison with experiment, the single-atom degrees of coherence 
must be generalized to obtain the properties of the light emitted by a large * 
fluctuating number of similar atoms, The single-atom degrees of first-order 
coherence can be set equal to zero for times of the order of the radiative 
lifetimes, where the single-atom degrees of second-order coherence in eqns 
(8.120)—(8.122) show their main time dependence, The degree of second-order ' 

coherence given by eqn (8.64) for radiation emitted by an average number v of j 
atoms therefore reduces to 

G|f(T) = (0(f(T)/v)+1- ( 8 - 123 ). i 

Thus for v » 1 we find approximately 

GffM - C0M = Cg(i) = 1 (8.124) j 
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and 

Gfflr) = (2y 21 /rv)exp(-2y 21 t)+1. (8.125) 

The antibunching property is thus removed as before when the multiatom 
emission is considered but the additional interbeam correlation in Gu(%) 
remains, and its magnitude is significant when rv is smaller than or comparable 
to2y ai . 

Fig. 8.18 shows experimental results 23 for the interbeam correlation in 
cascade emission from mercury using the energy levels shown in Fig, 8.16, The 
solid curves are the theoretical predictions from eqns (8,124) and (8.125) with 
the numerical values 

2y 21 = 1-19x10® s" 1 and ly 2 Jrv = 1-42. (8.126) 

The radiative lifetime is an independently measured value for the mercury 
levels concerned, but the excitation rate rv, not available from the experiment, 
is chosen to give the best fit to the measurements. The agreement between 
theory and experiment is seen to be very good. Indeed, the observation of 



Fig. 8,18. Comparison of experimental points from ref. 23 with the theoretical curve for the 
interbeam degree of second-order coherence, The function plotted is {Su(r)} 2 , and its value at 
negative x is unity in accordance with eqns (8.115) and (8.124), 
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correlations between photons emitted in cascade forms a reliable technique for 
determining radiative lifetimes of the intermediate states. 24 

The physical origin of the interbeam correlation is obvious in the quantum 
picture of cascade emission, and it is also clear that the interbeam correlation 
must be enhanced relative to correlations within the beams at low pumping 
rates r; the intervals between successive photons in the same beam are then 
lengthy, but emission of the photon pair, one into each beam, always occurs 
within a time interval of order \/2y 2l . There is however no possibility of a 
classical description of the correlation effect. If the intensities of the two beams 
are represented by classical fluctuating quantities Iflt) and T 2 (t), then use of an 
inequality similar to (3.79), but including products between intensities in the 
two beams, leads to 

{5 (2 M 2 < Gfl(0m0) (classical) (8.127) 

in the notation of the above calculations. This classical inequality is seriously 
violated by the quantum results in eqns (8.124) and (8.125). It is also violated by 
the experimental results for mercury 23 , which not only give the points shown 
in Fig. 8.18 but also confirm the other degrees of coherence in (8.124), and thus 
agree with all aspects of the quantum theory of two-photon cascade emission. 
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9 , Nonlinear optics 


The rate of absorption of light by a two-level atom has a component pro¬ 
portional to the beam intensity or energy density, whose size is determined by 
the Einstein B coefficient. In the derivation of the B coefficient in §§2.3 and 2.4, 
it was necessary to retain only the part of the transition rate linear in the beam 
intensity. However, the complete expression for the transition rate also 
contains terms of higher order in the intensity. The higher-order, or nonlinear 
terms, are normally much smaller than the linear terms, but this is not 
necessarily the case for light from a powerful laser source. The present chapter 
treats the effects of the nonlinear terms on the optical properties of atoms. 

The higher-order terms in the absorption rate correspond in quantum 
language to the excitation of an atom by processes in which two or more 
photons are absorbed. However, the nonlinear terms in the interaction of light 
with atoms give rise to a variety of optical processes in addition to multiple- 
photon absorption, For example, a beam of monochromatic light in in¬ 
teraction with atoms can be partially converted into light whose frequencies 
are harmonics of the fundamental frequency; alternatively, beams of two or 
more different frequencies can combine to produce light at the sums and 
differences of the original frequencies. Again, a strong beam of light can 
change the refractive index of a medium through which it passes, by an 
amount that depends on the beam intensity; the scattering of light described in 
Chapter 8 changes its nature for sufficiently strong incident light, where 
stimulated scattering becomes important. 

The effect of linear absorption and emission in changing the initial sta¬ 
tistical properties of light beams is considered in §§7.3 and 7.4. Analogous ef¬ 
fects occur for the light beams that participate in nonlinear optical processes. 
There is now the additional feature that the rates of the nonlinear processes 
generally depend upon the degrees of coherence of the participating beams. 
The nonlinear rates thus change with time as the nonlinear process itself 
changes the photon statistics of the light, leading to time dependences of beam 
intensities that depend quite sensitively on the initial nature of the light. Some 
nonlinear processes are capable of producing nonclassical light of the kind 
defined in §6.5. 

Nonlinear optics thus embraces a wide variety of phenomena and is an 
extensive field of study. The aim of the present chapter is to describe the theory 
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of some of the simpler processes rather than to give a comprehensive account. 
The treatment is limited to the nonlinear processes that occur in isotropic 
media, where the atomic or molecular states have well-defined parity. The 
atom-radiation Hamiltonian is restricted to the electric-dipole term, and the 
light beams are assumed to be single-mode excitations of the radiation field, 

A greater variety of nonlinear processes occurs for the interaction of light 
with anisotropic molecules or with atoms at sites in crystals that lack inversion 
symmetry. The higher-order terms in the multipole expansion of the atom- 
radiation interaction lead to further nonlinear processes. Extensions of the 
theory given here are required to treat light beams in which many modes of the 
radiation field are excited. We do not consider these more general problems, 
but leave them for specialized textbooks, 1-7 

9.1. Double-beam two-photon absorption 

It is convenient to begin the treatment of nonlinear optics with a specific 
example. We consider first the simultaneous absorption of two photons, and 
then show how this process fits into the more general theory of nonlinear 
optics. 

The calculation of the two-photon absorption rate parallels the theory of 
the scattering cross-section in Chapter 8. Both processes result from the 
interaction of two distinct photons with a single atom. In the scattering of 
light, one photon is absorbed and one is emitted, whereas both are absorbed in 
the present calculation. Let the absorbed photons have different frequencies, 
o) u o) 2 and wavevectors k l9 k 2 corresponding to two single-mode light beams. 
We suppose that the two-photon absorption excites the atom from its ground 
state 11) to an excited state |/> of energy ft©;. 

The atom-radiation interaction in the electric-dipole approximation is 
given in eqn (8.67). Fig. 9.1 shows the diagrams that represent the three 
possible contributions in the time-dependent perturbation theory of two- 
photon absorption. The diagrams are similar to those of Fig. 8.10 except that 
the wavy line for creation of the scattered photon is replaced by a line that 
represents destruction of the second incident photon. Diagram (a) represents 
the J’nl part of the absorption matrix element. By arguments similar to those 
that follow eqn (8.69), it can be shown that iV makes a negligible con¬ 
tribution to the transition rate, and this part of the interaction Hamilto¬ 
nian will therefore be ignored. 

The remaining part of the Hamiltonian is 

where fij(r) and £ 2 (r) are the transverse electric-field operators for the two 
light beams at the atomic position r. The two-photon absorption is of second- 
order in and there are contributions from the two possible orders of the 
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Fig, 9,1, Diagrammatic representations of the three contributions to two-photon absorption in 
first- and second-order time-dependent perturbation theory. The first-order diagram (a) produces 
a transition rate that is negligible compared to that of the second-order diagrams (b) and {c). 


photon destruction operators, that is d 2 d { and d { d 2 . These contributions are 
represented by diagrams (b) and (c) of Fig. 9.1. 

The transition rate for two-photon absorption is obtained straightfor¬ 
wardly from the second-order part of eqn (5.152). The matrix element is very 
similar to eqn (8,69) for light scattering, Let |K) and \R f ) be the states of the 
radiation field before and after the two-photon absorption, the initial state 
being a two-mode number state of the kind defined in eqn (4.107), The 
transition rate is then 

1 = 2nS yy fOW |Dl 2 t (r)|«„i)<)i„i|DJ 1 t (r)|^l> 

t S 4 \ to,—to, 

(0 2 ~(0i 

where £ + is the photon-destructive part of the electric-field operator defined 
in eqn (5.84), |R ( > and |i) are the intermediate states of the radiation and the 


2 

5{(D 1 +o} 2 ~a) f ) i (9.2) 
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atom, and the two terms in the matrix element are the contributions of dia¬ 
grams (b) and (c) of Fig. 9.1. The final-state summation can be taken over all 
states of the radiation field, since the physical requirement that \R f > has two 
photons fewer than the initial state | R) is automatically enforced by the use in 
eqn (9.2) of the destructive parts of the field operators. The total two-photon 
transition rate for the atom could be obtained by a further summation of 
eqn (9.2) over the atomic states |/), but we consider here the contribution 
of a particular atomic final state. 

The transition rate is simplified by factorization of the radiative and atomic 
parts. Consider the radiative part; use of the closure relation 

IIMJU = 1 (9.3) 

K, 

removes the summation over intermediate states of the radiation field. The 
squared matrix element from the first term in eqn (9.2) then contains 

y<R|tr(r)8 J -(r)|R / )<R / |t,*(r)®f(t)|*> 

R{ 

=<R|tr(rfe(r)E 2 + (r)E*(r)|R), (9.4) 

where the closure relation has been used again. The second term in eqn (9.2) 
contains a similar factor, which can be written in the form (9,4) since E 3 + and 
£2 commute. 

The coherence of the two light beams has an important influence on the two- 
photon absorption, and it is therefore desirable to evaluate the transition rate 
for light of arbitrary statistical properties. If the initial state of the radiation 
field is a statistical mixture, it is necessary to sum the transition rates for all the 
pure-state components of the mixture, each weighted with the appropriate 
probability. The generalization is analogous to that made in eqn (5.97) for the 
single-photon transition rate, and the result is conveniently expressed in terms 
of the density operator. The transition rate (eqn (9.2)) thus becomes 

l/t = (2 ik 4 /S 4 )|ApaI ! J(o>i+«>!-%)T r(^r(rA'M^W^(f)), M 

where 

Jl Y / 8 2‘P/i 8 i<Dii | g l .P/f e 2’Pil 

TPA i \ Wi-COi 0) 2 -(0i 

and and « 2 are the unit polarization vectors of the two light beams. 

The two-photon transition rate is used to derive the propagation character¬ 
istics of the two light beams as they traverse a gas of identical atoms, Suppose 
that the two beams are propagated parallel to the z-axis, and let 7j and l 2 be 
their mean intensities at coordinate z. According to eqn (1.96), the spatial rate 
of change of beam intensity is equal to the time rate of change of its energy 
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density, and hence 

dTjdz = -NhaJVx (9.7) 

dl 2 /dz = ~Nhco 2 IVr ) (9.8) 

where JV is the number of identical atoms in volume V, In these expressions % is 
given by eqn (9.5), except that an average must be taken to allow for the 
random atomic or molecular orientations. It is assumed in eqns (9.7) and (9.8) 
that no linear absorption of the light occurs; the attenuation arises only from 
the two-photon absorption. 

The expectation value of the product of field operators that appears in 
eqn (9.5) is similar to the correlation function in the numerator of the de¬ 
gree of second-order coherence (8.114) defined for two beams of frequencies 
and oj 2 . With space and time coordinates omitted, we have 

TOirirW) = m 

The expectation values on the right are proportional to the beam intensities in 
accordance with eqn (5.100), which in the notation of the present calculation 
gives 

I = 2e 0 cr, 1 (E;Et) (9.10) 

\ = 2€ 0 q 2 <l 2 -£ 2 + >. (9.11) 

The refractive indices ^ and ij 2 at frequencies and co 2 are inserted on the 
right-hand sides of these expressions, as in eqn (1.89). With the assumption of 
no linear absorption and only a small amount of two-photon absorption, the 
mode wavevectors are essentially real with magnitudes 

ki = thtojc, k 2 ~ tj 2 (o 2 lc. (9.12) 

The trace in eqn (9.9) becomes 

Tr(pt;S;B;e?) = p.«) 

The propagation equations (9.7) and (9.8) are quite difficult to solve in 
general because the degree of second-order coherence contained in the trace 
changes as the two-photon absorption proceeds, Light beams obtained from 
different sources are statistically independent on arrival at the absorbing gas, 
corresponding to 

02 2 i(O) = T (independent beams), (9.14) 

However, the two-photon absorption process itself destroys the statistical 
independence and produces a degree of second-order coherence that deviates 
progressively from unity. We ignore this feature for the remainder of the 
present section, and consider it further in §9.7. Thus with substitution of 
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eqns (9.5), (9.13), and (9.14), eqn (9.7) becomes 

d/i 7ce 4 N toj —-— 

dz ~ 2c^V 7^ KpaI +® 2 -©/)M 2 i (9.15) 

where the horizontal bar denotes the orientation average mentioned above. 
Some of the orientation averages that occur in nonlinear optics are quite 
tedious to carry out, and no explicit evaluations are given here. 

Eqn (9.8) can be cast in a form similar to eqn (9.15), to obtain a pair of 
coupled equations for /) and J 2 . This second equation need not be written out 
explicitly, however, since we note from eqns (9,7) and (9.8) that 

- ~ - - (9.16) 

0 )y OZ (0 2 oz 


(7iM)-(7>2) = constant = (AoM)-(/ 20 /ft) 2 ), (9.17) 

where 7 10 and J 20 are the values of I) and J 2 at z = 0, the start of the absorbing 
medium. Since J l /(D l is proportional to the rate at which photons cross unit 
area, eqn (9.17) is a consequence of the physical property of the absorption 
process that one photon is removed from each light beam in each absorption 
event. 

It is now possible, with the help of eqn (9.17), to eliminate I 2 from eqn (9.15) 
and obtain a differential equation in which J) is the only unknown. The 
solution is 

r _ j (fioMMW 6 ^) m jgj 

1 10 (7ioMHWw2)exp(-M’ 
and hence from eqn (9.17), 

j r {(7io/ w i) _ (72o/ ffl 2)} ex P(~^2 2 ) (919) 

2 = 20 fioMM/aoMM-M * 
where the two-photon absorption coefficient K 2 is defined by 


ue* Na^ry 

* 2 ~ 2 v m |l#T 




In deriving this result, it has been assumed that beam 1 has the larger flux of 
photons, so that the constant in eqn (9.17) is positive. Also, it is assumed 
throughout that the two-photon absorption is sufficiently weak for saturation 
of the atomic transition to be ignored, and all N atoms are taken to be in their 


ground states. 

The solutions given in eqns (9.18) and (9.19) remain valid in the case of equal 
fluxes of photons in the two incident beams, but the limit where / 20 /a> 2 tends to 
must be evaluated with care. The exponential dependence of eqns (9.18) 
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and (9,19) on the distance z is replaced by an inverse dependence for two beams 
of equal photon flux. 

The spatial dependence of the beam intensities predicted by eqns (9.18) and 
(9.19) is illustrated in Fig. 9.2. It is convenient to plot the beam intensities 
divided by their frequencies; the two curves then remain a constant vertical 
distance apart, according to eqn (9.17). The two-photon absorption ceases 
when the weaker beam is exhausted. The remnant of the stronger beam then 
passes through the remainder of the gas without further attenuation. 

In some experiments on two-photon absorption, the stronger beam is 
produced by a laser of fixed frequency and the weaker beam is obtained from a 
chaotic source, its frequency being varied to examine the details of the two- 
photon spectrum. In this case, beam 1 is much more intense than beam 2 and 
the percentage reduction in its intensity is slight, even when beam 2 is 
completely exhausted. To a good approximation, eqn (9.19) reduces to 

J 2 = I z0 exp (-K 2 z) ft » U (9.21) 



Fig, 9,2, Dependence of the beam intensities on distance in two-photon absorption. The vertical 
scale is proportional to the beam photon fluxes, the difference between them being a constant 
• ’ independent of z. 
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and I 20 can be neglected in the expression (9.20) for K 2 , The behaviour of the 
intensity of beam 2 in this limit is similar to that for ordinary linear absorption, 
as in eqn (1.90). 

The selection rules for the atomic states |/> that can be excited by two- 
photon absorption are the same as those for the atomic final states in inelastic 
light scattering, discussed in §8.8, Thus the accessible states |/> must have the 
same parity as the ground state, in contrast to single-photon electric-dipole 
absorption where the final atomic state must have opposite parity to the 
ground state. In addition, it is clear that the magnitude of the matrix element 
given in eqn (9.6) depends on the directions of the polarization vectors e, and 
s 2 . Even when the state |/> satisfies the selection rules for two-photon ab¬ 
sorption, the matrix element may vanish for certain relative orientations of 
e t and s 2 . 

The calculated 8 frequency dependence of the two-photon absorption 
coefficient for the IS to 2S transition of hydrogen is shown in Fig, 9.3. The 
quantity plotted is the dimensionless factor 

w^I^tpaP/Ao! (9.22) 

where a 0 is the Bohr radius given by eqn (2.15), The photon frequencies must 



Fig. 9.3. Calculated frequency dependence of the two-photon absorption coefficient for the IS to 
2S transition of hydrogen, (After F. Bassam el al, ref. 8.) 
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satisfy , 

CO! +C0 2 = }OJ R , 


(9.23) 


with the Rydberg frequency defined in eqn (2.29). It is seen from eqn (9.6) that 
the plotted factor (9.22) is symmetrical in co t and eo 2 ; the horizontal axis in 
Fig. 9.3 can accordingly be restricted to values of one of the frequencies be¬ 
tween §c% and |o) R . Note the resonant behaviour of the absorption coefficient 
for W] or &j 2 equal to the transition frequency. By contrast, the scattering 
cross-section for the same hydrogenic transition illustrated in Fig. 8.15 
shows no resonance at to = fco R , but has the finite value obtained from 
eqn (8.105). 

Inclusion of the effects of homogeneous broadening of the atomic state |/> 
in the theory of two-photon absorption leads to the replacement of the delta 
function in eqn (9.20) by a Lorentzian lineshape, 


^((Ui+COj-CO/) 


((Oj-ah-ohY+yf 


where y' f includes the usual radiative and collisional contributions considered 
in Chapter 2. The transition rate theory given above is valid when the collision 
linewidth is much larger than the radiative linewidth, in accordance with the 


discussion of §2,14. 


The effect of Doppler broadening on the two-photon absorption spectrum 
depends upon the relative orientation of the light beams at frequencies and 
o ) 2 . In the special case where the frequencies are the same («! = (o 2 ) but the 
beams propagate in opposite directions, it is clear from eqn (2.148) that the 
Doppler shifts in atomic transition frequency with respect to the two beams 
are equal in magnitude but opposite in sign. Thus the absorption of two 
photons, one from each beam, occurs at a fixed sum frequency % that is in¬ 
dependent of the atomic velocity. It is therefore possible in principle to ob¬ 
serve two-photon absorption spectra that are free of the effects of Doppler 
broadening. 9 For more general values of the beam frequencies and orienta¬ 


tions, the expected Doppler width varies between this zero value and the 


usual magnitude calculated in eqn (2.151). 


Problem 9.1. Show that the full width of the Doppler-broadened line for 
absorption of two photons from beams of mean frequencies g)j , 
and w 2 inclined at a relative angle 0 is 

2A = 2(4+cos Gf(2kJ In 2/Mc 2 )*, (9.25) 
where the width is assumed very small compared to ai l or co 2 . 

The narrow linewidths that are obtainable in practice by Doppler-free two- 
photon absorption spectroscopy permit high-resolution measurements of 
atomic transition frequencies with somewhat lower-power light sources than 
would otherwise be needed. Various atomic transitions have been studied by 
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Fig, 9.4. Hydrogen-atom energy-level scheme for the two-photon absorption experiments of refs. 

11 and 12. The two arrows on the left show the incident frequencies. 

these methods, 6,10 but we restrict attention here to work on the IS to 2S 
transition of hydrogen. 11,12 Fig. 9.4 shows the relevant energy levels of the 
hydrogen atom. The tunable laser light source used in the experiments 
provided photons at frequencies in the region of 0-617 x 10 15 Hz and in the 
region of the second harmonic of this frequency at 1-234 x 10 15 Hz. A pair 
of counter-propagating photons at the latter frequency satisfies the energy 
and momentum conservation requirements for Doppler-free two-photon ab¬ 
sorption by the transition from the 1 2 S^ ground state to the 2 2 S i excited state, 
Absorption occurs in accordance with the theory given earlier in the present 
section and the numerical values shown in Fig. 9,3, The absorption rate was 
monitored, not by measurement of the depletion of the incident light, but by 
observation of the photons emitted in subsequent fluorescent decay of the 
excited atoms to their ground states, The 2 2 S^ state cannot itself decay 
radiatively to the 1% state (see Fig. 2.4) but collisions transfer the excited 
atoms to their radiative 2% states, the hydrogen n = 2 levels being separated 
by the Lamb shift discussed in §5.12. 

Photons at the fundamental frequency of 0-617 x 10 15 Hz have the correct 
energy to cause single-photon absorption for the transition between the n = 2 
and n - 4 states. If the hydrogen state binding energies were exactly 
proportional to 1/n 2 , then the single-photon absorption of the fundamental 
and the two-photon absorption of the second harmonic would both occur 
at exactly the same fundamental frequency. Discrepancies between the fre¬ 
quencies for which the two kinds of absorption in fact occur provide 
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information on various small shifts and splittings of the hydrogen energy 
levels. The Lamb shift of the ground PS* state, which is otherwise difficult to 
determine, has been measured in this way . 11,12 


9.2. Single-beam two-photon absorption 


Two-photon absorption can also occur in the presence of a single beam of 
light. The two absorbed photons are then indistinguishable, and the frequency 
of the light must be one half that of the atomic excitation under study. The 
theory of two-beam two-photon absorption requires a few modifications for 
the single-beam arrangement. With only one beam, the electric-dipole in¬ 
teraction (eqn (9,1)) reduces to a single term, and there is no longer any dis¬ 
tinction between diagrams (b) and (c) of Fig. 9.1. There is only a single kind of 
term in the matrix element for the transition, and the transition rate 
(eqn (9.5)) is replaced by 


1 
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2ne A 

IF 


y 8] , Dji'S],D;i 

7 (Oi~(o t 


<5(2co 1 -co / )Tr(p J gr(r) J er(r)£ 1 + (r)E 1 + (r)). 


(9.26) 


The trace of electric-field operators is the same function as occurs in the 
definition, eqn (6.23) or (8.114), of the degree of second-order coherence for a 
single beam of light evaluated at zero time delay [x = 0). Thus analogous to 
eqn (9,13), 

TxCptJ-JtS!) = J\g?lm4c 2 ril ( 9 - 27 ) 


where the electromagnetic field quantities, including the degree of second- 
order coherence, are evaluated at the position and time of the two-photon 
absorption event. 

It is assumed that the beam is propagated parallel to the z-axis, and its 
intensity then satisfies an equation similar to eqn (9.7), except that two photons 
are now removed from the same beam each time a two-photon absorption 
takes place, 

dJjdz = -2 NhcoJVx. (9.28) 

With the help of eqns (9.26) and (9.27), this can be written 

, dTjSx = -K'M 0)7 2 /2lio, (9.29) 

where 


ne 4 N cjj 


VP/fr-Dn 


C^-CO,. 


5(2 co t -co f )-^. (9.30) 

©i 


In this expression, the bar again denotes an orientation average, and the delta 
function should strictly be replaced by a Lorentzian lineshape analogous to 
eqn (9.24), Note that K' 2 is identical to K 2 defined by eqns (9.20) and (9.6) if 
/ 20 is neglected in K 2 , and the photons 1 and 2 are made identical. 


: 


: 
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The propagation eqn (9.29) is difficult to solve rigorously because the degree 
of second-order coherence is in general a function of z. Let us ignore this 
complication for the present and assume that 0 ${O) is a constant. The solution 
of eqn (9,29) is then 

h = yi+Mfcr (9.31) 

or, for small absorption, where the denominator can be expanded, 

/>/iod-W)r 2 z). (9.32) 

The rate of two-photon absorption from a single beam depends on the 
statistical properties of the light via the factor g { ^j{0). The degree of second- 
order coherence for coherent light given by eqn (6.30) is 

ffl 0) = I (9-33) 

while for single-mode chaotic light from eqn (6.31) 

lm = 2. (9.34) 

Thus for small z, where (9.32) is valid, chaotic light is two-photon absorbed at 
twice the rate for coherent light . 13,14 

The dependence of the two-photon absorption rate on the magnitude of the 
degree of second-order coherence can be understood in qualitative terms, As 
discussed in Chapters 3 and 6 , the size of gft'fO) is related to the magnitude of 
the fluctuations in the instantaneous beam-intensity. Since the rate of two- 
photon absorption is proportional to the square of the intensity at the time of 
the atom-radiation interaction, enhanced absorption occurs for light beams 
whose intensities fluctuate to higher values than their long-time averages. For 
example, a beam whose intensity has a constant value 21 for intervals that take 
up one-half of the time axis, but is zero for the remaining timejntervals, has a 
mean intensity / and a mean-square instantaneous intensity 2 1 2 , Such a beam 
is two-photon absorbed at twice the rate of a beam whose instantaneous 
intensity is a constant I at all times. This conclusion agrees with eqn (9.32) 
since the degree of second-order coherence of the pulsed beam is shown by 
eqn (3.115) to be equal to 2 for / = 

These features are further illustrated in Fig. 9.5, which shows the results of a 
calculation of the effect of two-photon absorption on the intensity fluctuations 
of a chaotic light beam . 15 The calculation is classical and the degree of second- 
order coherence, defined in terms of intensities or electric fields by eqn (3.71), 
is restricted to the classical range of eqn (3.77). It is shown in §9,8 that two- 
photon absorption can produce nonclassical light whose degree of second- 
order coherence lies in the range of eqn (6.26). However, the classical model 
adopted in Fig. 9.5 provides a useful qualitative understanding of the effect of 
two-photon absorption. The upper part shows the time dependence of the 
instantaneous intensity of the original beam, and is similar to Fig, 3.4. The 
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Fig. 9.5. The effect of two-photon absorption on the fluctuations of intensity in a chaotic light 
beam. The time dependence of the instantaneous intensity in the same section of beam is shown (a) 
before any absorption takes place, (b) after an absorption path length (K' 2 )~ \ and (c) after a path 
length 4(JC' 2 )'' 1 . The dashed line in each graph shows the long-time average intensity. (After H. P. 

Weber, ref. 15.) 

second and third parts show the intensity fluctuations in the same section of 
the beam after its passage through increasing thicknesses of two-photon¬ 
absorbing medium. It is seen that the two-photon absorption, and consequent 
attenuation of the beam, occur preferentially at the maxima of the intensity 
variations, The peaks are progressively eroded in Fig. 9.5, while the troughs 
are barely changed by the negligibly small two-photon absorption at low 
intensity, This behaviour contrasts with the effect of single-photon absorption, 
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which reduces the instantaneous intensity by a constant fraction, irrespective 
of its magnitude. 

Two-photon absorption therefore smooths intensity fluctuations and 
changes the statistical properties of the unabsorbed portion of the beam. In 
particular, the magnitude of the degree of second-order coherence gf{{ 0) is 
reduced by a significant amount of two-photon absorption, and the analysis 
that leads to eqn (9.31) becomes invalid. More generally, in two-photon 
absorption with distinct beams, the absorption destroys the statistical in¬ 
dependence of the beams and the results (9.18) and (9.19) require modifica¬ 
tion when K 2 z is comparable to, or greater than, unity, The theory of these 
effects is discussed in §§9.6-9,8. 

9.3, The nonlinear susceptibility 

Having examined a particular nonlinear process in some detail, we now 
show how the two-photon absorption is related to the general theory of 
nonlinear optics. The linear frequency-dependent susceptibility of a medium 
provides a complete description of the linear propagation of electromagnetic 
waves in the medium. In a similar way, the propagation of electromagnetic 
waves through a medium in which nonlinear processes occur is describable in 
terms of the nonlinear susceptibility of the medium. 

The nonlinear susceptibility is calculated by retaining the terms of higher 
order in the electric field of the radiation that are neglected in the derivation of 
the linear susceptibility. The expressions given in eqns (2.105) and (2,103) for 
Ci{t) and C 2 (t) are just the first terms of power series in the atom-radiation 
interaction. The expansion of C t (t) contains all even powers of the electric field 
(or equivalently f \ while C 2 {t) has all the odd powers. The polarization 
formed from eqns (2.96) and (2.107) thus contains terms proportional to all 
odd powers of the electric field, and the relation (eqn 1.79) between po¬ 
larization and field is generalized to 

P = to{f ) E+f ) E*+f ) E 5 +")- ( 9 - 35 ) 

Here ^ {1) is the same as the linear susceptibility #)) calculated in §2.8; / 3) , / 5) , 
etc. are components of the nonlinear susceptibility. 

The general forms of the various components of the nonlinear susceptibility 
are given by quite cumbersome expressions that can be found in books on 
nonlinear optics. 1,2,7 The treatment here is confined to consideration of the 
first nonlinear term, that in f\ the form of this component of the nonlinear 
susceptibility is derived later in two special cases by comparison with the 
results of calculations of nonlinear processes by time-dependent perturbation 
theory. We represent the electric fields of the light waves by classical mag¬ 
nitudes for the discussions of the present section. The susceptibility compo¬ 
nents, being properties of the nonlinear medium alone, are given correctly 
by a semiclassical theory. 






348 Nonlinear optics 

The expansion (9.35) is valid for atoms and those molecules that are in¬ 
variant under inversion. This symmetry operation changes the signs of both 
P and £, and it is clear that, with no even powers of E on the right-hand side, 
eqn (9.35) is correctly invariant under inversion. However, for molecules and 
for lattice sites in crystals without inversion symmetry, the restrictions on 
eqn (9.35) are less severe and terms in even powers of £ may occur. In order 
to obtain such terms in the theory, and indeed to obtain correct forms for all 
components of the nonlinear susceptibility, it is necessary to work with 
multilevel atoms or molecules, and the two-level calculations of Chapter 2 are 
inadequate. 

The linear susceptibility is of second order in the electric-dipole matrix 
elements D y , as for example in eqn (2.108). Each additional order in £ in the 
nonlinear part of the polarization produces an additional dipole matrix 
element, and x (n) is thus of order n +1 in the dipole matrix elements. Successive 
components of the nonlinear susceptibility diminish in accordance with the 
approximate rule 

X in * 2 ] lf ] s Eq 2 , (9.36) 

where the electric field E 0 is characteristic of the nonlinear medium, and is 
typically of order 10 11 Vm’ 1 . The series on the right of eqn (9.35) converges 
for fields £ that are smaller than E 0 ; Table 1,1 shows that £ satisfies this 
criterion for almost all light beams, and indeed £ is normally much smaller 
than E 0 . It is often possible to terminate the series at the third-order term, 
which is itself much smaller than the linear term, The field E 0 is similar to that 
determined in problem 2.1. 

The frequency dependence of the linear term in eqn (9.35) is straightforward; 

. a field £ of frequency co induces an oscillating polarization at frequency co, of 
a magnitude governed by x (1, (co). If £ has components at several different 
frequencies, then their contributions to the polarization are simply additive. 
The behaviour of the nonlinear terms is more complicated. Consider the third- 
order term; if the electric field contains three distinct frequency components 
E{t) = (exp(—icOi f)+exp(ico x t))+£ 2 (exp(—ia> 2 t)+exp(ico 2 t)) 

4- jE 3 (exp(—ia> 3 f)+exp(ico 3 t)), (9.37) 

then £ 3 contains components having the 22 distinct frequencies 
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(9.38) 
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According to eqn (9.35), the field E(t ) induces components of polarization at all 
these frequencies. The value of the nonlinear susceptibility x (3) depends on the 
frequency components of the electric-field terms that it multiplies. In addition, 
X (3) depends, via its electric-dipole matrix elements, on the polarization vectors 
of the three field components in eqn (9.37), and also on the direction of the 
induced polarization P. Thus x (3) is a function of three frequencies and four 
spatial directions. 

The physical significance of the nonlinear susceptibility is illustrated by its 
application to the process of two-photon absorption. The rate of linear or 
single-photon absorption determined by the Einstein B coefficient is closely 
related to the imaginary part of the linear susceptibility, as in eqn (1.104). 
There exist similar relations between the rates of multiple-photon absorption 
and the imaginary parts of components of the nonlinear susceptibility. 

For absorption of two photons from different light beams, the total field £ is 
a sum of contributions E 1 and £ 2 of frequencies and co 2 . From the linear 
and third-order terms of eqn (9.35), 

P = £oX < 1 '(£ 1 + £,)+€ 0 f l (£ 1 +£ 2 ) J . ( 9 - 39 ) 

It is convenient to separate the fields £ and polarization P into their 
components £ + and P + , which have time dependence exp(-icot), and com¬ 
ponents E~ and P~, which have time dependence exp(iwt). The division is 
similar to that made in eqns (5.83), (5.84), and (5.85) for the electric-field 
operators. The terms on the two sides of eqn (9.39) that oscillate with the same 
time dependence can be equated separately. The part that has time de¬ 
pendence exp(-im 1 t) gives 

P> t ) = e 0 {x (1) (cUi)£:i + +6x (3) (-a) 2 ,a) 2 ,fl)i)£ 2 -£ 2 + £ 1 + 

+3x (3, (-m 1 ,m 1 ,cu 1 )£r£ 1 + £ 1 + } ) (9-40) 

where the frequencies of the susceptibility components are now shown 
explicitly but the polarization dependence is suppressed in the interests of 
brevity. In a similar way, the exp(—ia) 2 t) part of eqn (9,39) gives 

P> 2 ) = € 0 {X (1 W £ 2 +6x (3, (-Wi > mi,a) 2 )£r£i + £ 2 + 

+3x (3) ( - m 2 , co 2 , m 2 )£ 2 £ 2 £ 2 }• (9-41) 

Let us evaluate the magnitude of the two-photon absorption at frequency 
o) 2 in the limit where beam 1 is much more intense than beam 2. If there is no 
linear absorption at frequency co i and no two-photon absorption at frequency 
2d)!, the cycle-averaged intensity J 10 of beam 1, given by the classical analogue 
of eqn (9.10), changes by only a small fraction during the two-photon ab¬ 
sorption at frequency ooj+ co 2 ■ I n addition, the final term of eqn (9.41) is much 
smaller than the middle term, and the equation can be written approxi¬ 
mately as 


P> 2 ) = € 0 {x (1 V2)+( 3 / c o CJ li)Z (31 (" <w i' co i> C(J 2) / m} £ 2 ■ i 9 - 42 ) 
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The second term in the large bracket has the form of an intensity-dependent 
addition to the linear susceptibility at cq 2 . 

Let r \ 2 and k 2 be the refractive index and extinction coefficient at frequency 
cu 2 in the presence of two-photon absorption; that is, they are determined by 
eqns (1.83) and (1.84) with the expression in the large bracket of eqn (9.42) 
substituted for the susceptibility. Suppose that no linear absorption occurs at 
frequency (o 2 , and the imaginary part of ‘/ il (co 2 ) is therefore zero. Then k 2 is 
determined by 

2)hh = (3/e 0 qi)7io Im f ] (9.43) 

If the real part of y [l] is much larger than the real part of the second term in the 
bracket of eqn (9.42), then yj 2 is little changed from its linear value. Thus from 
eqns (1.91) and (9.43), the absorption coefficient K 2 at frequency w 2 is 

K 2 = {h 2 /€ 0 c 2 ^rj 2 )7 1Q Im x (3) (-m l5 o) u (o 2 l (9*44) 

The cycle-averaged intensity I 2 at frequency co 2 therefore falls off exponen¬ 
tially with distance i as in eqn (1.90), 

J 2 = / 20 exp(-M. (9.45) 

It is seen that the propagation characteristics obtained for the weak beam from 
the calculation in terms of the nonlinear susceptibility are identical to those 
obtained in eqn (9.21) from time-dependent perturbation theory. Comparison 
of the expressions (9.20) and (9.44) for the two-photon absorption coefficient 
K 2 yields 

Im f- H-tDi,eo ls a> 2 ) = (nNe*/6e 0 h 3 V)l\Jl TfK \ 2 dfa+co^Wj.), (9.46) 

where the flux of the weaker beam in eqn (9.20) has been neglected, and the 
summation on the right collects the contributions of all atomic final states |/>. 
This result for the imaginary part of the third-order susceptibility in terms of 
dipole matrix elements agrees with the expression obtained by direct cal¬ 
culation of x {3] for the choice of frequencies appropriate to two-photon ab¬ 
sorption. 1,2,7 

If the intensity of beam 1 is sufficiently high, the real part of the second term 
in the large bracket of eqn (9.42) may no longer be negligible compared to the 
first, and the resul t is a change in the refractive index at frequency co 2 . Consider 
two frequencies Wj and w 2 that do not add to give a frequency close to an 
atomic resonance. In the absence of any single or two-photon absorption, both 
X (1) and x (3) are real, so that k 2 is zero, and the modified refractive index r ) 2 is 
given by 


nl — 1 + Z ( 9(co 2 )+(3/e 0 cf/ i)/i 0 ^ (3) ©i,co 2 ), 


(9.47) 
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where eqn (1.83) has been used. The refractive index at co 2 thus depends on the 
intensity of the beam at frequency a) v 

Two-photon absorption from a single beam of light can also be treated in 
the formalism of the nonlinear susceptibility. With only one beam of light, 
whose frequency is w u eqn (9.40) reduces to 

P>i) = e 0 +3^-® 1 ,ffl 1 -,a» 1 )£rfii + fif }• m 

We do not proceed from this equation to calculate the two-photon absorption 
since a full account of the process has already been given in §9,2. 

However, an interesting effect arises from the real parts of the susceptibilities 
in this case. Away from regions of single or two-photon absorption where y il) 
and % {3) are real, the refractive index tj t at frequency o 1 is obtained from 

ill = ^+f ) (o>i)+2f ) (-a) 1 ,co ll co 1 )E 2 E!, (9.49) 

The refractive index of an intense light beam is therefore modified by a term 
proportional to its own intensity. The distribution of intensity in a laser light 
beam typically has a maximum value at the centre of the beam, and falls off 
towards the periphery. According to eqn (9.49), if y} i] is positive, the beam 
experiences a higher refractive index at its centre than at its edges, and the 
velocity at the centre is correspondingly smaller. The result is a self-focusing 
effect in which the beam converges inwards, and traps itself into a narrower, 
more intense beam than the original incident light from the laser. This self- 
focusing, or defocusing in the case of a negative y^\ is observed ex¬ 
perimentally. 4,7 

The above calculations based on the nonlinear susceptibility are semiclas- 
sical in that the fields are represented by classical magnitudes while the 
susceptibility components are calculated quantum-mechanically. We now 
revert to a fully quantized theory and examine some further processes as¬ 
sociated with the third-order susceptibility We do not consider any of the 
higher terms, that is x (5) and above; they correspond to processes similar in 
kind to those that result from f\ but involving larger numbers of photons, 
and they are generally smaller and more difficult to investigate experimentally. 


9.4. The stimulated Raman effect 

The derivation of the transition rate (eqn (8.70)) for the scattering of light by 
an atom assumed that the incident beam had a definite number of photons and 
that no scattered photons were present before the scattering event considered. 
It is not difficult to carry out a similar calculation for a more general state of 
the radiation field described by a density operator p, and with operators E(r) 
and £ s (r) for the electric fields of the incident and scattered beams. The cal¬ 
culation is very similar to that which leads to the transition rate (eqn (9.5)) for 
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two-photon absorption. For a particular atomic final state |/>, the scat¬ 
tering transition rate is 

1/t = (2ne A /h*)l\J m \ 2 S(oj - co 8 - cj f )Tr(pt(r)E s + (r)l s '(r)l + (r)), 

(9.50) 

where 



is the same inelastic scattering matrix element used in Chapter 8 , It is assumed 
that |/) is not the atomic ground state. 

The trace over electric field operators is easily evaluated when the incident 
and scattered fields are statistically independent. It is assumed that the 
refractive indices rj and t/ s of the scattering medium at frequencies co and <o s are 
real. The mean intensity I of the incident light is related to an expectation value 
of electric field operators by an expression similar to eqn (9.10), and it is also 
related to the mean number it of incident photons by an expression similar to 
eqn (5.101). It is necessary in the latter result to accommodate the optical 
properties of the scattering medium by the replacement of c by the reduced 
velocity of light c/ 17 . Thus 

I=2e 0 cti(t£ + > = chm/Vr,, (9.52) 

or 

(£~E + ) = te/2<- 0 jy, (9.53) 

and a similar result holds for the mean intensity I s and mean photon number n 8 
of the scattered light. The trace in eqn (9.50) is therefore 

Tr (ptE;E s ~E + ) = (ft/2e 0 y r/ti s ) 2 m s n(n s +1). (9.54) 

The factor (fi s +1) results from the commutation properties of the scattered- 
photon creation and destruction operators which occur in the order on 
the left of eqn (9.54). 

The average number of scattered photons in a single mode of the radiation 
field is always very much smaller than unity for the scattering of ordinary light 
beams, This can be seen, for example, from Table 1.1 where even the strongest 
available incident beam has only about 10 " 1 photons per mode for a light 
source that is not a laser. In this case, it is a good approximation to neglect n s in 
eqn (9.54), and the transition rate (eqn (9.50)) then reduces to eqn (8.70) if the 
refractive indices are set equal to unity. 

The scattering rate associated with the 1 in the final factor of eqn (9.54) is 
classified as spontaneous, since the emission of a scattered photon takes place 
in the absence of any similar photons, The n s in the final factor of eqn (9.54) 
produces an enhanced rate of scattering in the presence of an initial excitation 
of scattered photons, This stimulated scattering is known as the stimulated 
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Raman effect; it is observed experimentally with the use of laser light sources of 
sufficiently high power to generate more than one scattered photon per mode 
of the radiation field, 

The characteristics of the stimulated scattering are investigated most easily 
if the production of scattered photons in a particular mode k s of the radiation 
field is considered, and the scattering into all other modes is ignored. Retention 
of the term in n s in eqn (9.54) makes the propagation equations for the incident 
and scattered beams nonlinear, and the stimulated Raman effect is one of the 
processes of nonlinear optics. If both beams are propagated parallel to the 
axis, the propagation equations are 

di/fa = -NkojVt 19.551 

and 

dJjfa = NhcoJVx, 19.56) 

where N is the number of scattering atoms in the volume V, and t is given by 
eqn (9.50), but with the sum over k s removed to give the rate appropriate to a 
single scattered mode. 

The general solution of these equations presents difficulties similar to those 
encountered in the corresponding eqns (9.7) and (9.8) for two-photon 
absorption. The transition rate 1 /t depends on the beam characteristics in a 
complicated way, because even beams that are initially statistically independ¬ 
ent do not remain so as the scattering proceeds. The influence of statistical 
properties of light on the stimulated scattering is discussed in §9.9. 

Let us, however, ignore this complication for the present calculation, and 
assume that the beams remain statistically independent as they propagate 
through the scattering atoms. The trace in eqn (9,50) is then related to the beam 
intensities by eqns (9.52) and (9.54), and the propagation eqn (9.56) becomes 


dz 2 effic 2 V r/tj. 


— \JU 3(«-ffl s -« / )/(f s +- 


where the horizontal bar denotes the usual orientation average. 
It is seen from eqns (9.55) and (9.56) that 


co dz co, fa 


(TH+ilN = constant = [I 0 !co)+{Jj(o s \ (9-59) 

where the zeros denote the initial values of the meaniotemitiB >t2 ■ ftjte 
total flux of photons therefore remains constant; each incident photo 
removed from the beam is replaced by an additional pbotonm the scattered 

beam. 
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Eqn (9.57) can now be solved if / is first removed with the help of eqn (9.59). 
The solution is 

, ((r o /ffl)+(y®J}{ r .o+( to ./M ex P( Cz ) _ ( ,ico) * J ii/ P '“ l >*) (960) 

• = {(;,>,)+W^.)}exp(G 2 )+(/» ’ 

where the stimulated Raman gain coefficient G is defined by 

ne A N coo) s —— s/ Jh , ho , \ 

G ■ 17 i^«i «(»-».-<»/) -+-+pr ■ ( 9 - 6l > 


leffic 2 V m 


(o ' co s ' Vri s 


This general solution for the intensity of the scattered beam shows three 
different kinds of dependence on z for different values of Gz. For 


r j . (/o/co){/ s o+(ficco s /Kr ?l )}Gz 

is%/s0+ (r 0 /m)+(r> 8 )+(W’ 

and the beam intensity initially grows linearly with distance. In the opposite 
extreme of very large z, where 

{(f soA 0 .) +(ftc/KJ|,)} exp(Gz) » r 0 M (9.64) 

JJoj s * [T 0 /d)+{J s 0 K), (9.65) 


and all the photon flux present initially has-been converted into light in the 
scattered beam. Between the two limits represented by eqns (9.62) and (9.64), 
there is a region of the z-axis where the scattered beam grows exponentially 
with distance, 

l « {1 + (a>Wa> s r o )}{r s o+(ftctt) 9 /Ki 7a )}exp(Gz). (9.66) 


The exponential growth is a direct consequence of the nonlinear term in 
eqn (9.57) and this solution is characteristic of the stimulated Raman effect. 

The scattering of the incident light at frequency (o can be used to amplify a 
beam of intensity T s0 at frequency co s that is present initially, or it can be usedto 
generate a beam at frequency co s , where none is provided externally. With I s0 
set equal to zero, the general solution (eqn (9.60)) reduces to 


r _ (to s /Ff? s )(exp(Gz)-l) 

8 (k(o/Vt] s T 0 )exp(Gz)+l' 


(9.67) 


The z-dependence of the solution in this case is illustrated in Fig. 9.6. The 
linear, exponential, and saturation regions also occur in the case I s0 = 0, 
where the initial photons of frequency m s must be supplied by spontaneous 
scattering. The exponential region then results from the amplification of these 
spontaneous photons by the stimulated Raman effect, 

The above derivation of the gain coefficient G uses approximate equations 
(9.55) and (9,56) to relate the spatial dependence of the intensity in an extended 
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Fig. 9.6. Dependence of the scattered intensity on distance for the stimulated Raman effect, 
showing the regions of linear and exponential growth and the approach to saturation. The 
intensity I, is plotted in units cSkoJVih, and for convenience of drawing the quantity VrjJJka 
is assigned the value 100. A much larger value is normally appropriate, and the region of 
exponential growth is then correspondingly longer, 

medium to the time-dependent transition rate (9,50) for scattering by a single 
atom. A more accurate treatment 16 of the spatial propagation of the scattered 
field produces a dependence on z that is qualitatively similar to the form il¬ 
lustrated in Fig, 9.6 but the intensity in the region of exponential growth is 
reduced. 

In many stimulated scattering experiments, the sample length is sufficiently 
small that the first term in the denominator of eqn (9.67) is always much 
smaller than unity, and we can write 

I s *(kcoJVri j s )(exp(Gz)-l). (9-68) 

The spontaneous scattering at very small z in the linear region is the same as 
that treated in Chapter 8, and the methods of the present chapter can be shown 
as follows to reproduce the spontaneous scattering cross-section da/dfi 
Consider a volume V, which contains N atoms and has a length z parallel to 
the beam propagation direction. The cross-sectional area of the volume is Vjz 
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and the rate at which energy is removed from the incident beam by the 
scattering is (w/ffl s )J s (V/z). Thus by definition of the single-atom scattering 
cross-section a, 

No = £m7//a) s i 0 z, (9.69) 

k, 

where the summation is introduced to obtain the total spontaneous scattering. 
Thus, with the use of the linear term from eqn (9.68) and the help of eqn (8.71), 

dff/dO = (VI[2n)^[hmlGlJ 0 c 2 N) dco s , (9.70) 

where the refractive indices have been set equal to unity as in Chapter 8 . If only 
the dominant first term in the final bracket of eqn (9.61) is retained, eqn (9.70) 
becomes 

(9.71) 

dQ 167t 2 e^¥ 1 SREI 

where <u s is set equal to (o-o f in J SftE . This result is identical to the 
contribution from state |/> in eqn (8.72), except for the addition of an average 
over the atomic orientations. 

For larger values of z, where the growth of the scattered beam is exponential, 
the gain coefficient G is experimentally more important than the scattering 
cross-section. The homogeneous broadening of the atomic final state converts 
the delta function in eqn (9.61) into a Lorentzian lineshape, 


o tco-co s -Wri :-;—^ : ,?> v 1 

1 (cuy- a)+m s ) 2 +y/ 

similar to eqn (9.24), Since G appears in an exponent in eqn (9.68), the scattered 
frequency for which G is a maximum is generated with an intensity that at large 
z greatly exceeds all others. The maximum gain G max occurs at the peak of the 
Lorentzian where w s is equal to co—coy and eqn (9.61) gives 


" 2 egft 3 c 2 V % ' SREI // 

where only the dominant term has been retained in the final bracket. 

The maximum gain for the stimulated Raman effect in a gas is expressed in 
terms of the cross-section (9.71) for spontaneous scattering by a single atom as 


milx ' dQ V ftm(a)-a);) 2 W/’ 

A numerical estimate for the gain in scattering by potassium vapour gives 7 
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for incident light of frequency 4*32 x 10 u Hz and scattered light of frequency 
0-81 x 10 14 Hz. A value of G mx as large as 1000m ' 1 is estimated for the 
scattering of pulsed laser light of the intensity 10 13 W m ' 2 quoted in Table 1 . 1 . 

The matrix element (9.51) for the stimulated Raman effect is very similar to 
that for two-photon absorption given by eqn (9.6), Apart from an overall 
change of sign, the former is obtained from the latter by replacement of w, by to 
and of co 2 by -co s . The same modifications are used to convert eqn (9.461 to a 
relation between the third-order susceptibility and the matrix element for the 
stimulated Raman effect. Two-photon absorption and the stimulated Raman 
effect are of course very similar processes in the theory, differing only in the 
absorption or emission behaviour of the second photon. 

The assumption made above that only a single mode of scattered radiation 
is produced in the stimulated Raman effect is, of course, an approximation to 
the situation in a real experiment. In general there are contributions to the 
scattering from several atomic final states |/), and for each final state there is 
significant excitation of several modes k s . Nevertheless, it is often the case that 
a particular atomic final state and a particular scattered field mode have a 
larger gain coefficient than all others, thus channelling the majority of the 
scattered light into a single beam. 

The brief account of the stimulated Raman effect given above does not do 
justice to the many facets of the phenomenon that have been investigated both 
experimentally and theoretically. Fuller details are to be found in the more 
specialized treatments . 1,4,6,7,17 

9.5. Third-harmonic generation 

Two-photon absorption and the stimulated Raman effect are similar 
nonlinear processes in that they both involve the interaction of two photons 
with an atom, which is promoted to an excited state. The magnitude of the 
atomic excitation energy governs the relation between the frequencies of the 
participating photons. 

The atoms play a more passive role in many of the other processes of 
nonlinear optics. Such processes leave the atoms in the same states as they 
were found initially, and there is no exchange of energy between the radiation 
and the atoms. The intensity-dependent contributions to the refractive index 
that produce the self-focusing or defocusing of light beams described in §9.3 
belong to this category. We now consider a more substantial example, the 
generation of light at the third harmonic of the frequency of an incident 
monochromatic beam. 

Let co, be the frequency of a beam of light incident on an atom. According 
to the scheme of eqn (9.38), the electric field of the light induces an atomic 
polarization of frequency o) 3 = 3m, via the nonlinear third-order sus¬ 
ceptibility. This oscillating polarization in turn produces light of frequency w 3 . 
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Fig, 9,7, Diagrams for third-harmonic generation, All four interactions in each diagram occur via 
the electric-dipole Hamiltonian $ ED . 


The rate of generation of the third-harmonic is calculated by time- 
dependent perturbation theory. A single event requires the destruction of three 
photons of frequency co l5 and the creation of a single third-harmonic 
photon, whose wavevector we denote k 3 , There are four electric-dipole 
interactions altogether, and fourth-order perturbation theory is needed. The 
atom is in its ground state |1> before and after the process, but is excited to 
virtual intermediate states during the harmonic generation. 

The diagrams for the fourth-order perturbation theory are shown in Fig. 9.7, 
The four different diagrams correspond to the four possible locations of the 
emission of photon k 3 relative to the absorptions of the three k t photons. The 
transition rate for the four-photon process is obtained straightforwardly from 
the fourth-order term of eqn (5,152) as 

1 /t = (2ne*fh 8 )l \£ im \ l 


(9.76) 
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where the matrix element for the transition is 

jH = V [ E 3-Di)i £ i‘D)ii fi i.D|jri.Dji 

™ G ii,i. j |(3« i - cjJ (2w j - j - ojj) 

(-Wl-CO^COi-WiKWj-Wj) 

I fi l‘PlA £ l.Dliig3'Pij e l.Djl 
(—ft) 1 — co h )(— 2 co 1 — tt),-) (CO t — COj) 

I e l •Dl/i g l .Pfti 6 ! • Dp e 3.Djl 1 

(-a) 1 -^)(-2co 1 -w i )(-3ro 1 -w j )j' (9.77) 

and and E 3 are the electric-field operators for the incident and harmonic 
light, respectively. 

For harmonic generation by interaction of the light with a single atom, the 
electric-field operators in eqn (9.76) are all evaluated at the atomic position r. 
However, the third-harmonic generation transition-rate displays a new 
feature that is not present in the rates of two-photon absorption and 
stimulated Raman effect. The two latter processes leave the atom in a 
particular final state and each single transition excites a definite atom. The 
total transition rate is thus a sum of the transition rates of the separate atoms, 
and K 2 , K' 2> and G in eqns (9.20), (9.30), and (9.61) are all proportional to the 
number of atoms N. 

The harmonic-generation rate has a different behaviour, As far as the atoms 
are concerned, the final state is the same as the initial state, and there is no 
distinction between transitions that take place by interaction with different 
atoms. The matrix element must therefore be summed over the contributions 
of the different atoms before it is squared to obtain the total transition rate. The 
total rate is then given by eqn (9.76) but with the electric-field term generalized 

z (9.78) 


where r and r' are both summed over the locations of all N atoms. 

The position-dependent factors of £ + and E~ given by eqns (5.84) and (5.85) 
combine in eqn (9.78) to produce a spatial dependence 

Vexp{i(k,-3k,).(r-r')} = £>p(iAk.r) , (9.79) 

r.r' 1 

where 0A . 

Ak = k 3 —3ki. (9.80) 

The transition rate is thus given by eqn (9.76) with the electric-field operators 
all evaluated at the same point but with the additional factor shown in 
eqn (9.79) inserted. 



360 Nonlinear optics 

The growth of the mean intensity J 3 of the third-harmonic beam is described 
by 

dljdz = hcoJVz, (9.81) 

similar to propagation equations given previously, except that, in view of the 
previously discussed modifications, 1 /t is here the total transition rate due to 
all the atoms. 

As in other processes, the growth of the beam intensity is difficult to evaluate 
in the situation where the beam statistical and correlation properties change 
significantly with the distance of propagation through the nonlinear medium. 
We assume here that the path length of the light through the atoms is 
sufficiently short for the initial intensity / 10 of the incident beam to be only 
slightly reduced, It is then permissible to retain the initial statistical properties 
of the incident light in evaluating the electric-field correlation function from 
eqn (9,78), The third-harmonic light is normally generated with statistical 
properties that are correlated with those of the incident light. Correlation 
effects are discussed in subsequent sections and we assume that they can be 
ignored for the present calculation, With these assumptions, and with the 
spatial summations treated separately in eqn (9.79), the correlation function 
(9.78) can be factorized in the form 

Tr{pElE;E;ElEtEl)7r(p£±£;). (9.82) 

Suppose for the moment that there are n x photons with the fundamental 
frequency ©! and n 3 photons with the third-harmonic frequency m 3 . The 
products of creation and destruction operators in (9,82) produce a proportion¬ 
ality of the correlation function to 

rt i(wi — l)(«r — 2)(n 3 4-1), (9.83) 

analogous to the result (9,54) for the stimulated Raman effect. The two 
contributions in the final factor correspond to stimulated and spontaneous 
emission of an additional third-harmonic photon. However, at a position in 
the nonlinear medium where some third-harmonic light has been generated, 
the inverse process can occur, in which a photon of frequency eo 3 is destroyed 
and three photons of frequency cn l are created. The theory of the inverse 
process parallels that of third-harmonic generation and the result for the 
transition rate is the same except that operators are replaced by their 
conjugates. Thus in the presence of n x photons of frequency and n 3 of 
frequency w 3 , the correlation function for conversion of third harmonic into 
fundamental is proportional to 

»a(ii 1 + l)(«i+'?KB 1 +^. W 

The net rate of generation of third-harmonic light is proportional to the 
difference of eqns (9.83) and (9.84), which is 

Hi(it i - !)(«„ - 2) - n 3 (9«i +9n t +6). 


(9.85) 
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The assumption of the present calculation, that only a small fraction of the 
incident light is converted to third harmonic, implies that n 3 is always much 
smaller than n t . The second term in eqn (9.85) can therefore be neglected. The 
term that remains is the same as the part of eqn (9.83) that corresponds to 
spontaneous emission of a third-harmonic photon. The product of field op¬ 
erators in eqn (9.82) that refer to the fundamental beam is the same as occurs 
in the definition of the degree of third-order coherence at a single space-time 
point obtained from eqn (6.114). Thus with the fundamental part of the 
correlation function (9.82) expressed in terms of the fundamental intensity and 
the third-harmonic part restricted to the spontaneous contribution, using 
relations similar to eqns (9.27) and (9.53), the propagation eqn (9.81) becomes 






1 <5(3ct)!—cu 3 ) 


x|jexp(iAk.r)| gft(0)T J 0 , 

where the spatial factor from eqn (9,79) has been inserted and the bar denotes 
the usual average over atomic orientations, now carried out before the matrix 
element is squared. The refractive indices t] x and i) 3 refer to the frequencies of 
the incident fundamental beam and the generated third-harmonic light 
respectively. 

The derivation of the third-harmonic intensity is completed by evaluation of 
the two summations in eqn (9.86). The r summation depends on the shape of 
the region in which the nonlinear process takes place. We envisage a container 
of volume V with plane parallel boundaries perpendicular to the propagation 
direction at z = Oandz = L. The cross-sectional area is V/L and we suppose 
the dimensions in the x- and y-directions to be much larger than L. Then 


|£exp(iAk.r)| 2 -+ (N/F) 2 jdrJexp(iAk.(r—r')} dr' 

-mfw 1 m.) m,) \ ap( '^ ) ~ 


where the limits of integration for the x- and y-axes are assumed sufficiently 
large to produce delta functions similar to eqn (2,64). 

The k 3 summation is also carried out by conversion to an integral, 

2 * I 2 

Y Yexp(iAk.r) 5(3^!—co 3 ) -+ (F/(27t) 3 ) pTexp(iAk.r) 5(3©!-©^ dk 3 

k ? r J I r 

4N% sin 2 (jAkL) 

= 2nLfy (Ak) 2 ’ (9.88) 

where the z subscript has been dropped from Ale because the delta functions in 
eqn (9.87) force its other components to be zero. 
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With this substitution, eqn (9.86) is easily integrated to give the third- 
harmonic intensity at the rear boundary of the gas, 

ll '^A 6 \r) nW W 

The harmonic intensity is proportional to the square of the atomic number 
density in contrast to the linear dependence of the two-photon absorption 
and stimulated Raman effect. The intensity is also proportional to the cube 
of the intensity of the incident beam, and to its degree of third-order coherence 
ja/Oi This factor is equal to unity for a coherent incident beam according 
o eons (3113) or (6.115), but any fluctuations in the beam intensity cause an 
increase in the third-harmonic output. According to eqn (3.114), @u(0) is equal 

l °Tte dtpendem of the third-harmonic intensity on the path length is 
governed by the trigonometric factor in eqn (9.89). The intensity is greatest for 

Ah = 0, when sra'ftA&J/W = L 1 / 4. (9.90) 

The light beams are said to be phase-matched when this condition is satisfied. 
The phase-matching condition can be written from eqn (9.80) as 

It, = 3h, («» 

or, alternatively, since co 3 is equal to 3co l3 


If the phase-matching condition is not satisfied, and in particular if A kl is of 
order unity or larger, the third-harmonic intensity is greatly reduced. The 
intensity falls to zero when A kL is an integral multiple of 2n. 

Phase-matching requirements are a general feature of those nonlinear 
processes that produce no changes in the atomic states. They can be qiu e 
difficult to satisfy experimentally and they often severely limit the observable 
magnitudes of the nonlinear effects. In the case of third-harmonic generation 
the refractive indices at frequency an and i, 3 at frequency 3m, are not 
normally equal, and the phase-matching condition is not generally satisfied. 

This problem can be overcome in certain special cases. For example, 
if either % or 3co! lies close to an atomic transition frequency, where the re¬ 
fractive index varies quite rapidly, it may be possible to equalize and 
„ ■ for a particular value of co v Proximity of one or more of the fundamental 
and harmonic frequencies to allowed atomic transition frequencies also has 
the advantage of producing a resonant enhancement of the matrix element 
(9,77) for third-harmonic generation. The success of experiments designed 
to produce significant third-harmonic intensities depends upon the selection 
of an atom that has energy levels suitably placed to provide resonant 
enhancement of the matrix element and whose vapour has a refractive index 


Nonlinear optics 363 

variation appropriate for the phase-matching requirement. An unsuitable 
refractive index variation can sometimes be adjusted by addition of a second 
gas to the vapour whose atoms have desirable nonlinear properties. Further 
details of experimental and theoretical work on third-harmonic generation are 
to be found in the references, 7,18 

Third-harmonic generation can alternatively be treated by a calculation 
based on the appropriate component of the third-order susceptibility. 2,7 The 
harmonic intensity is found to be proportional to the square of f\(o b <o u Wi), 
and the expression for / 3 is identical to eqn (9.89) when the connection 

(9.93) 

is made. This expression for x (3) (a)i, <o u oh) is exactly the same as that found 
by direct calculation. Both eqns (9.46) and (9,93) are special cases of the general 
expression for f ] that applies when its three frequencies are all independent. 

Each third-harmonic generation event involves a total of four photons, It 
conforms to a general selection rule valid for media invariant under inversion 
that only even numbers of photons can participate in electric-dipole tran¬ 
sitions that leave the electronic state of the medium unchanged. Rayleigh 
scattering is another example of such a process. Both even and odd numbers of 
photons can participate in processes that change the state of the medium, the 
changes being respectively between states of the same and different parity, 

We do not consider here the nonlinear media that are not invariant under 
inversion, where the.se selection rules do not apply. The most important 
additional processes that can occur involve three photons and produce no 
overall change in the state of the medium. The possibilities are either that one 
photon is absorbed and two are emitted or that two photons are absorbed 
and one is emitted. The three-photon nonlinear processes include second- 
harmonic generation, parametric amplification, and the generation of light at 
the sums and differences of the frequencies of a pair of incident beams. 


9,6, Photon statistics and nonlinear optics 

The transition rates for nonlinear optical processes generally depend upon 
the coherence properties of the participating light beams, The dependence 
arises from the electric-field operator expectation-value that results from the 
standard transition-rate formula, typified by the derivation of eqn (9.5) from 
eqn (9.2). Thus the expectation value (9.13) in the case of double-beam two- 
photon absorption is proportional to gfKO), the interbeam degree of second- 
order coherence. The corresponding result (9,27) for single-beam two-photon 
absorption is proportional to gfl{% the degree of second-order coherence 
within the beam. The degree of third-order coherence of the incident light 
occurs in the third-harmonic generation rate derived in the previous section. 



364 Nonlinear optics 

The qualitative reasons for the dependence of the single-beam two-photon 
absorption rate on the degree of second-order^herencetowitem 
in §9.2 in connection with the classical calculation illustrated in Fig. 9 5 Jn 
quantum terms, the rate of two-photon absorption is enhanad for light beams 
that are rich in pairs of coincident photons. Thus the twofold increase in 
absorption rate for chaotic light over that for coherent light reflects the greater 
availability of photon pairs in the photon bunches of the former, as discussed 
in §6 5 and illustrated in Fig 6.4. By contrast, the two-photon absorphon »te 
for incident light that is photon-antibunched, in accordance with eqn (6.48), is 
dimMsted below the rate for coherent light The absorption rate falls to zero 
for light whose degree of second-order coherence vanishes; a trivial example is 
provfdly an incident team consisting of a single photon, where there s 
obviously no possibility of two-photon absorption and the transition, rate 
indeed vanishes as a consequence of the zero degree of second-order coherence 

^Simdar remarks apply to the other nonlinear processes. Thus the rate of 
double-beam two-photon absorption is enhanced for incident brans whose 
photons are correlated, as in the beams produced by the cascade enuss on 
treated in §8 9. Again, the third-harmonic generation requires the removal of 
three photons from the incident light, and the photon bunches of chaotel ght 
produre a sixfold increase of the generation rate over that for 
general, for any nonlinear process, the transition rate ,s enhanred by the 

severe problems are created by the need to take ac»unt of he changes 
produced in the coherence andcorrelahonjqM of f 
nonlinear processes themselves. The results (9.18), (9. , ' . A ... 

distances, where the reaction of the nonlinear process on the beams begins 
change the degrees of coherence from their initial values. 

Tte classical calculation shown in Fig 9.5 has already been disced m 

SSsssaBsasssr 

distributions similar to that shown for antibunch^hghtm^r ^Thetwo- 
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Fig. 9.8. Beam intensities (a) before absorption and (b) after the cessation of absorption for a 
classical model of two-photon absorption in which one beam is pulsed with / = O' 1 and the other 
beam initially has constant intensity. The horizontal axis represents position for a view of the 
beam at a single time, or vice versa. 

then ceases in accordance with the vanishing degree of second-order coherence 
given by eqn (6.29). It is clear that single-beam two-photon absorption can 
produce light whose degree of second-order coherence lies in the nonclassical 
range of eqn (6.48). The classical calculation illustrated in Fig. 9.5 is ap¬ 
proximate, and an exact solution of the problem of two-photon absorption 
must use the quantum theory of light. 

However, a similar classical illustration is also useful for a qualitative 
understanding of the changes in beam coherence properties produced by 
double-beam two-photon absorption, Fig. 9.8(a) shows the time or space 
dependence of the intensities of two beams before any two-photon absorption 
occurs. One of the beams consists of a train of rectangular pulses, the pulse 
duration being a fraction / of the repeat period of the wave, similar to the 
intensity variation shown in Fig. 3.11(a), The other, weaker, beam has a 
constant intensity. Fig. 9.8(b) shows the same sections of the beams after a long 
period of two-photon absorption. As the beams travel together, (with 
velocities assumed equal) through the nonlinear medium, absorption can 
occur only during the pulses of the stronger beam, and the absorption ceases 
when those sections of the weaker beam coincident with the pulses are 
exhausted, leaving a fraction 1 -/ of the intensity of the weaker beam 
unabsorbed. The interbeam degree of second-order coherence 
diminishes in value from 1 to 0 between parts (a) and (b) of Fig. 9.8. It is seen 
that in this example the strong beam imposes a negative image of its intensity 
fluctuations on the weak beam. More generally in two-photon absorption, any 
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intensity peaks in one beam tend to generate accompanying troughs in the 
other beam, the interbeam degree of second-order coherence falls from its 
initial unit value in eqn (9.14), and the absorption is inhibited. 

The effects of several nonlinear optical processes on the statistical and 
coherence properties of light are treated in more detail in the remainder of the 
chapter. The method followed is similar to that employed in §§7.1-7.4 to 
determine the effects of single-photon absorption and emission on the 
statistical properties of light. We set up rate equations for the changes in the 
photon probability distribution brought about by the nonlinear process under 
consideration. As in the single-photon calculations, the method is valid for 
transitions to collision-broadened atomic states, and we use it to treat two- 
photon absorption and the stimulated Raman effect. The rate equations are 
established in a somewhat intuitive fashion, similar to the discussion in §7.1. 
More rigorous derivations, which use an effective Hamiltonian for the 
nonlinear transition to obtain the equation of motion for the photon density 
operator, produce identical rate equations. 19 

9.7. Photon statistics of double-beam two-photon absorption 

We treat a slightly more general situation than that assumed in §9.1, by 
allowing N 2 of the N atoms to be in the upper state of the two-photon 
transition, the remainder N { being in the ground state. Let P nutll be the 
probability that at time t there are n 2 photons in mode k x and n 2 in mode k 2 . 
The probability distribution is normalized, 

l < 9 - 94 > 

hi.iij 

the existence of the correlations described in the previous section prevents a 
factorization of the joint probability into a product of probability distribu¬ 
tions for the individual beams. The division of atoms between the two active 
states is also generally dependent on the photon distribution but we assume 
here that some external influence maintains N t and iV 2 constant. 

A two-photon absorption event reduces the photon numbers from n 2 and n 2 
to rtj -1 and n 2 - 1. The transition rate is given by eqn (9.5), and for definite 
numbers of photons 

~ W^o^ r li r l2) 2(0 i ci) 2 n i n 2- (9.95) 

Thus the probability per unit time that the beam photon numbers are reduced 
from Ki and n 2 to n { -l andn 2 -l can be written 

N^nfa, (9.96) 

where X includes all the constant factors from eqns (9.5) and (9.95), The N % 
excited atoms can decay to their ground states by emission of two photons. 
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Such processes change the photon numbers from n x and n 2 to n t +1 and n 2 +1. 
The transition rate is the same as that given by eqn (9.5) except that the field 
operator expectation value is replaced by 

Tr(pEfE 2 + £ 2 E[) = [hj2^V^ 2 ) 2 a h o) 2 {n x + l)(n 2 +1). (9.97) 

The probability per unit time that the beam photon numbers are increased 
from and n 2 to n 2 +1 and n 2 -1-1 is thus 

N 2 :f(ih + \)(n 2 + \), (9.98) 

These absorption and emission processes reduce P^^at a combined rate 

-N.Xn^P^- N 2 X(i h +1)(« 2 +1)P„ 1(W2 . (9.99) 

There are also two positive contributions to the rate of change of P 
If n t +1 and n 2 +1 photons are present in the two beams, absorption of one 
photon from each beam, at a rate given by eqn (9.96) with appropriate adjust¬ 
ment of the photon numbers, produces a rate of increase 

JV 4 jr(w x H-1)(« 2 + l)P fll+ 1 .„ 2+ 1 - (9.100) 

Similarly, if n t -1 and n 2 -1 photons are present, emission of one photon into 
each beam at a rate obtained by suitable modification of eqn (9.98) produces a 
rate of increase 

(9.101) 

The four kinds of transition that change P ni iBJ are shown on the two-photon 
energy-level diagram of Fig. 9,9. The descending arrows represent two-photon 


7»i+i,»2+i 


Vi.«r: 



Fig. 9.9. Energy-level diagram for the photons in modes k, and k 2 . The transition rates shown are 
the contributions to dP„, in ,/dt. The energy interval is fifffli + 
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absorption while the ascending arrows represent two-photon emission. The 
diagram is similar to that in Fig. 7,1 for the case of single-photon absorption 
and emission. All four transitions combine to produce a rate equation 

dP nu Jdt = -N l Xn 1 n 2 P nt ,„ i -N 2 X(n l + \)(n 2 + \)P ni , ni 

+N 1 jT(/i 1 + l)(n 2 + l)P IJl+ i,„ 2 + i+ 

(9.102) 

The ladder of energy levels connected by two-photon transitions terminates at 
a lower end where the photon number in one of the beams falls to zero. The 
first and last terms on the right-hand side of the rate equation are absent for 
this lowest level, Note that the rate equation connects only those elements of 
the probability distribution for which the difference of the photon 
numbers in the two beams has a fixed value. 

Consider first the steady-state solution for the photon distribution, where 
the right-hand side of eqn (9.102) must be set equal to zero. The analysis is 
similar to that given in §7.2 and it leads to the detailed-balance condition 

N 2 ^fn l n 2 P l , l -i ini -i-N l X' iF ni -i, n2 -i. (9.103) 

with the solutions 


-WMK-i*- 1 


UWV-., 


if n 2 ^ Wj 
if «i ^ n 2 . 

(9.104) 


It is seen that the subset of probability elements corresponding to a given value 
of«! - n 2 has a chaotic type of distribution in the steady state, similar to the 
result (7.18) found in the case of single-photon absorption and emission. 
However, the distribution as a whole is not in general chaotic since the relative 
magnitudes of probability elements in different subsets have arbitrary values 
determined by the initial conditions. 

A simple case is that in which neither mode k t nor mode k 2 has any photons 
excited initially. The natures of the two-photon absorption and emission 
processes then ensure that at all subsequent times only those elements of the 
joint probability distribution with n t = n 2 can be nonzero. Eqn (9.104) gives 


= ( 9 - 105 ) 


and with P 0i0 .determined from the normalization condition of eqn (9.94), the 
probability distribution can be written 


C.-WW+W 1 *' 1 ;. ( 9 ' 106 > 


the mean photon number for each mode is 


= N 2 m-N 2 ) 


(9.107) 
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and it is assumed that N 2 is smaller than N { . This represents a kind of joint 
chaotic distribution for the two modes but the photon numbers in the modes 
are correlated and eqn (9,106) cannot be written as a product of two in¬ 
dependent distributions. 

The probability distribution can be used to evaluate the four degrees of 
second-order coherence defined by eqn (8,114) for a two-mode excitation. 

Problem 9.2. Prove that the steady-state zero-time-delay degrees of second- 
order coherence for two-mode light generated by two-photon 
emission into an initial vacuum state are 

Sft'(0) = 9?J(0) = 2 (9.108) 

and 

rf#>) = 02i(o) = 2 = m- (W) 

It is seen that the degrees of second-order coherence violate the classical 
inequality (8.127). The violation is particularly serious when only a small 
fraction of the atoms are excited, and it occurs for the same qualitative reason 
as that found in §8.9 for the light generated by two-photon cascade emission, 
The correlations between the photons produced in individual two-photon 
emission events are responsible for the violation of the classical inequality, 

The degrees of coherence calculated in eqns (9.108) and (9,109) have not 
been verified experimentally but similar departures from the classical theory 
are observed in another nonlinear process in which photons are emitted into 
two distinct modes. This is spontaneous parametric splitting, a three-photon 
process allowed only in media that are not invariant under spatial inversion, 
where incident photons at the sum frequency (o 2 + co 2 are converted into pairs 
of photons, one each at the frequencies coj and co 2 . Measurements of the 
various degrees of second-order coherence of the emitted light by photon- 
coincidence techniques 20 gave results in which the left-hand side of the 
inequality (8.127) exceeded the right-hand side by a factor of 10*. 

We now return from the steady state to consider the time dependence of the 
solutions of the two-photon rate equation (9,102), As in the single-photon case 
treated in §7.3, it is simpler to obtain solutions for the moments of the photon 
probability distribution rather than the complete distribution itself. The mean 
photon numbers in the two beams are defined by 

», = I MU and E (9.H0) 

Hi,1*2 "1-H2 

and their correlation is 

OHWj) ~ H tl 2 tl 2 P nunj - 

ii.nz 


(9.111) 
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The equations of motion for jq and n 2 , obtained from the rate equation (9.102) 
in a manner analogous to the derivation of eqn (7.32), are 

dnjdt = dn 2 /dt = (jV 2 -JV 1 )Jf<n 1 n 2 >+JV 2 Jf(ni+« 2 +l). (9.112) 

The rates of change of the first moments thus depend on (n^), one of the 
second moments. It is found that the rates of change of the second moments ; 

depend on the third moments, and so on, This feature is characteristic of the j 

equations of motion for nonlinear optical processes. By contrast, the s 

corresponding equations for the moments of the photon distribution in linear 
optics, for example eqns (7.32) and (7.34), involve only moments of the same 
or lower orders. J 

Complete solutions of the rate equations are available 21,22 for the case j 

where negligible numbers of atoms are excited, and N 2 can be set equal to zero. . 

The rates of change of the mean photon numbers are then 

dm/dr = dn 2 /dr = -NX^m) = -NX £ (9.113) ; 

» 1.»2 

this is a photon-number version of the intensity eqns (9.7) and (9.8). The 
assumption of statistical independence of the two beams at the commence* ; 
ment of the two-photon absorption at t = 0 implies that the initial probability j 

distribution can be written as a product of distributions for the individual : 
modes, j 

j , ..,.(0)=e.,(o)*. 1 (0). ft* 14 ) | 

The solutions remain quite complicated however, even with the assumptions 
of initial statistical independence of the light and a low level of atomic j 
excitation. We accordingly consider here only the relatively simple solutions t 

that are found after a further specialization to the case where one of the beams = 
is much stronger than the other. 1 

Let beam 1 be much more intense than beam 2, It is then permissible to | 

neglect the changes in the properties of the first beam brought about by the j 

two-photon absorption and we focus attention on the time dependence of j 
beam 2. According to eqns (9.113) and (9,114), the initial rate of change of the 
mean photon number n 2 is 

(dn 2 /dt) 0 = -NXn^ln&M ( 9,115 > j 

where. 

«2 o = E«2 ^ 2 (0). (9.H6) I 

«2 j 

The higher time-derivatives of n 2 are found by successive differentiations of 
eqn (9.113) and repeated use of eqn (9.102). Thus 

d 2 n 2 /d t 2 ={NX) 2 %n l n 2 {n l +n 2 -\)P„ lt „ 1 , (9.117) j 
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The assumption that beam 1 is much more intense than beam 2 is now used to 
approximate the bracketed quantity in the summation of eqn (9.117) simply by 
«j. The initial value of the second derivative is then 

(d 2 5 2 /d! ! ) 0 = myn^n‘e.,10), (9.118) 

«1 

and similar approximations in the higher derivatives lead to 


(d'Sj/dOn = (-NXyHioIi'AM (9.119) 

m 

Summation of the Taylor expansion of n 2 about t = 0 now gives 


w to 

h - »20+ Z = «20 I JO), (9.120) 

r=l n, =0 


The rate of absorption of the weak beam is thus determined by the statistical 
properties of the strong beam and is independent of its own statistical dis¬ 
tribution. The summation in eqn (9.120) is performed without difficulty for the 
main varieties of strong beam, 


Problem 9.3. Prove that the time dependence of the weak-beam photon 
number is as follows for the kinds of strong beam indicated 

fexp(-/v.:fn 1 r) (number state) 

= ■ exp{/i 1 [exp(“iV.Jft)-l]} (coherent) 

” 20 {l+n 1 --n 1 exp(-iV.lft)}" 1 (chaotic), 

(9.121) 


Problem 9.4. Consider a strong beam formed by repeatedly switching a beam 
of coherent light on and off. If / is the fraction of time for which 
the beam is turned on and n { is the mean photon number of the 
resulting pulsed beam, show that 


U °) - 


;/{(ny/)>i!}exp(-«i//) 
'!-/+/expMj//) 


for it 0 

for = 0 


(9,122) 

and hence that the weak-beam photon number has the time 
dependence 

«V» 2 o “ 1-7'+/ exp{(n 1 //)[exp(-lVJft)-l]}. (9.123) 

Fig. 9.10 shows the calculated forms of time dependence for the weak-beam 
photon numbers. The rather large steady-state values of n 2 for the pulsed 
strong beams result from the absence of any absorption from those parts of the 
weak beam that coincide with the dark sections of the pulsed beams, as 
discussed in connection with Fig. 9.8, 


t 
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Fig 910 Time dependences of the mean photon numbers in the weak beam for the initial kinds of 
strong beam indicated. All the strong beams have a mean photon number of 100. (After H. D. 
Simaan and R, Loudon, ref. 22.) 


The method used above to calculate the time dependence of the first 
moment of the weak-beam photon distribution for various kinds of strong 
beam can also be employed for the higher-order moments. We consider here 
only the most important of these, namely the interbeam degree of second- 
order coherence, 

0 i 2 (O) = g${0) = <M a >/Ma, (9.124) 

whose magnitude controls the two-photon absorption rate. The equation of 
motion for (n { n 2 ) is obtained from its definition (9.111) and the rate equation 
(9.102), The equation is solved by a procedure similar to that which leads from 
eqn (9,113) to eqn ( 9 , 120 ), and the result is 

<n 1 n 2 > = n 20 £ n 2 exp (-Ntf M)fi«,(0). ( 9>125 ) 

"1 = 0 

Problem 9.5. Prove that the time dependence of the interbeam degree of 
second-order coherence is as follows for the kinds of strong 
beam indicated, 


' 1 (number state) 

exp(-JVJft) (coherent) 


{(l+n 1 )exp(iVJft)-n 1 }" 1 (chaotic) 
[e*p(-JWi)/{(l-/)exp[(M,//)(l -exp(-NJTt ))]+/1 


(pulsed). 


(9,126) 
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Fig. 9.11. Time dependences of the interbeam degree of second-order coherence for the kinds of 
strong beam indicated. All the strong beams have a mean photon number of 100. (After H. D. 

Simaan and R. Loudon, ref. 22.) 

Fig. 9.11 shows the forms of these time dependences, The interbeam degree of 
second-order coherence diminishes with time for all except the number-state 
strong beam. The fall-off is particularly rapid for the pulsed strong beams, 
where anticorrelations between the beams develop in the manner illustrated 
qualitatively in Fig. 9.8. 

The effects of the diminishing value oftfjO) on the two-photon absorption 
rate are seen by comparison of Figs, 9.10 and 9.11. The former figure shows 
that n 2 has the same initial rate of decay for all kinds of strong beam. However, 
the decay rate is subsequently reduced for those strong beams that cause a fall- 
off in the value of ^( 0 ), and the effect is again particularly marked for the 
pulsed strong beams. The reversed order of appearance of the curves for the 
different kinds of strong beam in Figs. 9.10 and 9.11 demonstrates the im¬ 
portance of beam correlation effects in nonlinear optical processes. 

9.8. Photon statistics of single-beam two-photon absorption 

The treatment of photon-statistical effects in two-plioton absorption from a 
single light beam parallels the corresponding double-beam theory of the 
previous section. The model used in §9.2 is generalized to allow for a significant 
population N 2 of atoms in the excited state of the two-photon transition. The 
normalized photon probability distribution, denoted P ni , is then influenced by 
two-photon emission as well as two-photon absorption processes, The first 
stage in the theory is the derivation of a rate equation for the photon 
probability distribution, 
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A two-photon absorption event reduces the photon number from iq to 
^ -2. The transition rate is given by eqn (9.26), and for a definite number 
of photons, 

TxipEityEtEt) - (H/2*( 9 - 127 ) 
The probability per unit time that the beam photon number is reduced from 
fij to —2 can be written 

JV^'n^-l), (9-128) 

where ,T includes all the constant factors from eqns (9.26) and (9.127). 

The corresponding probability that the photon number is increased from fq 
to + 2 by two-photon emission is 

N 2 Jf'(ni + l)(n 1 +2). (9-129) 

The two-photon absorption and emission processes produce four kinds of 
transition that influence The corresponding transition rates, shown on the 
photon energy-level diagram of Fig. 9.12, combine to produce a rate equation 

dP )( 1 /d£ = -N^'n^iti - 1)P rll -JV 2 .Jf (Wi + l)(»i+2)F Wl ( 9130 ) 

+Af 1 /'(rt 1 4 - 2 )(n 1 + l)P Bl+ 2 +N 2 r(n 1 -l)ni/ , „ r2 . 

The rate equations separate into a set that couples all the even-numbered 
elements of the photon probability distribution and a set that couples all 
the odd-numbered elements. The lowest levels in the sets are those for /q * 0 



Fig, 9,12, Photon energy-level diagram for a single mode subjected to two-photon absorption 
and emission. The transition rates shown are the contributions to dPJdt. 
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andn i = l respectively, and the first and last terms on the right-hand side of 

eqn (9.130) are absent for these two levels. 

The steady-state photon distribution, obtained by setting the right-hand 
sides of all the rate equations (9.130) equal to zero, has 

n, = (tfa/TVJV, = (W 1 / 2 P 0 for iq even 

= ( N 1 IN i f ni ~ m P l for /q odd. (9.131) 

The sums of the probability elements over all even or all odd values of n, are 
constants of the motion for the rate equations (9.130). It follows that 

even even 

£p„(oi (9.1321 

m «i 


odd odd 

If , , 1 = [M«r l P, = lP„(0), (9.133) 

Hi Cl 

where P ni ( 0) is the initial probability distribution and iV 2 is assumed to be 
smaller than N v The complete steady-state distribution is thus easily found 
for any given initial conditions . 23,24 

Consider first the case in which no photons are initially excited. The 
steady-state distribution produced by two-photon emission is then 




for iq even 


= 0 for odd. (9.134) 


Problem 9.6. Prove that the steady-state light generated by two-photon 
emission into a single mode has a mean photon number and 
degree of second-order coherence given respectively by 

8,*W,-Na) (9.135) 

4 ,9 - 136) 

The light thus has a degree of second-order coherence larger than that of 
ordinary chaotic light, the enhanced fluctuations being caused by the emission 
of photons in correlated pairs. ... . , 

Another simple case is that in which there is initially some intense beam 
of light whose photon distribution spreads smoothly across a range of even 
and odd photon numbers, for example chaotic or coherent light with a large 
mean photon number. The values of the summations over all even or al 
odd elements of the initial photon distribution on the right-hand sides of 
eqns (9.132) and (9.133) are then very close to 
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Problem 9.7. Prove that the steady-state light obtained by interaction of an 
intense initial beam with two-photon absorbing and emitting 
atoms has a mean photon number and degree of second-order 
coherence given respectively by 

n t = {Ny + lNiWi-Ni) (9.137) 


m = 


leiVatNi + Na) 
(JVj + 3N 2 ) 2 



(9.138) 


The light now has a degree of second-order coherence smaller than that of 
chaotic light, and the antibunching condition is satisfied for sufficiently small 
numbers of excited atoms, 

gff(O) < 1 for N 1 /N l < 0-094. (9.139) 

The antibundling is produced by the preferential removal of pairs of co¬ 
incident photons from the light by the two-photon absorption, as described in 

89 The complete time dependence of the photon probability distribution can 
be found 21,23,25,26 in the case where negligible numbers of atoms are excited, 
and eqn (9.130) reduces to 

dpjdt = -/f^'ni(« 1 -l)P B , + ^ , ( ,, i ;+ 2)( w 1 + l)^, 1 +a' 

The rate of change of the mean photon number is then given by 


d»vdf. -2Arri»i(iii-i)F. 1 = -wjrflmk ( 9 * 141 ) 

this is a photon-number version of the intensity eqn (9.29). The rate of change 
of the second moment of the photon distribution, obtainable from eqn (9.140), 
depends upon the third moment of the distribution, and so on. 


somewhat complicated, and we illustrate its properties by showing the forms 
of time dependence of the mean photon number and degree of second-order 
coherence in the two cases of initial light beams that are chaotic or coherent 
Fig 913 shows the time dependence of n { for beams whose initial mean 
photon numbers are equal to 10. The factor of 2 difference «£ 
initial absorption rates in the two cases, previously mentioned “ 
with eqns (9.33) and (9.34), is clearly visible. The solution of eqn (9.141) for a 
constant degree of second-order coherence is 

», = n 10 /(l -t- 2N4fVn(0)tiio t ), < 9 ' 142) 

in agreement with the initial behaviours of the curves in Fig. 9.13. It is ho wever 

clear from Fig. 9.13 that the absorption rates for the two beams ten towards 
equality at longer times, contrary to the form of solution in eqn (9.142). 



Fig. 9.13. Time dependences of the mean photon numbers for light beams subjected to two- 

photon absorption. The beams are initially coherent (—) and chaotic!-) with mean photon 

numbers equal to 10. (After H. D. Simaan and R. Loudon, ref. 23.1 


The way in which two-photon absorption reduces the degree of second- 
order coherence of the unabsorbed portion of the light beam, and hence also 
reduces the absorption rate, has been discussed in qualitative terms in §§9,2 
and 9.6. Quantitative results for the time variation of g[ 2 ft 0) are shown in Fig. 
9.14. It is seen that the degree of second-order coherence falls rapidly from its 
initial value of 2 for chaotic light as two-photon absorption removes the pairs 
of coincident photons associated with the photon bunches. The nature of 
initially coherent light is also changed as the random photon coincidences are 
removed by the. two-photon absorption, The values of^(0) for the two kinds 
of initial light become very similar after a time corresponding to about 05 on 
the horizontal scale of Fig. 9.14, giving the comparable rates of two-photon 
absorption seen in Fig. 9.13. For both kinds of light illustrated, and more 
generally for almost any kind of initial light beam, the degree of second-order 
coherence eventually falls below unity, corresponding to nonclassical or 


It is seen from comparison ofFigs, 9.13 and 9.14tktga(0)falls significantly 

below the classical lower bound of unity only when the mean photon numbers 

are reduced to a very low level. Furthermore, the two-pholon absorption is a 

weak effect, and the statistical changes derived above are easily masked by any 

single-photon absorption and emission that orar at the incident taquency.* 
Thus, while some observations of a reduction in M broughtabout by two- 
photon absorption have been made»this Process has proved to boa morn 
difficult technique for the generation of nonclassical light than the resonance 
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0 1 

M't 

ref. 23.) 

fluorescence described in Chapter 8. A detailed comparison of theory widi 
experimental results would require a generalization of the single-mode model 
assumed here to include the effects of optical bandwidths and atomic 
linewidths. 2 ’ Further generalizations of the theory have been made to cover 
the replenishment of the absorbed beam by a steady supply of new 
photons 30 ’ 31 and to allow for the simultaneous absorption of more than two 
photons! 32 nonclassical light should also be generated under these more 
general conditions. 


9.9. Photon statistics of the stimulated Raman effect 

The final nonlinear optical process to be considered in terms of its photon 
statistical properties is the stimulated Raman effect. Let P,„ be the normalized 

probability that at time (there are n incident photons and n, scattered photons, 

*“/.■ EfU = 1 . (9.143) 

Ms 

It is assumed as in §9.4 that almost all of the N scattering atoms are in their 
ground states, and that the incident and scattered photons each belong to 
single modes of the radiation field. The transition rate in the presence of given 
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Fig 915 Energy-level diagram for the photons in the two modes that correspond to the incident 
and scattered light in the Raman process. The transition rates shown are the contributions to 
dP„, Jdt under the assumption that the population of the atomic excited state is negligible. 

numbers of incident and scattered photons is 

1/t = N/n(n s +l), ( 9 - 144 ) 

where / includes all the constant factors from eqns (9.50) and (9.54). 

The rate equation for the photon probability distribution is derived in the 
same way as for the two-photon absorption processes. Fig. 9.15 shows the 
transition rates that affect a given element of the probability distribution, and 
the corresponding equation of motion is 

dP„,Jdt= -N/«(« s +l)P„ 1 „,+^/(n + lW+i, l .,-i 1 ( 9 ' 145 ) 

The mean photon numbers in the two beams are 

and n, = l «A,.. ( 9 ' 146) 

and their correlation is 

(nn s ) = £ mi s P„,„ 8 . ( 9 ' 14? ) 

The equations of motion for n and n s obtained from the rate equation (9.145) 
are 

dn/dt = -dn s /dt = -N/((nn s )+n) = -N/ ^n(n s +l)P w 

(9.148) 

The treatment of stimulated Raman scattering given in §9.4 assumes that 
(nn s ) is equal to the product m s , and thus ignores photon-number 

correlations between the incident and scattered light, 
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The equations of motion for the joint photon probability distribution and 
its S moments have teen solved’”* 3 * to obtarn the general .« 
deoendences of these quantities. We do not reproduce these rather com- 
plkated general solutions here, but instead consider the simpler special ca^n 
plica ea gcnci i n i t i al ly and the number of incident 

which no scattere p ^ Qnly a small fraction of t h e photons 

2SSksss'.sess 

“ two photon absorption in the analogous limit where one b«n ,s much 
more intense than the other. 

Problem 9.8. Prove that the mean number of scattered photons at time t is 

8 ,= £ exp(N/nt)PJO)-l (9.149) 

«=o 

for initial conditions in which there are no scattered photons 
and the incident photons have a distribution PJO) with mean 
number n » 1. 

The requirement that only a small fraction of the incident photons are 
scattered Umits the validity of this result to times i such that 

NJt« 1. (^^ 

The summation in eqn (9.149) is easily carried out for the simpler kinds of 
incident light. 

Problem 9 9. Show that the time dependence of the scattered photon number : 
is as follows for the kinds of incident beam indicated, 

e\p(N/nt) -1 (number state) 
n s = exp(N/nt) -1 (coherent) . ■"■j 

N/nt/(l-N/nt) (chaotic), (9.151) j 

where the inequality (9.150) is used to approximate the last two j 
results. j 

The results for coherent and chaotic light are illustrated in Fig. 9.16. It is seen t 
that the two curves have the same slope at small t, but the chaotic incident light j. 
is more strongly scattered than the coherent incident light at longer times, j 
The time dependences of the mean numbers of scattered photons tor 
number state and coherent incident light in eqn (9.151) are similar to the 
spatial dependence of eqn (9.68) obtained from a theory that neglects j 
correlation between the two light beams. The more rapid growth of the ; 
scattered photon number for chaotic incident light in eqn (9.151) results trom j 


A'/ ill 


F.r Q l fi Tirrte ilepcmlenw* of ihc mean numbers of photons produced by scattering of coherent 
■ ' and charttic single-mode incident light. 


the enhanced interbeam correlation that develops in this case. The equation of 
motion for <««,) is obtained from its definition (9.147) and the rate equation 
(9.145). The solution for the same conditions as assumed in problem 9.8 is 


<m,> * £ naplNJntjPJOj-ii (9.152) 

The normalized correlation function or mterbeam degree of second-order 
coherence cl dined by 


has a time dependence determined by eqns (9.149) and (9,152). The initial value 
of this quantity, obtained from small-time expansions of the exponentials m 
the latter equations, is 


d! 1 '(0! « nV * ft-* 0 )' (9J54) 


where g<“( O) is the degree of second-order coherence of the incident light, 
defined by eqn (6,28) and approximately equal to« /n m the n >> regime 
assumed here. Thus the initial value of the interbeam correlation or c ao 
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incident light is about twice that For number state or coherent incident light, 
and evaluations of eqn (9.153) at finite times show that the disparity increases 
with l 

The nature of the scattered light is determined by evaluation of the higher 
moments of the photon probability distribution. Thus the second factorial 
moment obtained in the same manner as eqns (9.149) and (9.152) is 

<XK" 1)> = 2 f {exp(2N/«t)-2exp(N/nt)}P H (0) + 2. (9.155) 

11 = 0 

The degree of second-order coherence of the scattered light, 

fj ®(0) = <n 8 (n-l))/n s 2 (9.156) 

has its time dependence determined by eqns (9.149) and (9.155). The small-time 
expansions of both the numerator and denominator have leading terms 
proportional to t\ and the resulting initial value is 

0 g»(0) = in 1 In 1 * 2g (2} (0) ( t -+ 0). (9.157) 

Thus the incident number state and coherent beams generate scattered light 
with initial degrees of second-order coherence equal to 2 ; in the former case it 
can be shown 34 that the scattered photons have a chaotic probability 
distribution at all times t. Incident chaotic light generates scattered light with 
much larger photon-number fluctuations, the initial value of the degree of 
second-order coherence being 4; the scattered light in this case can be 
described as super-chaotic , 35 


9.10. Conclusion 

The calculations outlined in the present chapter show how the nonlinear 
interactions oflight with atoms can change the mitral statistical property 
the light, The degrees of second-order coherence of the individual light beams 
and the photon-number correlations between different light beams may be 
increased or d°ccreased, depending on the nature of the nonlinear process. The 
light that is newly created in some processes may have statistical properties 

found in its statistical and coherence properties. Nonclassical effects can occu 
in measurements of photon coincidences c> r “ tens %^^ 
sinde beam of light or between two light beams of different frequenci s. 
Star opticaf processes in principle provide versatile techniques or 
generating nonclassical light, although linear processes such asresonance 
fluorescence and two-photon cascade emission have so far proved to be 
experimentally more fruitful. 
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The classical and quantum theories differ in their representations of the act 
of measurement. It is assumed in the classical theory that the intensity of a 
light beam, represented by a positive single-valued function, can be measured 
to arbitrary precision, and that repeated measurements do not interfere in any 
way. By contrast, the quantum theory has separate specifications for the state 
of the light, represented by a pure state or a density operator, and the act of 
measurement, represented by an application of the appropriate operator. The 
measurement process in general changes the state of the light, and successive 
measurements may register different results, in typical quantum fashion. 
Intensity measurements involve destruction of photons, and progressively 
fewer photons remain to give progressively smaller intensities in a series of 
measurements. In the degrees of coherence, successive intensity or photon- 
number measurements first occur in second order, and this is the simplest level 
at which to study nonclassical effects in the theory or in experiments. 

The quantum theory appears to provide an accurate description of the 
properties of all kinds oflight, and the results of all optical experiments are in 
very good agreement with its predictions. The classical theory has a limited 
range of applicability, within which the fluctuation and coherence properties 
of light are accurately determined by classical intensity distributions. It is 
noteworthy that the classical range embraces such important practical cases as 
the chaotic light from a conventional source and the coherent light available 
from a single-mode laser. 
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adiabatic approximation 267 
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angular momentum 165 
operator 170 
density matrix 
definition 55 
properties 55,297 

related to transition operators 208,285, 
329 

solutions with collision broadening 79 
solutions with radiative damping 66-9 
steady-state solutions 64,71 
three-level atom 327-8 
electric dipole moment 43,60-2,165 
second quantization 173,190 
electric quadrupole moment 165 
energy eigenstates 40 
fluorescence, see fluorescent emission; 

resonance fluorescence 
Hamiltonian 40,170 
second quantization 172-5,190 
hydrogen, see hydrogen atom 
level degeneracy 14,16-17,28,30 
level population 14,17 
laser 267-70 
optical excitation 22-4 
magnetic dipole moment 165 
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multipole moments 162-6 
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rate equation, see rate equation 
relaxation times 78 
stored energy 23 
transition 

operator 190,198,207-8,329 
rate, see transition rate 
saturation 23,30,65,270,277 


velocity distribution 73 
wavefunction parity 44,172,321,341 
attenuation coefficient, see absorption 
coefficient 

B coefficient, see Einstein B coefficient 
Bernoulli distribution 240,245,257 
black-body radiation 2 
Bloch equations, see optical Bloch equations 
Bohr radius 43 

Boltzmann distribution 8,16,30 
boundary conditions 2-3 
Brownian motion 105,235 

cascade emission, see two-photon cascade 
emission 

Cauchy’s inequality 106 
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chaotic light 
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second-order coherence 107,111 
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degree of first-order 
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classical stable wave 98 
coherent state 216 
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composite chaotic light 100 
emission by driven atom 284-7 
Gaussian chaotic light 99-101 
general properties 85,92,96,216-17 
Lorentzian chaotic light 97,217-18 
multimode coherent state 216 
number state 216 
quantum definition 216 
related to spectral distribution 84-5 
resonance fluorescence 297-302, 
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single-mode chaotic light 99 
single-mode statistical mixture 216 
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stimulated Raman effect 380-2 
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correlation function 
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photoelectric cfTcct 183 
resonance fluorescence 297 
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properties 53-4 
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Einstein 
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quantum-mechanical expression 51,177 
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elastic light scattering 290-1 
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Thomson scattering 315 
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quadrupole moment of atom 165 
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electromagnetic field, classical theory 
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energy density 10-11 
field equations 122-4 
gauge transformation 122 
harmonic oscillator coordinates 128 
in dielectric 24-6 
interaction with atom 
Hamiltonian 166-9 
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see also quantized radiation field 
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extinction coefficient 25 

Fabry-Perot spectroscopy 228 
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first-order 
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correlation function, see correlation 
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frequency-dependent susceptibility 
definition 24,59 

inclusion of collision broadening 71 
inclusion of power broadening 65 
inclusion of spontaneous emission 60 -1 
related to B coefficient 29 
serfriclassical theory 59-63,65 
see also nonlinear susceptibility 

gauge transformation 122 
Gaussian 
light 104 
lineshape 73-4 


Hanbury Brown and Twiss experiment 
classical treatment 111-16 
quantum treatment 222-6 
scatter of readings 247 
harmonic oscillator 
creation operator 129,133 
destruction operator 129,133 
energy 6-7,132 
ground-state condition 131 
normalization 132 
number operator 129 
quantum mechanics 129-33 
Heisenberg representation 188,197-9 
Helmholtz theorem 124 
Hermitian operator 133 
homogeneous line broadening 77-8 


hydrogen atom 
Bohr radius 43 

elastic light scattering 316,319-20 
inelastic light scattering 323-5 
matrix element for 1S-2P transition 44 
photoelectric effect 179-84 
radiative frequency shift 
l 2 S , /2 state 344 
2 2 S 1/2 state 202,343 
radiative lifetime of 2P state 51 
spontaneous emission rates 52 
two-photon absorption 341-4 
wavefunctions 
IS state 44 
2S stale 324 
2P state 44 

induced emission, see Einstein B 
coefficient; photon 
inelastic light scattering 290- i 
Compton scattering 34,316 
hydrogen atom 323-5 
quantum theory 320-6 
resonant cross-section 321-2 
inhomogeneous line broadening 76-7 
integration related to summation 
one dimension 218 
three dimensions 5, 138, 182,314 
intensity-fluctuation spectroscopy 116, 

228 

intensity interference, see Hanbury Brown and 
Twiss experiment 
interaction Hamiltonian 
diagrammatic representation 174-5 
electric-dipole 42-4,59,170-2,311-14, 
335 

electric-quadrupole 170-2 
Heisenberg representation 198 
interaction representation 208 
magnetic dipole 170-2 
minimal-coupling form 166-7 
multipolar form 166-9 
multipole expansion 170-2 
nonlinear 171,311-14,335 
parity 43 

perturbation theory 193-7 
rotating-wave approximation 175, 190, 
198 

Schrodinger representation 188-91 
second quantization 174-5,190-1 
unitary transformation 167-9 
interaction representation 188,206-9 
interference 
fringe visibility 95 
Hanbury Brown and Twiss 
experiment 111-16,222-6 
independent light beams 215 


Michelson experiment 242-7 
Young’s experiment 92-6,211-15 
intermediate state 196 
isotope separation 37 

Kramers-Heisenberg formula 311-14 

Lamb shift, see radiative frequency shift 
laser 

adiabatic approximation 267 
atomic rate equations 267-70 
cavity loss rate 265-6,281 
comparison with coherent Sight 280 
condition for inversion 31 -2,264 
electric-field fluctuation 278-83 
gain coefficient 32 
mean photon number 273-7 
numerical values of parameters 266,269 
phase diffusion 282-3 
photon 

count distribution 277-8 
probability distribution 273-8 
rate equations 271-3 
pumping rate 31,264-6 
saturation effects 32-3,270,277 
second-order coherence 277-8 
three-level theory 30-3,263-70 
threshold condition 263-6 
light 

amplification 32-3,261-3 
see also laser 

scattering, see scattering of light 
source 
chaotic 82 
numerical data 21 
stationary 84 
velocity 3,5 
wavevector 3 
lineshape function 26-7 
composite 74-8 
Gaussian form 73-4 
homogeneous 77-8 
inhomogeneous 76-7 
Lorentzian form 62-3,71,73-4 
related to first-order coherence 84 
Voigt 76-7 
linewidth of spectral line 
collision 71-2,92 
Doppler 74 
Gaussian case 73-4 
Lorentzian case 62-3,71 
natural 63 

numerical estimate 21,62-3,72 
power 65 
radiative 59-63 

longitudinal part of vector field 138-9,164 


Index 3g9 
longitudinal relaxation time 7 K 
Lorentzian lineshape 62-3,7] 5,14 5 

magnetic permeability 5 
magnetization 163 
mass renormalization 202 
Maxwell 

equations 3,6,121,126 
velocity distribution' 73 
Michelson interferometer 242 -7 
mode of radiation field 3 
density of states 2-5 
polarization 3 
waveyector 3 

negative temperature condition 30 
nonclassical light 220,228-9, 332 , jg; 

see also photon antibtmching 
nonlinear susceptibility 
definition 347 
frequency components 348-9 
intensity-dependent refractive index 
350-1 

numerical estimate 348 
self-focusing 351 
third-harmonic generation 363 
two-photon absorption 349- 51 
normal ordering 187,203,205 
operator 238 

number state, see quantized radiation field 
nutation 66-8 

optical * 

Bloch equations 39 
comparison with rate equations 78- 81 
derivation 54-6,208-9 
inclusion of collision broadening 7!. 78, 
296 

inclusion of spontaneous emission 64, 
303 

rotating-wave approximation 55 6 
cavity 2 

density of modes 2-5 
loss rate 265-6,281 
quality factor 266 
coherence, see coherence 
excitation of atoms 22-4 
nutation 66-8 
theorem 295,318,325 
orientation average 19,50-1,61 -2,318 

parity 

interaction Hamiltonian 43,17„ 
wavefunction 44,172,321,341 


119,249 


partial coherence 96 
partially-polarized chaotic light 
degree of polarization 117,249 
degree of second-order coherence 


390 Index 


Index 391 


partially-polarized chaotic light coin’d 
intensity distribution 118 
photon probability distribution 249 
particle fluctuations 233 
phase 

diffusion 282-3 
matching 362 

photoelectric effect 1,179-86 
photon 

absorption 14-15 

influence of atomic saturation 29-30 
macroscopic theory 24-6 
microscopic theory 26-30 
momentum properties 34 
photoelectric effect 179-84 
transition rate 45-50,175-6,252 
antibunching 228-9 
resonance fluorescence 288,302, 

308-11 

two-photon absorption 364-5, 376-8 
two-photon cascade emission 330 
see also nonclassical light 
bunching 226-8,364,377 
coherence, see coherence 
correlation 223-9,369,372,379-81 
creation operator 134,199,207 
mode superposition 213,243-4 
destruction operator 134,199,207 
mode superposition 213,243-4 
energy density 10-11 
energy-level diagram 7-8, 254, 271, 367, 
374, 379 

intensity operator 184-7,238 
interference experiments 
Hanbury Brown and Twiss 222-6 
independent sources 215 
Michelson 242-7 
Young 211-15 
mean-square number 
chaotic light 13 
coherent light 148 
thermalequilibrium 13 
time dependence 258 
momentum 33-7,72 
see also radiation pressure 
name i 

neglect of thermal excitation 17-18 
number 

fluctuations 11-13 
laser 273-7 
numerical estimate 21 
operator 134 

stimulated Raman effect 379-81 
thermal equilibrium 9 
time dependence 257-63,370-3,376-7, 
379-81 

two-photon absorption 369-72,375-7 


number-phase uncertainty relations 144, 
150 

phase operators 141-4 
polarization vectors 137,203 
probability distribution 
chaotic light 8-13,241,253 
coherent state 149,241,253 
divided beam 215,222 
factorial moment 13 
interaction with two-lcvei atom 255, 

257 

laser 273-8 

partially-polarized chaotic light 249 
pulsed beam 371 
related to photon-count 
distribution 240-2 
second moment 13,148,258 
stimulated Raman effect 378-80 
thermalequilibrium 8-13 
two-photon absorption 366-70, 373-6 
rate-equations 

interaction with two-level atom 251-63 
laser 271-3 

steady-state solutions 255-6 
stimulated Raman effect 379 
two-photon absorption 368,374 
scattering, see scattering of light; stimulated 
Raman effect 

spontaneous emission 14-15,178-9 
compared with stimulated emission 
16-17,19-20 

directional properties 19-20 
effect on laser light 279 -83 
Heisenberg representation 
calculation 199-201 
linewidth 61-3 
momentum properties 34 
radiative damping 59-63 
related to scattering of light 20 
statistics and nonlinear optics 363-6 
stimulated emission 14-15,177 
by thermal photons 16-17 
directional properties 19-20,178 
effect on laser light 279 
momentum properties 34 
two-photon absorption 
double beam 335-44,349-50,364-73 
single beam 344-7,351,364-5 
two-photon cascade emission 326-32 
photon counting 
distribution 229- 32,238-42 
chaotic light 233-8,241 
coherent light 232-3,239,241 
laser 277-8 

Michelson interferometer 242-7 
related to photon distribution 240-2 


experiments 13,229,235-6,277 
particle fluctuations 233 
wave fluctuations 236 
phototube 179,185,229 
Planck 
constant 1 
distribution 9-10,12 
quantization hypothesis 6 
radiation law 2,8-11,16 
Poisson 

distribution 149,232-3,239,294,309 
equation 123 
polarization 24 
nonlinear 347-51 

quantum-mechanical treatment 59-62 
population 

atomic level, see atomic level population 
inversion 30,261-3 
power broadening 63-5 
Poynting vector 25,185,292-3 
pressure broadening, see collision broadening 
principal value 201 

probability distribution, see chaotic light; 

photon probability distribution 
pulsed light beam 
photon distribution 371 
rth-order coherence 117 
second-order coherence 107-8,345 
two-photon absorption 345,365, 371 -3 
pump 31 

pumping rate 31,264-6 
pure stale 152 

quantized radiation field 
coherent state 

comparison with classical stable 
wave 209,218,221,248 
definition 146 
density operator 156-7 
electric-field expectation value 150-2, 
156-7 

first-order coherence 216 
interaction with two-level atom 259-63 
number uncertainty 148 
overlap 147 

phase uncertainty 149-50 
photon-count distribution 241 
second-order coherence 220-1 
stimulated Raman effect 380-2 
two-photon absorption 371-3, 375-8 
creation operator 134,199,207 
destruction operator 134,199,207 
electric field operator 135,141, 169, 181, 
186 

source-field expression 202-6 
superposition 212,243 
energy 136 


field commutation properties 137-9 
Hamiltonian 136-7,170 
intensity 184-7,212,238 
magnetic field operator 135 
multimode coherent state 157 
density operator 157 
electric-field eigenvalue 186 
first-order coherence 216 
intensity expectation value 186 
photon-count distribution 239 
rth-order coherence 248 
second-order coherence 221 
multimode number state 134 
density operator 157 
number operator 134 
number slate 
density operator 155 
electric-field expectation value 145-6 
first-order coherence 216-17 
phase properties 144-5 
second-order coherence 220 
stimulated Raman effect 380,382 
two-photon absorption 371 -3 
Planck’s hypothesis 6-7 
Poynting vector 185 
transition from classical theory 135 
vector potential operator 135 
zero-point energy 7-9,139-41,187 
quantum efficiency 239 
quantum regression theorem 286,329 

Rabi 

frequency 58,66-7,296,304-6 1 

oscillations 56-9,78 
radiative damping 65-9 
radiation 

field, see electromagnetic field; quantized 
radiation field 
pressure 33-7 
force 35 

isotope separation 37 
saturation effects 35,37 
radiative 

broadening 59-63,317 
damping 59-63,317,320 
frequency shift 

Lamb and Retherford experiment 202 
quantized field calculation 201 -2 
two-photon absorption 343-4 
lifetime 

hydrogen atom 51-2 
quantized field calculation 178-9 
related to A coefficient 24 
linewidth 

multilevel atom 317 
partial contributions 317 
iransition rate, see transition rate 




392 Index 


Index 


393 


Raman scattering 291 
see also inelastic light scattering; stimulated 
Raman effect 

random-walk theory 103,105,281 
rate equation 
atoms in laser 267-70 
comparison with optical Bloch 
equations 78-81 
photon 251-63,271-3 
three-level atom 30-1,327 
two-level atom 15,18,22-4,80,287 
Rayleigh 

radiation law 10 
scattering 290-1 
see also elastic light scattering 
rectangular pulse beam, see pulsed light beam 
refractive index 25 
intensity-dependent 350-1 
relaxation times 78 
representation 187-8 
Heisenberg 188,197-9 
interaction 188,206-9 
Schrodinger 187-91 
resonance fluorescence 291 
cross-section 297 
emitted light 

coherent fraction 297-9,303 
first-order coherence 297-302,304,308 
photon antibunching 288,302,308-11 
second-order coherence 298,301-2, 
306-11 

spectrum 298-300,304-6,326 
cxiictly-resonant incident beam 303-8 
experiments 305,310-11 
general method of calculation 284-7, 
295-9 

multiatom effects 308-1 1 
rate-equation treatment 287-8 
two-level atom theory 295-311 
weak incident beam 299-303 
response time of detector 113-14,225 
retarded time 125,205 
rotating-wavc approximation 47, 55-6,175, 
190,198 


saturation 
broadening 63-5 
influence on absorption 30 
influence on radiation pressure 35,37 
laser 32-3,270,277 
stimulated Raman effect 354-5 
two-level atom 23,65 
scalar potential 121-5 . 
gauge transformation 122 

wbrary 

i 1 -UC -AO - GOA 


cross-section 292-5 ! 

diagrammatic representation 312-13 \ 

Kramers-Heisenberg formula 314 
optical theorem 295,318,325 i 

quantum theory 311-26 J 

source of absorption coefficient 20,26,295 j 

see also elastic light scattering; inelastic light 
scattering; stimulated Raman effect 
Schrodinger representation 187-91 
second-order 
coherence, see coherence 
correlation function, see correlation 
function 

phase transition 283-4 
second quantization of atomic 
Hamiltonian 172-5 
secondary waves 93 
selection rule 

absorption and emission 172 
inelastic light scattering 321 
nonlinear processes 363 
two-photon absorption 341 
self-focusing 351 
source-field expression 202-6 
spatial coherence 95,114-16 
spontaneous 

emission, see Einstein A coefficient; photon 
parametric splitting 369 
stationary 
light source 84 
stale 40 

statistical mixture 152 
Stefan-Boltzmann radiation law 11 
stimulated emission, see Einstein B coefficient; 
photon 

stimulated Raman effect 351-7,378-82 
gain coefficient 354 
numerical estimate 356-7 
related to differential cross-section 356 
photon-number time dependence 379-81 
photon rate equation 379 1 

photon statistics 378-82 \ 

second-order coherence 381-2 j 

spatial growth of intensity 353-5 
summation related to integration f 

one dimension 218 ? 

three dimensions 5, 138,182, 314 
super-chaotic light 382 j 

susceptibility, see frequency-dependent , 

susceptibility; nonlinear susceptibility ; 


third-harmonic generation 357-63 
dependence on third-order 
coherence 361-2,364 
diagrammatic representation 358 
nonlinear susceptibility 363 
phase-matching condition 362 
spatial dependence of intensity 360-2 
Thomson scattering 315 
three-level laser, see laser 
time average, related to ensemble 
average 11-12,84 
time-dependent 

perturbation theory 45-50,193-7 
wave equation 40 
wavefunction 40,60 
boundary conditions 45 
linear superposition state 41 
normalization 41,45,61 
time-development operator 189 
time-domain spectroscopy 116,228 
transition operator 190,198,207-8 
transition rate 
absorption 45-50, 175-6 
emission 177-9 
Fermi’s golden rule 178,191,194 
general expression 191-7 
light scattering 311-14 
oscillatory applied field 45-50,54 
photoelectric effect 182-3 
rotating-wave approximation 47 
static applied field 45 
stimulated Raman effect 352 
third-harmonic generation 358 
two-photon absorption 336-7,344 
transverse part of vector field 138-9,164 
transverse relaxation time 78 
two-photon absorption 
double-beam 

absorption coefficient 339,350 
diagrammatic representation 336 
Doppler broadening 342-3 
hydrogen 1S-2S transition 341-4 
nonlinear susceptibility 349-50 
photon-number time dependence 370-2 


temporal coherence, see coherence 
thermal equilibrium 

mode excitation probability 8-9 ■ 

photon distribution 9-13 j 

photon emission 16-17 ■ 

i 

i 

i 

t 


photon rate equations 368 
photon statistics 366-73 
pulsed beam 365 

second-order coherence 338, 364-6, 
372-3 

spatial dependence of intensity 338-41 
single-beam 

effect on intensity fluctuations 345-7 
nonlinear susceptibility 351 
photon-number time dependence 376-7 
photon rate equations 374 
photon statistics 373-8 
second-order coherence 344-7, 364-5, 
375-8 

spatial dependence of intensity 344-5 
two-photon cascade emission 326-32 
nonclassical effects 330-2 

uncertainty relation 
frequency-time 78 

photon number and phase 144-5,150 

van der Waals forces 141 
vector potential 
classical radiation field 121-8 
Fourier coefficients 127-8 
gauge transformation 122 
operator 135 

virtual intermediate stale 196 
visibility of interference fringes 95 
Voigt lineshape 76-7 

I 

wave fluctuations 236 
Wien 

displacement law U 
formula 10 

Wiener-Khintchine theorem 84-5 

Young’s interference experiment 
classical treatment 92-96 
quantum treatment 211-15 

zero-point energy 7—9,139-41,187 


